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INCOME IN THEORY AND INCOME TAXATION 
IN PRACTICE* 


By Irvine FisHER 


CHAPTER I: INTRODUCTION 


ELsEWHERE! I have defined the income of a person as consisting of 
services rendered to him. These services may come to him by virtue 
of his property (including his claims to, or in, physical wealth and his 
claims on other people for service), or they may come to him as services 
rendered by himself—that is, by work. 

Services are also classified into (1) services in kind, such as the use 
of one’s own dwelling and (2) the bringing in of money, such as interest 
from bonds or dividends from stocks. 

For the purposes of this study we may best begin by considering 
only the latter kind of services; that is, services in the form of money 
receipts, whether credited to one’s own labor or to physical wealth 
such as real estate or to property rights in real wealth such as stocks or 
bonds. Services in kind we shall at first ignore. After we have gone as 
far as possible in the analysis of money receipts, services in kind will 
be introduced to complete the picture. 

Originally ‘‘income” was probably thought of as simply incoming 
money. Incoming payments of money naturally appeared in sharp con- 
trast with outgoing payments of money. A business man, in his shop, 
could easily subtract the outgoings from the incomings, call what was 
left his “net income,” and physically take this “net income” out of his 
business shop into his home. It was called net income because it was 
the net money coming in to his home from his business. But today 
such simple accounting has been superseded, or overlaid, by many 
complicated procedures; modern accountancy has evolved into an 
elaborate art. It has done so almost without help from economists. 
The result is that the chasm between accountancy and economics has 
become wide. 

So far as I know, only two serious attempts have been made to bridge 
this chasm, one being my Nature of Capital and Income, first published 
in 1906 and the other, The Economics of Accountancy by Professor 
John B. Canning, published in 1929. My book started from the econo- 


* This paper was presented in preliminary form in four lectures on July 7 to 
10, 1936 at the Cowles Commission Research Conference on Economics and 
Statistics at Colorado Springs. 

1 The Nature of Capital and Income, Macmillan, 1906, which see for numerous 
associated definitions and concepts. These are all assembled at the end in a 
“glossary.” See also ‘‘Are Savings Income?”’ American Economic Association 
Quarterly, Third Series, Vol. 9, No. 1, April, 1908, pp. 21-22. 
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mists’ side of the chasm; Canning’s, from the accountants’ side. To- 
gether they bridge the gap. They also meet, midstream, and fit into 
each other well. 

When The Nature of Capital and Income appeared, there was so much 
less interest in mathematical economics than today that I endeavored 
to make the exposition, as far as possible, verbal, supplemented by 
diagrams, with a minimum of mathematics relegated to Appendices. 
But when a mathematical subject is discussed in non-mathematical 
language, there is danger of misunderstanding. 

One contention in particular has been a stumbling block. This is that 
neither the undistributed profits of a corporation nor, in fact, any gains 
in capital value are properly income. They are capital; and to tax them 
as income and later to tax the income flowing from them is a form of 
double taxation. This contention that capital gain, appreciation, un- 
divided profits, savings, are, in the last analysis, not properly income 
has been sometimes dubbed ‘‘Fisher’s pons asinorum.’”? 

As I have said elsewhere: 


Income plays an important role in all economic problems; it is income for which 
capital exists; it is income for which labor is exerted; and it is the distribution of 
income which constitutes the disparity between rich and poor.’ 


Paraphrasing another statement made by me in The American 
Economic Review, Professor John B. Canning has said: 


Income is, without exception, the simplest and most fundamental concept of eco- 
nomic science; only by means of this concept can other economic concepts ever be 
fully developed and understood, and upon beginning with this concept depends the 
full fruition of economic theory in economic statistics.* 


With the increasing use of mathematics by economic students, the 
concept of income which best lends itself to mathematical analysis may 
be expected to be accepted more generally. Thereupon four great inter- 
ests ought to leap forward, namely economic theory, statistics,’ ac- 
countancy, and property law,® and especially income-tax law; for these 


2 See Professor A. W. Flux, “Irving Fisher on Capital and Interest,’ Quarterly 
Journal of Economics, February, 1909. That capital gain is not properly to be 
called income was first enunciated by me in December, 1897 in ‘‘The Role of 
Capital in Economic Theory,’’ Economic Journal, pp. 532-3. 

3 The Nature of Capital and Income, Preface. 

4 John B. Canning, Ph.D., The Economics of Accountancy, The Ronald Press, 
1929, p. 175. 

5 See Morris A. Copeland, ‘National Wealth and Income—An Interpreta- 
tion,” Journal of the American Statistical Association, June, 1935, p. 377. 

6 See Edwin A. Howes, Jr., The American Law Relating to Income and Princi- 
pal, Little, Brown, and Company, 1905, 104 pp.; Walter Strachan, A Digest of 
the Law of Trust Accounts, Effingham Wilson, 1911, 186 pp.; J. M. Maguire, 
“Capitalization of Periodical Payments by Gift,” Harvard Law Record, Novem- 
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four interests will be released from important confusions now holding 
them back. 

In this monograph the effort has been made, as far as possible, not to 
repeat The Nature of Capital and Income, but to supplement it both by 
new methods and by new results. Some of the new material is pure eco- 
nomics—almost pure mathematics. And—what should be especially em- 
phasized—it is this pure mathematical economics on which we should 
largely rely for the conclusive proof that much of our present income- 
tax legislation is confused in theory and harmful in practice. 

One aim of this study is to help frame a plan for an income tax which 
can be easily applied in practice while being, at the same time, sound 
in theory. 

What seems especially to call for a new study is the adoption in 1936, 
in the United States, of a new tax on undivided profits. Whatever may 
be said in its behalf, it may be demonstrated to involve double taxa- 
tion in so far as undivided profits are actually taxed. 

The very fact that, for so many years, we have permitted capital 
levies, such as the tax on capital gain, to masquerade as income taxes 
is eloquent testimony to the need for a better understanding of this 
troubled subject. 

That something is wrong with our capital-gain tax has long been 
apparent. Its absurd results have enabled rich men lawfully to avoid 
income taxes, and has made such tax-avoidance an object of popular 
ridicule. Anyone can see the absurdity of J. P. Morgan and his partners 
proving by the present laws that their incomes were less than nothing, 
and of Raskob and DuPont registering capital losses by selling each 
other stocks as well as the like absurdities in the cases of Mellon and 
Mitchell. But what the public fails to see is that the absurdity reflects 
not on those men but on the tax laws which, apparently, they fully 
observed. 

When The Nature of Capital and Income was written it was intended 
as pure economic theory and was written largely to serve as a founda- 
tion for a later book, The Rate of Interest. There was then no income 
tax in the United States; hence the book contained no practical direc- 
tions as to how a sound income tax should be formulated. When, later, 
others attempted to draw from that book a practical scheme for an in- 
come tax, they concluded that the thing was impossible, the gap be- 
tween theory and practice being too wide. Even in my subsequent writ- 
ings, in which some of the absurdities of the income tax were pointed 
out, the practical task of reforming our tax laws was left for others. 


ber, 1920, pp. 20-49; Walter Strachan, ‘“‘A Company’s Capital or Income,” 


The Law Quarterly Review, July, 1930, pp. 334-340; Roswell Magill, Taxable 
Income, Ronald Press, 1936. 
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Now that I have myself sought the solution of this practical problem, 
in the light of the theory outlined in The Nature of Capital and Income, 
it turns out to be very simple—far simpler than our present income 
tax; simpler even than England’s income tax, though that country 
long ago cast out most of the impossible capital-gain tax still plaguing 
America. 

But the contribution of this monograph to the solution of the great 
problem of scientific taxation will be restricted exclusively to showing 
how income may be most usefully defined. There will be no discussion 
of whether an income tax should be progressive, much less of what 
place an income tax should have in a complete scheme of taxation. 


CHAPTER II: FORMULAE ON MONEY RECEIVED FROM INVESTMENTS 


Before discussing what changes in our income-tax laws would follow 
from correcting the legislative definition of income, it is necessary to 
discuss the foregoing concept of income. We shall discuss first money- 
receipts from property (investments) ; then money-receipts from labor; 
and finally services in kind. 

To fix our ideas, let us take an individual, John Smith, and designate 
by the letter M any receipt by him, that is, payment to him, of money. 
Such payments are incoming payments; but outgoing payments may, 
for the present, be included as M’s having a negative value. 

It will make our analysis seem more definite and realistic if we thus 
confine the discussion, for the present, to money-receipts. Also, until 
further notice, we shall assume, as in the case of a safe bond, 

(1) that each payment, M, is of a definitely specified sum of money; 

(2) that it is made, or rather is to be made, at a definite and fore- 
known time, and 

(3) that there is no doubt whatever about it—i.e., no risk of default. 

To be as general as possible, within the limits just prescribed, let the 
time elapsing up to any payment be measured from any origin called 
“the present” and let such elapsed time be denoted by t, where ¢ may 
be 1, 2, 3, etc., units of time. 

The unit of time chosen may, of course, be of any length. Theoreti- 
cally it will make a difference to the discounted value of a payment 
whether the payment occurs at the beginning, end, middle, or else- 
where within this time unit. But by taking the time unit sufficiently 
small—reducing it, if desired, even to a day or a second—we may make 
any such difference negligible. Therefore, no impairment of generality 
will occur if, for simplicity, we assume, as we shall, that each payment 
takes place at the end of the given time unit. In practice, few contracts 
are drawn for two or more payments closer together than three months 
—a “‘quarter.’’ The most convenient unit for us to use, however, is the 
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year. Therefore let us think hereafter in terms of this unit, the year, 
though the same principles would apply to any other time unit. 

Let M, denote the number of money units (say dollars) received by 
John Smith in any given unit of time (between t—1 and #), said M, be- 
ing located at the end of that time unit. 

Let the rate of interest be 7, assumed for simplicity to be the same 
for all years and to be calculated as if payable annually.’ 

This one magnitude 7 and the series of magnitudes M, being given, 
all the other magnitudes with which we are here concerned can be de- 
rived. The first to be derived is the capitalized, discounted, or present, 
value of the future M’s. 

Let M, be a sum of money receivable one year from date. Let its 
present value (at time t=0) be Co. Then the rate of interest, 7, is de- 
fined by the equation 1+7=M,/C> or Co=M yw, where? v is 1/(1+7). 

Similarly, if Co is exchanged for M2, two years in the future, the 7 
realized is such that Co=M2*; and, in general Co=M,v*% where gq is 
any given value of ¢. 

If Cy denotes the discounted value of a series of M’s located at times 
t=1, 2,---n, then 


t=n 
Ce = =. Mw. 


t=1 


To be more general, instead of taking the present value simply at 
time t=0, we may take it at any time t=q (q=0, 1, - - - n). The above 
formula then becomes 


t=n 
(1) C,= > Mos. 
t=q+1 

7 The equivalent rate of interest per annum, payable semi-annually, is 1’, 
such that 1+7=(1-+7'/2)?. The equivalent rate per annum payable quarterly 
is 7’, such that 1 +7 = (1 + 7’’/4)*. The equivalent rate per annum payable 
momently is i’’’"*, such that 1+7=lim (1+7’'"""/n)" where n increases in- 
definitely. The last expression may be written lim [(1-+-4/’"""/n)*/i77" Jie 
or e’’’"** where ¢ is the base of the Naperian, or “natural,” system of logarithms 
(approximately 2.718). 

It is here assumed, for simplicity, that 7 is the same for all the M’s discounted 
and that, in a series of M’s, the same appiies to each M individually as applies 
to them all, or to any number of them as a group. 

8 Since 1/(1+7) =v, it follows that 1—v=7/(1+7), and (1—v)/v=7. These 
forms will be used later. 

Following common usage, all discounting is here expressed in terms of 7, the 
rate of interest. It might seem more appropriate to express everything in terms 
of a rate of discount, d, such that v=1—d=1/(1+7) so that (1—d)(1+7) =1. 
The magnitude 7 always slightly exceeds the magnitude d but the two magni- 
tudes become equal at the limit if the time interval be decreased indefinitely. 
Then zi becomes successively 7, 7’, 7’’, and, at the limit, 7’’’""", and d becomes 
successively d, d’, d’’, and, at the limit, d’’’""’. 
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Equation (1) is the general® formula for the capital value, C,, of a 
specified series of M’s, under the present three hypotheses. 

We may define capital gain (for any year ending at time t=q imme- 
diately after M, has been received) as 


(2) G. baad c oe ats 


Capital gain, as above defined, does not imply that it has been ‘‘real- 
ized”’ in cash. It simply means that the gain has ‘‘accrued.”” Moreover, 
this accrual is solely due to the drawing near of the future receipts, 
the M’s, of which the C’s are the discounted values. 

The “earnings” of capital (denoted by EF; for year ending at time ¢) 
may be defined as 


(3) E,=M,+G. 


Evidently earnings are equal to receipts if capital gain is zero, and 
are equal to capital gain if receipts are zero. The former case is exempli- 
fied by a bond which remains at par; the latter case, by a promissory 
note, or savings-bank account, drawing compound interest. 

Besides equations (1), (2), (3), there are numerous other equations 
connecting the M’s, C’s, G’s, and E’s. 

For instance, we may obtain an £ in terms of a C as follows: 

We know by (1), 


t=n t=n 
Co=  Myt = Mw + Mo. 
t=2 
Also, 
t=n 
C1 = > Mo. 
t==2 


9 Incidentally, to complete the picture of C in all its values between t=0 and 
t=n, we may add that, immediately after =n, there being no further receipts, 
capital value becomes zero, that is Cr43=0, where 6>0. 

Moreover, capital value for t=0—85 will also be zero if we suppose that, at 
time t=0, there is an item Mo of negative value, equal, though opposite, to Co 
(which is the capital value immediately after said negative item Mp is paid out). 
This Mo would denote the original payment out (or investment made) for the 
right to the future series of payments in, M;, M2--+-, Mn. 

Thus, under the conditions stated, the series of capital values Co, C1, 
C2, +++, Cn, is theoretically preceded by, and also followed by, a zero capital 
value. Like life, C goes “from dust to dust.’’ Between its birth and death, capital 
rises in anticipation of the M’s ahead of it and, as each (positive) M is passed, 
falls by the amount of that M. 

Or if, reversely, we trace its value backward, C is zero just after Mn, and is 
M, just before said M,; it is Mnv just after Mn and is M,v-+M,_1 just before 
said M,_1; and so on back, step by step, fulfilling in all cases equation (1). The 
figure at the end of this chapter illustrates this. 
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Multiplying the last equation by v, and subtracting this from the 
first above, we obtain 
Co — 00, = Mw, or, 
Co = 0(C, + Mi) = 0(Co + Gi + M;) a v(Co + F,). 
Whence 
>) 
E, = Co ——— 
v 
which, in accordance with footnote 8, reduces to C2. 


By the same reasoning, more generally, 
(4) E, = Cy. 


Thus E,, besides being equal, by definition, to M,+G,, is also equal 
to C,-11; that is, H, is the “interest on the capital’; that is, the capital 
value at any time equals earnings in the ensuing year divided by the 
rate of interest (or multiplied by its reciprocal, the “price-earnings” 
ratio). 

Thus we may (under our assumptions) derive any C from current 
earnings without knowing the earnings of future years. This is quite 
unlike the dependence of C on the M’s. 

We may, if we wish, start with equation (4) as our definition of E 
and, reversing the above reasoning, derive equation (3). 


Many other simple relations among the four sets of magnitudes may 
be derived, such as: 


t=n 
(5) C,=- a Gi; 
t=q+1 
t=n 
(6) E, => Gi; 
t=q 
(7) Ga = (E41 — E,) + 4; 
(8) M, = Cull + 4) — Cy; 
(9) M,= [Z,(1 +s E441] + 4; 
t=n 
(10) M,= —- Gi —-G,; 
i=@ 
t=n 
(11) E, = >) Mypt(1 — 0); 
t=q 
t=n 
(12) G, = Mywt-2(1 — v) — My; 
t=q+1 
t=q 
(13) Co = My' + Cw; 
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t=q 


(14) Co= > (My + Gyr) + Cov?. 


t=1 


Each of these equations contains only two sorts of magnitudes except 
formula (14) which contains three sorts, as does formula (3). Formulae 
(13) and (14) are part-way formulae, in which the summation ex- 
tends, not to the nth year, but only to the gth year, leaving, in each 
case, a remainder term to take care of the intervening items. None of 
the 14 formulae’ so far given, beyond the first four, will be needed 
in this study except equation (14) which shows the great difference 
between the roles played by the M’s and the E’s. That is, in general, 


t=n 


Cois not >; Ew. Nor does this last magnitude, the capitalized series 


t=1 
of earnings, play any role in our study. 
Thus, equation (14) tells us that Co is the discounted value of three 
items: 


(1) the M’s, up to time g, each discounted from the future time at 
which it will actually occur. 

(2) the G’s, up to the time gq, each displaced to time t=q and then all 
discounted uniformly from there. 

(3) Co itself, likewise displaced to time t=q and then discounted 
from there. 


It will thus be seen that one reason why C> is not the capitalized 
value of £1, E2, E3,--- E,, each E being the sum of an M and a G is 
that, while the M in each such sum is discounted backward from the 
time, t, at which it occurs, the G component in that sum is not so dis- 
counted, but must first be displaced forward to time gq. 

Yet it is often carelessly stated that capital value is the present value 
of future expected earnings. 

Figure 1 below" illustrates both equation (1) and equation (14). 


10 The reader who so wishes should have no difficulty in verifying these equa- 
tions. One way to verify them is to substitute for each magnitude its value as 
given in the equations of definition. The following is a skeleton of the simplest 
way to derive these equations. Equation (5) is found from equation (2) by re- 
peating it fort =q+1, t=q+2, etc., and then adding these all together, remem- 
bering that C,=0. Equation (6) is derived from (4) and substituting for Cg4 
by (5). (7) comes from (2) substituting for the C’s by (4). (8) is derived analo- 
gously to (4). (9) comes from (8) substituting by (4). (10) comes from (3) sub- 
stituting by (6). (11), from (4) by (1). (12), from (2) by (1). (18), from (1) written 
for t=0 and for t=q and subtracting. (14), from (13) and substituting C,=Co 
+(Cq—Co) = Copii. 

11 For extended discussion of substantially the same problem, with the aid of 
charts, see ‘‘Are Savings Income?” already cited, especially pp. 30, 45, 46. 


| 
t 
I 
i 





Sr TET 





IRVING FISHER 9 





Figure 1 


This figure shows the behavior of C, G, and FE as derived from: (1) the ten 
given M’s (each represented by a vertical line drawn upward from the base line); 
and (2) the rate of interest, 7, on which the slope of the ten discount curves depends. 
The curve representing C is constructed backward, beginning with Mo (at time 
t=10 years) as follows: From the top of Mio (at the extreme right) draw (left- 
ward) a discount curve until it reaches one year earlier (time t=9). Then add 
(upward), My. Then draw a discount curve (leftward) one year. Then add M3; 
and so on, until we reach the “‘present,’”’ ten years before Mio, when the height 
is Ce 

If now, we reverse, and trace the curve forward in time, we see that, the first 
year, the curve gradually ascends, rising in all by an amount Cyt or Gi+M3. 
It then suddenly falls by Mi, leaving a net gain of G,. Then it rises by G2+M2 
and falls back by M;; etc., until, finally, it sinks to zero after the tenth and last 
payment, Mio. 

The respective rises, Gi:+ M1, G2+ Mz, etc., are the earnings, H;, #2, etc. These 
are also represented by dotted lines drawn from the base line, alongside of the 
M’s. Compare now the #’s and M’s. Evidently the E’s are the larger for the first 
three years; the #’s and M’s are equal for the next three years (so that the @’s 
are zero); and the Z’s are the smaller for the last four years (so that the G’s are 
negative). 

Co is the discounted value of the ten M’s. If desired, all ten of the discount 
curves may be continued leftward to “‘the present,” dividing Cy there into ten 
components respectively equal to the discounted values of the ten respective 
M’s. But Co is not the discounted value of the ten E’s, unless the G portions of 
these E’s be displaced as described above. 

Formula (14) is illustrated by drawing the vertical at time t=3. Co, at ‘‘the 
present,’”’ is now seen as the discounted value of three groups of magnitudes, 
namely (1) M;, M2, and M3, each being discounted from the time it occurs; 
(2) G,+G2.+G;, all together discounted from t =3 (constituting there the line zy; 
(3) Co also displaced to the time t =3 (constituting there the line yz). Evidently 
components (2) and (3), i.e., line zz, is a remainder term, being the discountec 
vai’ 2, uc time t =3, of all the M’s remaining thereafter, namely My, Ms, - + - Mio. 

If instead of time t =3, some other time is taken, the G’s and Cy) must be further 
displaced to correspond; but the M’s are always discounted without displace- 
ment. 


Several of the other formulae may likewise be illustrated by Figure 1. 
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If, in accordance with footnote 9, we insert in the figure an M, equal 
to Co but opposite (drawn downward) to signify the original invest- 
ment, we may illustrate an interesting corollary of equation (3). By (3), 
for every time unit, H;,=M,+G;,. It follows that, for any time interval, 
>-E:=>_M.4+>.G,. This equation applied to the complete time inter- 
val between fo_, when Co_ is zero, and t,;, when C, is also zero (for 


t=n+ t=n+ 
which complete interval, therefore, )\G,=0), gives >. E:= >> Mi. 
t=0— t=0— 


That is, for the complete interval, the earnings and the monies out and 
in, are simply different distributions of the same total sum. 

The same proposition holds true for any other interval for which 
there is no net capital gain. Perhaps an intuition of this conditional 
equality of an Z sum and an M sum underlies the unfortunate confu- 
sion of # and M as ‘“‘income.” 

The above proposition has been stressed in the writings of Professor 
John B. Canning.” 


CHAPTER III: SPECIAL CASES 


Equations (1)—(14) cover the general theory of money receipts from 
property under the three assumptions stated in Chapter IT. 

These 14 general relations include, of course, innumerable special 
cases. Among these, Perpetual Annuities and Bonds deserve special 
attention here, because they will help later in discussing certain Norms 
of accounting. 

The perpetual annuity is an infinite series of equal payments at equal 
intervals, that is, M,=k, a constant for all values of ¢ from unity to 
infinity. The C’s will also be constant. For the formula for Co is the 
same infinite series, 


t=0o 


Dd ket, 
t=1 


as for C1, C2, etc., 
Therefore each year’s capital gain is zero. 
Each year’s earnings are k. For by formula (3), #,=M,+G,=M,=k. 
By formula (4), Cg=Eq41/t=%/1; or +=k/Cy. 
It should be remembered that 7 (in v=1/(1+7)) was originally as- 
sumed to be invariable. Otherwise Cy) would not necessarily be equal 


12 Hconomics of Accountancy, pp. 94-96; pp. 126-127; also ‘‘A Certain Erratic 
Tendency in Accountants’ Income Procedure,”’ Econometrica, Vol. 1, No. 1, 
Jan., 1933, pp. 52-62. Various other aspects of the general theory of income and 
the equations relating to it have been treated by several other writers including 
Frisch, Hayek, Keynes, Kuznets, Lindahl, Littleton, Myrdal, Pigou, Plehn, 
Tintner. 
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to Ci, nor would G, necessarily be zero, nor would E necessarily be 
equal to k. 

Thus the essential characteristics of the simplest case of a perpetual 
annuity are that the M’s, C’s, G’s, and E’s are all constants, with values 
respectively as follows: M,=k, E,=k, C,=k/i, G,=0. 

It is, largely, I believe, the very simplicity of this special case of a 
perpetual annuity which has introduced confusion and complication 
into the subject of income in accounting, and therefore into terminol- 
ogy, and therefore finally into tax legislation. In particular, H and M 
(being in this simple case always equal) are commonly confused. 

Even when E and M are numerically equal, they should be distin- 
guished. Two distinctions may here be emphasized: 

(1) # accrues continuously—from the moment after any M occurs 
up to the moment before the next M occurs; whereas the M’s occur 
discontinuously. 

(2) The continuous accrual of # means a continuous increase of C 
between M’s; whereas the payment of the next M causes C to decrease 
suddenly by that amount. The value of the annuity or renie is said to 
go then “‘ex-interest.”’ Thus a graph of C is a saw-tooth curve, as in the 
preceding chart, first rising gradually and then falling suddenly. This 
is true, of course, not simply of perpetual annuities but in general, # 
always causing a gradual rise and M always causing a sudden fall of C. 

In the simple case here supposed, the rente may be bought or sold 
at the same price, k/7, at the end of every year. For instance, it may be 
bought at this price, kept for ten years, during which M =k is received 
annually, and then sold at this same price. 

We have previously thought of the C’s as appraisals, not actual pay- 
ments. But if, as just supposed, a rente is actually bought and sold, 
the sums paid are also M’s—as truly as are any other payments. 
Thus, the purchase and sale just supposed amount to carving out of the 
perpetual annuity a ten year segment, comprising twelve M’s alto- 
gether, including the initial purchase and the final sale. 

The supposed series of twelve M’s, in connection with a perpetual 
annuity, is closely imitated in the case of a ten-year bond bought 
at par. In America, perpetual rentes are not in use as they are in 
France. But bonds, which amount to nearly the same thing, are very 
widely used. The purchase of an n-year bond may be thought of as 
substantially the purchase of a perpetual annuity coupled with its 
resale at the end of n years. 

Equation (1), applied to the bond, gives 

13 Theoretically, of course, the M’s could conceivably occur continuously or 


nearly so, and services in kind sometimes do flow continuously (e.g., electrical, 
gas, water, services); but H must accrue continuously. 
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t=n 
Co = >> kvt + Po, 


t=1 


where P is the final payment, called ‘‘principal,” in addition to the final 
k. This is general;' but, in order to obtain the greatest simplicity, we 
wish here to assume a special case, namely, the case where the bond is 
bought at par (Co=P). Therefore, 


t=n 
P = >> kot + Por. 


t=1 


Since we are assuming that 7 remains forever the same, we may sup- 
pose that, at the end of the n years, the bond will be refunded with an 
exactly similar bond. Or, if not refunded in the sense of being simply 
exchanged for, and replaced by, the new bond, it may be extended in 
almost exactly the same way if the “‘principal’’ P when paid is immedi- 
ately re-invested in an exactly similar bond. In either case, the first bond 
is replaced at maturity by another for which 


t=2n 
P = > kot + Po. 


t=n+1 
By substituting this value of P in the last term of the former equation, 
it evidently becomes 

t=2n 

P = > kot + Po, 

t=1 
representing a bond running twice as long as the original. Repeating 
this reasoning, we may still further extend the term of the bond suc- 
cessively as 

t=zn 


P= 2 kvt + Pov". 


t=1 


As the factor x increases, the remainder term Pv?" decreases, since 
v is a proper fraction, and approaches zero as a limit. So that ulti- 
mately 


t=00 
P = >> kv!" 
t=1 


which is the formula for a perpetual annuity. 


44 Another form of this general equation, and one more convenient for comput- 
ing the value of a bond, is: Co=k/i+(P —k/i)v". 
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We have seen that, in this case, i=k/Co=k/P. There are other 
ways" of proving the same results. 

As to G, it is zero for each yearly saw tooth, except the last, when it 
is negative by an amount equal to the “principal.” As to E, it is equal 
to k for every year (including the last). 

We have just seen that a bond can be converted into a perpetual 
annuity by perpetual refunding or reinvestment, as the “principal” 
is made to recede into the infinite future. 

If we move the principal in the opposite direction—from future to 
present—we obtain a third special case, namely one where there is only 
one M, and that one M payable immediately. This is the simplest 
case of all and needs no discussion. 

A fourth special case is obtained by moving into the future not only 
the principal, P, but every other item (namely each “inte. :st’”’ pay- 
ment, k) all those deferred items accumulating at compound interest. 
Deferred to infinity, the resulting aggregate becomes infinite. But its 
present value still remains Co. This is the case of a savings-bank de- 
posit accumulating indefinitely without either new deposits or any 
withdrawals. 

In this case there is no M until the end of the postponement, when 
it may be received as one lump sum. The C increases yearly by 
G=EH=Ci. This yearly increase, C2, itself increases as C increases. 

The case of a savings-bank account is no exception to the proposi- 
tion that Co is the discounted value of future M’s, as in the case of a 
promissory note. In fact, a savings-bank account is fundamentally a 
part ownership in a multitude of promissory notes, the mortgages held 
by the bank. 


15 One is to proceed backward from the terminal date of the bond. At that time 
there is a total payment of k+P so that, one year before, the value of the bond, 
Cr-1, is (k +P)/(1+7). What this value is depends on whether k/P is equal to, 
greater than, or less than, 7. If k/P =i, evidently the above (k+P)/(1+72) =P. 
That is, Cn_1=P. By similar reasoning it may be seen that Cna_2=P and so on 
backward, including Co=P. Thus, the condition k/P =7 is sufficient to make 
Co=P. 

Moreover this condition is also necessary. That is k/P cannot be >i nor 
<i if Co=P. For, if it could be true that k/P >i, similar reasoning to that 
above would show that all C’s, including Co, would exceed P, which is contrary 
to our assumption that C)=P. The opposite would hold if k/P <i. It follows 
that, if Co=P, then k/P must equal 7. 

This method of proof, unlike that used in the text, does not need to assume 
that 7 remains unchanged after the termination of the bond. 

The reader will recognize k/P as the ‘‘nominal” rate of interest of the bond, 
while 7 is the “‘rate realized” by the investor. What has been proved is that, if 
these two rates are equal, the value, C;, of the bond will always equal P, but not 
otherwise. 
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CHAPTER IV: NORMS FOR MONEY FROM INVESTMENT 


We have mentioned four special cases. Of these the perpetual an- 
nuity is ordinarily considered the ““Normal’’ case. It often exists merely 
as a theoretical ideal. As has been seen, a bond may, with certain 
provisos, be thought of as a sort of segment of a perpetual annuity. 
The last payment of a bond, M,, is, as we have seen, composed of two 
parts: the usual annual payment k, and the remainder, M,—k, a larger 
sum called “principal.” 

This principal is commonly thought of as something unlike the an- 
nual k’s and not to be “used as income” but to be reinvested. To fail 
to reinvest it would, it is thought, constitute a gross impairment of 
capital, something highly abnormal. 

Where there is such a punctilious regard for maintaining capital un- 
impaired, it often leads to legislation and customs requiring trustees 
and others to reinvest even some of the “interest”? payments, k, in 
case 1<k/P, which implies that Co>P, that is that the bond sells “‘at 
a premium,” or above par. In this case, not the actual M’s received 
(the k’s), but only the earnings, Ci, should, strictly speaking, be con- 
sidered as the normal perpetual annuity. The difference, k—C oz, which 
is a fixed percentage of Co, must be reinvested every year. This differ- 
ence is “savings” and is measured relatively to Cot or E, as ideally con- 
stant earnings. 

On the other hand, if Co<P, the bondholder is entitled, according 
to the same standards, to use “as income,” not only k, the actual re- 
ceipts, but also Coi—k by, say, selling some of his bonds and “‘spend- 
ing’’ the proceeds, “‘as income.” 

If every bond bought at a premium could be accompanied by its own 
special depreciation fund into which the sum k— C7 were paid annually 
the actuality would agree with the norm; although, even then, it would 
not be the bond alone but the combined bond and depreciation fund which 
yielded the perpetual annuity of Coz per year. This combined property 
would then have a constant capitalized value of Co; and this value 
would be made up of two parts, the value of the bond (diminishing 
every year) and the value of the depreciation fund (increasing every 
year by exactly the same amount). In this way the perpetual annuity 
is used by accountants as a “yardstick” for comparison with, or even 
for correcting, the actual original M’s. 

But if, as is usually the case, no such separate depreciation fund ex- 
ists, no such perpetual annuity definitely emerges unless some other 
form of smoothing out the irregularities of the M’s is employed. All 
that such bookkeeping “funds” amount to is to change the classifica- 
tion of the asset and liability items in such a way as to carve out the 
required constants. Much of the ingenuity of accountants is spent on 
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such smoothing devices—depreciation funds, sinking funds, reserves 
for obsolescence, and so on. 

The same idea of using the perpetual annuity as a norm is applicable 
not only to bonds but to any other series of income received, M;. Start- 
ing with Co, and the ideal perpetual annuity, Co, the deviation of every 
M from Cy is supposed to be reckoned. The amount of this deviation 
is to be reinvested when M, is too big. 

No objection to this procedure need be made. But merely to reckon 
such corrections does not make them effective. Only so far as they are 
made effective does the smoothing actually occur. And in practice it 
is never a perfect smoothing. In fact, scarcely anyone would care to 
keep to such an inelastic series of M’s perpetually. 

In short, M is what is actually received; E is what ‘‘ought” to be 
received, the norm. 

It is interesting to note that the stigma of depleting capital has not 
usually been applied in reverse. On the contrary, to increase capital 
by “saving” has usually been regarded with favor. Any such “saving” 
out of the “normal” M, may be called S,. That is, savings are here 
defined by the equation S,=G, so that: 


(15) E, = M,+8,. 


The reason for introducing the new letter, S, though the old one, G, 
represents precisely the same magnitude, will be made evident when we 
discuss income from labor. Earnings and savings will then be redefined 
to suit a different norm. 

It should now be clear that we must make a great distinction be- 
tween a mere norm and an actuality. It is true that human life is 
largely repetitive. We eat, ordinarily, every day. We use our dining 
rooms day by day, our bed rooms night by night, our churches, or 
movies, or golf links, week by week. We use almost all our consumption 
goods and spend our money on them in much the same way day after 
day, year after year. Fundamentally we repeat these uses of goods and 
the spending of money for them because of two sorts of cycles, that 
of our bodily metabolism and that of our environment which brings us 
day and night. 

The resulting repetition in our lives is the chief reason why we like 
to treat large “‘non-recurring’”’ M’s, the P, for instance, of a bond, dif- 
ferently from the recurring items, and to “spread” them over some 
stretch of time. But none of the repetition or recurrence is ever precise 
and each person must decide for himself how much elasticity, or de- 
parture from so rigid a norm as a perpetual annuity, suits his own par- 
ticular case. 

In practice, and for most natural persons, a series of money receipts, 
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M,, Me, - - - M,, from a property ought, in general, to be fairly steady 
but not rigidly uniform. Yet any individual property—be it a stock, 
bond, real estate, or whatever else—may yield a series of receipts far 
from steady, provided this unsteadiness is roughly compensated for by 
other properties. If, for instance, John Smith owns both a mine and a 
forest, the M’s he receives from the mine may, for a time, greatly ex- 
ceed the norm of constancy until the mine is exhausted while the M’s 
from the growing forest for the same period may be far below the 
norm of constancy until time for cutting arrives. The two series of M’s 
thus tend to correct each other, and little or no separate correction for 
each is needed. All our John Smith needs is such an assortment of 
properties as will bring him in a reasonably steady flow of money from 
all of them combined, and even that total flow will need to vary some- 
what according to varying conditions—John Smith’s age, the size of 
his family, illnesses, and so forth. 

But most M’s from property flow from corporations, and these are 
set up as “perpetual.” Accountants naturally find the perpetual an- 
nuity the only natural norm for use in corporation accounting. 

One result is that most of our investment securities are patterned 
on a perpetual annuity. This is true, for instance, of bonds, mortgages, 
and preferred stock. 


CHAPTER V: THE FACTOR OF CHANCE 


Up to this point we have assumed that the M’s can be, and are, defi- 
nitely foreknown; but this is seldom true—in fact, strictly speaking, 
it is never true. There are always chances of receiving more or less 
than was expected. 

To make allowance for these chances, our three hypotheses are now 
dropped. Instead, we make the hypothesis that the series of future pay- 
ments M, are not definitely known in advance but have to be estimated 
as to amount, as to time of occurrence, and even as to their occurring 
at all. 

In the case of stocks, for instance, the future M’s (dividends) are 
uncertain in every way. To calculate the capital value of future ex- 
pected dividends, we have to do a good deal of guessing. Therefore, 
besid2s the five sorts of original factors, 7, M’s, C’s, G’s, E’s, we need 
now to take account of a sixth factor—probability or chance. 

There seems to be no best way to do this; the ways used in The 
Nature of Capital and Income were frankly makeshifts. I had hoped, in 
these 30 years, to observe more progress by others toward a mathe- 
matical, yet realistic and usable, treatment of the probability factor. 
Various efforts have been made in this direction, but the only worth- 





CR rr RE CRIN in EER ee carne ae ee RR 














IRVING FISHER 17 


while systems still seem to be confined to life insurance calculations, 
where probability has a statistical foundation. 

Fortunately, however, the vagueness introduced by this chance fac- 
tor does not affect our most fundamental propositions. C may still be 
called the present value of future expected dividends, and E may still 
be taken as the sum of M and S. 

Thus, in a corporation, the undistributed earnings in any year q are 
S,, the distributed earnings, M,, and the total earnings, E,=M,+S,. 
These may be taken as applying either to the total figures of the cor- 
poration or to earnings per share of each class of stock. 

G, will be equal to S, if both are reckoned at the figure entered by 
the corporation’s bookkeeper as addition to surplus. But this book fig- 
ure will not necessarily agree with market values in the speculative 
exchanges. Thus G here becomes ambiguous, as there are at least two 
possible values for it, the increase in market value and the excess of 
earnings over dividends as computed in corporate accounting. 

Let us now see what the chance element does to some of the equa- 
tions which we have seen to hold true under our original, chanceless, 
hypotheses. 

The chief change is in equation (1). One summary way of making this 
new adjustment is simply to insert, on the right-hand side, a multiplier, 
X, to take account of chance, letting v have the same meaning as before 
and letting M, be the ‘‘expected,”’ or “most probable,” receipt at time t. 
In other words X may be defined as the ratio of calculated capital 
value to the actual capital value, the former being calculated from any 
arbitrarily chosen series M,, designated as ‘“expected.’”’ This gives us 


t=n 
(16) C,=X >> Ma. 
t=q+1 

Equation (16) reduces to equation (1) when uncertainty is removed 
and X =1. 

This formula throws the whole effect of the chance element on to this 
one factor, X. But we cannot specify fully what sort of a function X is. 
Any discussion of this must be purely academic. The value of C will 
be found in the market by rule of “thumb” or “‘by cutting the Gordian 
knot” regardless of any formulae. We can scarcely expect to find any 
formula for determining the value of a stock, on the basis of expecta- 
tions, which will be comparable in usefulness to the tables employed 
by brokers for bond values in relation to the rate of interest, the 
nominal interest, and the time to maturity. 

If the probability of big future dividends is great, C, is high rela- 
tively to the last reported earnings. If, on the other hand, there is great 
risk of low, or zero, dividends, C, is low relatively to those earnings. 
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As to C,, market value is all important. Book value is of little or no 
significance for any purposes here considered. 

But this is not the place to pursue so intricate and baffling a subject 
in detail. We need only emphasize the fact that the introduction of the 
element of chance does not destroy, but rather adds to, the conclusion 
that C is not, in general, the discounted value of the series of future 
expected E’s but only of the series of future expected M’s. 

Similarly, equation (4) needs modification. We can scarcely say that 
E,=Cvi. But we can come very close to this equation if we replace 7 
by j, the earnings-price ratio. That is, while 7 relates only to theoretical 
certainty, its substitute, 7, takes account of the uncertainty pertaining 
to each individual stock as recorded in its market price. This ‘‘j’”” may 
be greater or less than the ‘‘z’”’’s used in bond calculations. 

Instead, therefore, of equation (4) we have (for the first year) 


(17) FE, == Coji, 


and the analogous equation for any other year. 
To summarize, as to equations (1)--(15), we see that: 
(2), (5), (15) remain true; 
(1) is no longer true, but is superseded by (16); 
(3) remains true provided G be taken as equal to S; 
(4) is no longer true but is superseded by (17). 

None of the other 12 equations is true under our present hypotheses. 
But they can all be replaced by somewhat analogous equations just as 
(1) and (4) were so replaced. 3 

Where chance enters, the need of smoothing devices is greatly in- 
tensified. Besides the methods of smoothing already noted, there are 
insurance and hedging. Insurance substitutes a steady annual “pre- 
mium’” payment in place of a (possible) sudden large outgo—the loss 
insured against. 

The common norm for stocks, both market values and book values, 
is a constant C, or at any rate an unimpaired C. Starting with Co, the 
capital may rise above C» but it is not supposed to fall below it, al- 
though after rising above (that is, after the accumulation of a surplus) 
dividends may be declared out of this surplus, even if no addition to 
surplus is currently earned, provided no more than the surplus is used 
up—in other words, provided the original capital Co is unimpaired. 
In general, the corporation norm is this maintenance of unimpaired 
capital. Any earnings above this are “available for dividends,” which 
means permissible under the norm. These ideas are further evidence 
that earnings always relate to possible, and not necessarily actual, M’s. 

This norm of an unimpaired C for stocks under the hypothesis of 
uncertainty corresponds roughly to the usual norm already discussed 
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for bords under the hypothesis of certainty. But for stocks there is 
nothing to correspond closely to a perpetual annuity as a norm. 

Of course, the hypothesis of certainty is never absolutely realized. 
Chance is always playing some part. C, in particular, being always the 
discounted value of uncertain future receipts, is subject to chance fluc- 
tuations. Nor is the hypothesis of an eternally constant 7 ever fully 
realized. 

The various influences tending to affect C may now be summarized 
as follows: 

(1) C tends to increase with the approach in time of future expected 
M’s; 

(2) C tends to decrease with the payment of each M; 

(3) C tends to increase with a decrease of 7 (or j) (and reversely) ; 

(4) C tends to increase with each new expectation of increased future 
M’s (and reversely). 

In all cases, C is supposed to be measured in terms of money. If the 
purchasing power of money varies, C will, in terms of purchasing power, 
be affected according as the variations in that purchasing power affect 
the several magnitudes above mentioned. The effects, in extreme cases, 
become very complicated. They also play havoc with norms. 


CHAPTER VI: FORMULAE ON MONEY FROM LABOR 

We come now to the M’s from labor—wages, salaries, professional 
fees, and commissions, received in return for work. 

In this case it is unusual to derive from the M’s the corresponding 
C’s, G’s, and E’s. Theoretically this can be done, of course. In fact, 
C has sometimes actually been calculated, especially by life insurance 
statisticians like Louis Dublin of the Metropolitan Life Insurance 
Company. Two generations ago this was also done by William Farr, 
the English authority on vital statistics. J. Shield Nicholson, the 
Scotch economist, also attempted it. In a small way I did. The net re- 
sult generally turns out to be that the capital value of money received 
from the labor of the existing population—or the value of the “vital 
capital”—is about five times the value of all other capital put to- 
gether—land, land-improvements, machinery, equipment, and other 
inventory. 

But such calculations of the capital value of human working power 
are generally regarded as curiosities and have little practical applica- 
tion except possibly as a check sometimes on the over-insurance of a 
person’s life. 

The capitalized value of the future salary, or other money received 
from work, usually shrinks as time goes on. The value for a man when 
fifty years old is usually less than it was when he was forty and had 
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more years of work to look forward to. In that case, G, the ‘capital 
gain’”’ is negative. This fact of negative gain is usually neglected; but 
such neglect is inconsistent with the usage of accountants in trying to 
keep unimpaired the capital of corporations. If the accounting of sala- 
ries and wages were on all fours with the accounting of a bond, or of 
other items of property or corporate accounting, only a small part of 
the money received for the work of an elderly man could be considered 
‘“income.”’ To spend it all on living expenses would be to ‘“‘eat up his 
capital.” 

This inconsistency of usage as between money received from invest- 
ment and money received from labor is, I suspect, fundamentally due 
to the fact that accountants’ norms began with “artificial persons” 
such as a corporation, whose life is “perpetual,’’ while an individual’s 
life is not. At any rate the fact is that we now have two conflicting 
traditions regarding the definition of earnings, one for individual book- 
keeping and the other for corporation accounting. The bookkeeping 
tradition for the individual is the older of the two and presumably 
originated in the idea that, if a man’s wages support him through his 
lifetime, or even only through his working years, it is perfectly legiti- 
mate for him to use them up. The next generation can take care of 
itself—or even take care of him when superannuated. He regards the 
money which he receives and which we shall, as before, call M, as his 
“earnings” which we shall also call H’. Here the two concepts, income 
and earnings, agree. 

On the other hand, the newer tradition, that of corporation account- 
ing, has proceeded on the theory that the corporation is to survive the 
present generation of stockholders and to serve their successors per- 
haps perpetually. Thus it comes about that the new norm adopted by 
property owners is a perpetual annuity, whereas the old norm, so far 
as any existed, was, vaguely, a life annuity. 

There would be no inconsistency between the two norms if the salary 
earner were assured of living forever and always earning the same 
salary, M. In that case we would again be dealing with a perpetual 
annuity; and the capital gain, G, would be zero as before. That is, 
earnings would then equal salary or wages even when earnings are cal- 
culated as in equation (3) for property. 

In this hypothetical case, therefore—the case of perpetual human 
life—the two terminologies (for property and labor) would agree. But 
in the cases actually existing, they disagree, so far as earnings are con- 
cerned. The disagreement is because of a conflict in norms. Any “norm” 
is an ethical concept of what ought to be, not of what is. 

Out of this conflict of norms come great confusions. Since labor’s E’ 
and M are identical, it is difficult for many not to identify also the # 
and M of property. 
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While depreciation of the capital value of human working power has 
been ignored by accountants, or rather regarded as outside of the scope 
of their professional work, nevertheless the need of providing for one’s 
old age and funeral expenses and for giving the children, if any, a good 
start in life has led to a general precept to “save” out of the E’”’s and 
put the savings by for a “rainy day.” If a year later the “rainy day” 
for which these savings were put aside arrives, this sum, with interest, 
is taken out of the savings bank. The entire sum may then properly 
be ‘‘used as income” without fear of reproach for eating up capital. 

If a wage earner or salary receiver saves out of his Z”’s a certain 
weekly sum, S’, investing this in a savings-bank account or otherwise, 
he reduces his net receipts to E’ —S’. But there is no set standard for S.’ 
In fact, a common norm seems to be S’=0—if not below zero in this 
age where thrift is no longer generally glorified as a virtue. 

Thus the two norms—one of earnings from investments, the other of 
earnings from labor—collide in our income-tax laws and policy. 

One obvious reason for such collision is that the norms for the M’s 
from labor are so vague that, until the advent, in the last century, of 
life insurance, there was no good statistical measure of the capital 
value of one’s working power or of life annuities. It would not be sur- 
prising if, within another century, new and more definite norms should 
develop as a result of the actuarial calculations of life insurance com- 
panies, old age insurance, and of the growing vogue of life annuities. 

It is evident that all norms are somewhat arbitrary. They differ and, 
in many cases, ought to differ. The norms for a corporation should dif- 
fer from those of an individual and those for different individuals 
should differ from one another. 

Any type of norm is theoretically possible to suit idiosyncrasies or 
special circumstances; and after the norm has been set up, savings 
may be defined with respect to that norm. 

One important factor affecting the norm of a wage earner, or salary 
earner is the number of children or other dependents to be supported. 
Supporting children out of money from labor corresponds roughly to re- 
investment out of money from investment. The latter aims to keep 
up the capital value of property; the former aims, roughly, to keep up, 
from one generation to the next, the capital value of the family’s 
labor power. 

We have seen that the difference between the usual property norm 
and the usual labor norm results in slightly different concepts in the 
two cases. Those for property, as has been noted, are 7, M’s, C’s, E’s, 
S’s, G’s; and those for labor are: 

(1) Receipts of money (the M’s) paid for work. These M’s have ex- 
actly the same significance as the M’s from property; 

(2) Earnings, EZ’, identical with the M’s; 
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(3) Savings, S’, out of EH’. These savings (S’) are somewhat analogous 
to the G and S of property. In fact, a definition may be formulated 
which will include both sorts of savings. If we assume the money-from- 
labor norm to be E’=M while the money-from-investment norm is 
E=M+G=M+ 5S, then, just as the wage earner saves his S’ out of 
his E’, so does the bondholder save his S out of his EZ, and the corpora- 
poration save its S out of its H. The only difference is in the H, the 
norm adopted. 

We may perfect the analogy between the equations for labor and 
those for investments as follows: If we regard the laborer’s savings, S’, 


as a negative receipt or outgo, we may consider M —S’ as his net re- 
ceipts, M’. Thus 


(18) M’'=M -S’. 
If we assume, as we have, his norm E’ to be identical with M, i.e., 
(19) M = EE’, 
then we may substitute EZ’ for M, and obtain M’=E’—S’, or, 
(20) E' = M'+S', 


as compared with H=M-+-S, for investments. In this equation the M’ 
from labor is somewhat analogous to the M from investments, and the 
S’ for labor is somewhat analogous to the S for investments. 

But S and S’ and also M and M’ have certain differences. 

In the case of a corporation only the dividends, M, are actually paid, 
while the rest of the earnings, the savings, S, or undivided profits, are 
simply withheld from payment; but in the case of the wages earned, the 
whole earnings are paid to the workman and then the savings are paid 
out again into the savings bank. 

The analogy could conceivably be made more complete in either of 
two ways. The corporation might first declare all its earnings in divi- 
dends and then the recipients reinvest some of them as savings, just 
as now the wage earner first gets all his earnings in cash and then rein- 
vests some of them as savings. 

Or, reversely, the wage earner’s savings might, by prearrangement, 
be withheld and put in a savings fund by his employer without first 
being paid to him, just as now the corporation withholds undivided 
profits. 

To make any closer analogy we should have to change either or both 
norms. Thus, we could conceivably set up the same norm for labor 
as we did for property; then proceed to compute the capital value of a 
man’s future salary or wages and aim to keep this value constant by 
reinvesting. Or, contrariwise, we could alter the norm for a corporation 
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to make it resemble that for labor. A mining company would then not 
need to pay anything into a depreciation fund or a reserve for mine 
depletion, but could declare dividends M as fast as the mine exploita- 
tion permitted. “Savings” would then be considered to be any “‘sav- 
ings” out of such M’s, even if these were far from sufficient to maintain 
unimpaired the company’s capital. Savings would not then be identical 
with capital gain for investments any more than for labor. 

Such a norm for a corporation’s earnings would not be so startling 
in the case of a mine as in the case of an industry. For a mine is like a 
man in that it hasn’t perpetual “‘life.”” To force it into the accountants’ 
norm of a perpetual life, the depletion reserve has to be invested in 
something else than the mine itself. 

But, while it would thus be quite possible to harmonize corporate 
earnings and labor earnings, by adopting either of the two norms uni- 
formly for both, there is really no need of doing this. On the contrary, 
the difference between the traditional labor-norm and the traditional 
corporation-norm, as expressed in the different meanings for “earn- 
ings” in the two cases, is based fundamentally, as already hinted, on 
the difference in the length of life of an individual and that of a cor- 
poration. In both cases the norm may be said to be a “life” annuity. 

We have seen, therefore, that the two conflicting usages as to the 
term “earnings” are a matter of practical norms and ethics and not a 
matter of economic theory. This is evidenced by the ethical connota- 
tion of the term ‘‘earned” in other connections. ‘‘Earned”’ means “‘de- 
served” or “‘merited.’”’ The phrase “unearned increment,” for instance, 
was a phrase calculated to discredit that increment and to prepare the 
way for taking it away from those who did not deserve it. 

By this connotation the income earned by property is that which the 
owner can rightfully or properly “use as income.” If the owner takes 
more, it is unearned, undeserved. 

Whatever norm is used under the title ‘‘earnings,” the M and S for 
property, or the M’ and S’ for labor are the two constituent parts of 
those earnings and are mutually exclusive parts. If either is increased 
the other must be decreased by exactly the same amount. You cannot 
have your cake and eat it too. Savings when taken out of income are 
no longer income but capital. 


CHAPTER VII: SUMMATION OF SERVICES 
We have now discussed, in particular, money receipts from property 
and money receipts from work, and have noted wherein these two dif- 
fer. 
The sum, or aggregation, of the services received by John Smith in- 
cludes not only services in money (>_M) but services in kind—“real”— 
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(>°R), translated (by appropriate price factors) into terms of money, 
and, finally, psychical services or satisfactions GY), also translated 
into terms of money. 

The services in kind especially considered in this chapter are those 
rendered by “consumption goods”; such services are the shelter of 
John Smith’s dwelling, the use of his furniture, fhe wear of his clothes, 
the use of his food. Psychical services are rendered by his ‘‘body- 
mind’’; such services are the enjoyments following the use of his food, 
clothes, furniture, dwelling, and other services in kind. 

It will be seen that the services in money, the consumption services 
in kind, and the psychical services come in succession and articulate 
with each other. Yet there will be no double counting by including 
them all in one sum, provided we are careful to include those which 
are negative as well as those which are positive. We simply take the 
algebraic sum of all the services rendered by all the assets of John 
Smith. This sum, during a specific period of time, we call John Smith’s 
income and denote by “J.” 

In such a complete accounting there are many negative terms. For 
instance, every M service which is credited to some asset of John 
Smith, such as a bond, must also be debited to that central asset called 
“cash” and, reversely, every M service credited to cash must be debited 
to some other asset such as John Smith’s house, which, let us suppose, 
is repaired at the cost to him of money. 

In the same way, every R service, such as shelter, must be credited 
to some asset, such as the house, and be debited to the body-mind of 
John Smith sheltered thereby. 

Thus every M is both positive and negative according to the asset 
to which we relate it—say the bond which yields it and the “cash” 
which takes it. It is an ‘‘interaction’” between the bond and the cash. 
Similarly, every R is both positive and negative in an interaction. 

Finally, in a complete picture, there are negative Y’s, such as the 
irksomeness of labor. 

Hitherto, for brevity, the M’s have been algebraically added to- 
gether irrespective of whether their numerical values were positive or 
negative. But henceforth the negative terms will be separately desig- 
nated. This procedure will be adopted not only as to the M’s but also 
as to the R’s and the Y’s. The separate designations for the positive 
and negative M’s from investments will be made by the subscript let- 
ters r and d; thus M,—M, means the money received from invest- 
ments less the money disbursed into investments. 

Evidently )\M,—)_Mzq is what has hitherto been called )>M, ie., 
the algebraic sum of money receipts (money disbursements being nega- 
tive receipts), or, ),.M=)>\>M,+),(—Ma). 
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As to the R’s, since we shall need to treat these only as a single group 
and enter them twice—once as a positive sum and once as an equal 
negative sum—we shall only distinguish the two by prefixing a “+” 
and a “—.” i 

As to the Y’s, the pesitive items will be distinguished as Y, and the 
negative by Yn. 

These different ways of distinguishing the positive and negative 
items (and the way t¢ ve used later with respect to ‘‘cash’’) will be 
easier to remember and less confusing than a rigidly uniform system of 
notation. : 

Let us now classify the component parts of John Smith’s income, as 
above defined, according to sources: 

[1] }°>M,—>°M. comprises the sum of all monies received within 
the year from investments or property, like stocks, bonds, real estate, 
if rented for money, etc. (including any proceeds of sales within the 
year) less the sum of all monies disbursed (including the purchase price 
of said property, or such part thereof as is paid within the given year). 
That is [1] is the net money received from investments. 

Included also in class [1], are the monies from (or to) negative as- 
sets. A debt contributes an M, when it furnishes the money borrowed 
by Smith and requires an M, when repaid (interest or principal). M, 
includes all money receipts whatever, (even gifts and bequests) not in- 
cluded under M,, below, and M includes all money disbursements not 
included under M, below. 

[2] >°>M.—)>-Y, comprises the sum of all monies received for work 
—Smith’s salary, wages, fees, or commissions—less the sum of all its 
psychical cost—its “irksomeness,” its “headaches,” its ‘‘backaches,” 
or, more simply, “labor,” all translated into terms of money. 

[3] }>R—>°M, comprises the money value of the “‘real’”’ services of 
consumption goods, less the money spent on them. That is, [3] is the 
net value received from consumption goods. The money costs, M,, in- 
clude any costs of purchase occurring within the year, such as any 
money paid for a new automobile or a new residence. 

The special characteristic of class [3], “consumption” items, is that 
these services, though objective, immediately precede the subjective 
or psychical services for which alone all M’s and R’s exist. 

[4] >> Y,—>-R comprises the psychical satisfactions translated into 
terms of money enjoyed by John Smith less (the money value of) their 
cost in the form of the services of the consumption goods mentioned 
under [3]. 

The special characteristic of [4] is that it comprises all the final satis- 
factions for which the antecedent money services and services in kind 
existed. That is, [4] is a net value received from the “‘body-mind.” 
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[5] >>M.—>~>M a, (which—for short—will also be called m) com- 
prises the money credited to the cash, (that is, the money paid out from 
Smith’s cash assets—from his pocketbook, till, cashbox, or checking 
account) less the money debited to cash (that it, the money paid into 
said repositories of cash). That is, [5] is the net value received from 
all “cash” assets. 

Smith’s cash renders a service, as accountants correctly maintain, 
every time it is used to furnish him cash—to yield up cash—and renders 
him a disservice every time it takes in cash. A store of cash is like a gold 
mine, credited with what comes out of it and debited with what goes 
into it. 

[6] U (unclassified) comprises all items not included in the preced- 
ing five classifications. These will be ignored, or their sum assumed to 
be zero, until we have fully discussed the first five categories. 

We have now before us the broadest possible picture of Smith’s in- 
come, defined as the algebraic sum of all services received by him, 
positive or negative—for this summation is indiscriminate, regardless 
of norms, includes ‘‘capital’’ expenditures along with current expendi- 
tures, and is uncorrected for depreciation or anything else. The only 
corrections will be those automatically made by negative terms offset- 
ting positive terms. 

Note that >\R under [3] is identical with }>R under [4], the two 
representing opposite facets of the same “interactions.” 

Smith’s income (complete sum of services, J) is therefore: 


(21) I=(OM,- DM) [1] 
+ (2) Mw — 2) Yn) [2] 
i208 - 255) [3] 
+(2%~ B® [4] 
+ (>) Ma — Do Ma) [5] 
+U. [6] 
Summarized in words, equation (21) is 


I=[1] the money received from all John Smith’s properties less the 

money expended on them; 

+ [2] the money received for John Smith’s work, less its psychic 
cost (measured in money); 

+ [3] the services rendered by his “consumption goods” (meas- 
ured in money) less the money spent on them; 

+ [4] certain services rendered by Smith’s own body-mind to his 
stream of consciousness, less their “real’’ cost (both meas- 
ured in money); 
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+ [5] the services rendered by “cash,” namely its use in furnishing 
money, less its disservices in absorbing money; 
+ [6] unclassified (measured in money). 

In equation (21) the terms are grouped in a manner appropriate for 
our modern (money) economy and for the particular purposes of this 
study. In this modern world of ours all the terms except [1] and [2] 
are usually very small. Yet the equation holds good even when the use 
of money is relatively little—or even wholly lacking. 

Of course, anyone who so wishes is free to rearrange the order of the 
terms. Thus, if it is desired to include under [1] and [2] any items in 
kind, this can be accomplished by transferring them from R in [3]. 
Thus, the use of a parsonage by a country clergyman as part of his 
salary may, if desired, be segregated from R in [3] and transferred to 
[2]; ie., added to M.. The same may be done with the “board and 
lodging” given as part pay to a domestic servant. But, except for a few 
such cases, all the recompense for work—in this country, at least—is 
paid in money, M,. 

Cases in which returns from property are partly in kind are even 
rarer than the cases just noted in which workers are so paid. The only 
notable case is that of the farmer. His property still yields him some of 
his food, though it no longer, to any appreciable extent, yields him his 
clothing, or his other R’s. If desired, a variant of equation (21) might 
be formulated for farmers by transferring from [3] to [1] such food 
items among the R’s as are consumed on the farms. 

Originally, of course, instead of receiving money to be spent, every- 
body received goods in kind. In this respect everybody was a sort of 
farmer. But even where this system still survives in part, equation 
(21) holds true. And it will obviously make no difference to the net in- 
come of John Smith whether all the items in kind are kept in [3], as 
in equation (21), or some are transferred to [1] and [2]. Such transfers 
will usually result in diminishing the difference between >. R and >. M,, 
ie., diminishing term [3], and increasing terms [1] and [2]. 

In the multitudinous sum expressed in equation (21), most of the 
items form twins, or couples; each couple being zero, consisting of two 
equal and opposite items. Such a couple constitutes an “interaction” 
between two assets (or two liabilities or an asset and a liability) of 
John Smith. Every M or money item may be so coupled with a mate 
of opposite kind. So may every R item. If each couple, being zero, is 
dropped out, only psychical items will survive, the “psychic” income of 
John Smith. Every money transaction is an interaction between ‘‘cash” 
and something else. There can be no uncancelled money item in the 
entire aggregation J. Even a gift of money to Smith must be credited 
to the source of the gift and debited to cash. An analogous double entry 
must be made in the case of a gift of money by Smith. 
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It follows that >>M.,, the sum of all the money used from “cash” 
as a source, must be exactly equal to the sum of all the expenditures 
in cash debited to other categories, i.e., to >> Mz+)>_M,; also that 
>> Ma, the sum of all the money absorbed by “‘cash,”’ must be exactly 
equal to the sum of all the money received from other categories, i.e., 
to >> M,+)>_>M.. So we have: 


(22) > M, + > M. — > Ma = 0, 
and 
(23) > Mat OM, — OM. = 0. 


Services in kind are also all double-entried and may therefore all be 
cancelled in couples. Like the items in money, they are, in every case, 
interactions between two assets (including negative assets) to be 
credited to one and debited to the other. That is, as above indicated, 
the R’s of [3] are, identically and individually, the same as the R’s of 
[4], the one set being preceded by “+” and the other by “—.” 

If we thus cancel out all the R’s and also cancel out all the M’s, as 
per equations (22) and (23), equation (21) becomes 


(24) fe2 ¥, = 2, Fe 


It might be inferred that, since all items but the Y’s are cancellable 
by double entries, they need not have been entered at all. This is true 
if we are interested only in the net result—“‘psychic income.”’ But equa- 
tion (21) may also be used to show ‘“‘real income,” income spent, and 
“money income.” 

It is clear that, under the grouping adopted, the positive side of a 
couple sometimes has to be entered in one of the six groups while the 
negative side is entered in another. It is also clear that to include Y’s, 
the psychical elements, in our bookkeeping, we must include Smith’s 
““‘body-mind”’ as an asset, with its debits and credits. 

If now we choose to omit Smith’s “‘body-mind”’ as an asset, with all 
its debits (including the negative R items) and credits, and then, among 
the terms remaining, cancel out all couples, there will survive, uncan- 
celled, only the consumption items—like shelter, in other words, the 
“real income”’ of John Smith (the positive R items). 

Again, if we choose to omit the assets yielding consumption or real 
income, like the dwelling house, and then, among the remaining items, 
cancel out all couples, there will survive, uncancelled, the “money in- 
come” of John Smith. 

Besides thus deriving psychic, real, and money income by selecting 
the appropriate group of assets and liabilities, we may select any other 
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group arbitrarily. Whatever we choose to include in our accounting, 
the uncancelled items will always be positive, never negative. 

In numerically illustrating the items separately specified in equation 
(21), we must remember that there are twin R’s, as indicated by their 
having identical symbols, and we must also remember that the numbers 
chosen must satisfy equations (22) and (23). The illustrative figures 
which follow conform to these requirements: 


[1] property: =2M,=$30,000, money received from property— 
stocks, bonds, rented real estate, ete——less 2Mz=$25,000, 
money expended on property—taxes, repairs, etc.—leaving a 
net money from property of +$5,000; 

[2] work: 2M,,=$8,000 money received from work—salary, wages, 
fees, commissions—less LY, = $2,000, as appraisal of the irk- 
someness of labor—leaving a net value received from work of 
+ $6,000; 

[3] consumption goods: =R=$15,000, as appraisal of the services 
rendered by consumption goods—shelter from dwelling, 
comfort from furniture, use of clothes, food, etc.—less 
=M,=$14,000, money spent on consumption goods—leaving 
a net value received from consumption goods of +$1,000; 

[4] Smith’s body-mind: ZY, =$16,000, as appraisal of its subjective 
services, less 2R = $15,000, as appraisal of its objective dis- 
services, leaving a net from body-mind of + $1,000; 

[5] cash: [M.,=$39,000, money credited to cash, less [Ma = $38,- 
000, money debited to cash, leaving a net from ‘‘cash” of 
+$1,000; 

[6] unclassified: U, say $0. 


Accordingly, John Smith’s net J, is +$5,000 (property) -+$6,000 
(work) + $1,000 (consumption goods)+$1,000 (body-mind) +$1,000 
(cash) -+$0 (unclassified) = $14,000. 

Thus we have in one interrelated picture all sorts of income—psy- 
chic, real, money, from property, work, consumption goods, body- 
mind, miscellaneous. 

The psychic items, Y’s, are of special interest to the theoretical 
economist, to the philosopher, and to the philanthropist. The latter 
wants to see the maximum of human satisfaction and cares little for 
the M’s and R’s unless they really result in increasing the Y’s. If the 
M’s or R’s make our John Smith ill, as so often do dark-room tene- 
ments or narcotic indulgences, they are a delusion and a snare, how- 
ever great their market value. 

The study of the Y’s is a most vital study for economists. Personally 
I deplore the narrowness of those conceptions of economics which 











30 ECONOMETRICA 


would leave Y unstudied, which would assume that Y is only the con- 
sumer’s private business and none of the business of an economist, and 
which would therefore find no place for a study of whether a person 
or a nation really obtains, in satisfactions, the money’s worth shown on 
the books. 

But this narrowness is disappearing. ‘‘Home Economics,” which 
seemed at first an intrusion tc many academic economists, is obtain- 
ing more attention. Organizations for ‘‘consumers’ research” are trying 
to safeguard the consumer against swindling and false advertising. Our 
pure food laws, sanitary milk laws, sanitary tenement laws, are other 
examples. Closely associated is the demand for sanitary and pleasant 
working conditions. All these are engaging the attention of economists. 

It is much to be desired that the self-complacency which has so long 
narrowed the supposedly proper field for economics should be aban- 
doned and the old fences broken down. It is time that more studies 
be made, better to connect wealth with welfare, which is what “wealth” 
originally signified. In all fields of knowledge a modern species of spe- 
cialism is developing which demands the special study of border-line 
problems. A supremely important border-line problem is how the psy- 
chic satisfactions Y, can be inereased, the psychic costs Y,, be decreased, 
and the entire stream of consciousness of human beings be improved. 

If so broad a study must go beyond the boundaries of economics, no 
harm need be done. But for those who are meticulous about boundary 
lines, suffice it to exclude from economics proper the aches and pains, 
the joys and sorrows, and all other elements in John Smith’s stream of 
consciousness which are not attributable to his property or his labor 
and which therefore have no correspondence to his “real” R’s or his 
“money” M’s. 

The concepts of money J and real J can merely serve as makeshifts 
for, or approximations to, the true J, that is the psychical J. The only 
excuse for them lies in the fact that they are more easily measured in 
definite units. 

It is one of the curious paradoxes of economics that while theoretically 
psychical J is the only perfectly accurate expression for John Smith’s 
complete J as given in equation (21), yet practically the psychical fac- 
tors cannot be independently measured at all. It is easy, sitting in an 
arm chair, to invent the illustrative figures, $16,000—$2,000, for 
Sos but no statistician, accountant, tax-legislator, or any- 
one else would make a serious attempt to measure the Y’s for John 
Smith, much less for the nation. 

This paradox lies behind the controversy between the so-called 
“theoretical” economist and the would-be “practical” student. The 
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latter complains that economics has wandered into “metaphysies,’”’ and 
demands a return to “cold facts.’”? He would have us forget the ‘“‘Aus- 
trian school’ of subjective economics, as incapable of giving us any 
tangible results. One such writer entitled an article “the final futility 
of final utility.” 

The late President Hadley remarked: 


The older political economy expressed its results in pounds, shillings, and pence. 
They might be true or they might be false, but they were at any rate in a form 
where they were capable of measurement and verification. . . . The new political 
economy has substituted a more vague conception of wealth for the more con- 
crete one, and many of its propositions have suffered a corresponding loss of 
clearness and precision. The mercantile school of economists had measured 
wealth in terms of money. The first generation of their critics measured it in 
terms of food; the second and third generations measured it in terms of ‘‘com- 
modities”’; our own generation measures it in terms of utility. But food is a less 
definite and tangible measure than money; commodities are a less definite and 
tangible measure than food, and utility is perhaps the least definite and tangible 
measure of all... .I am disposed to think seriously that the excessive use of 
psychological terms and conceptions, to the neglect of purely commercial ones, 
has been the most notent cause to weaken the influence of economists among 
statesmen and men of the world. 


It may be claimed that the present analysis has the virtue of co- 
ordinating the money concepts of the market place with other con- 
cepts including the subjective concepts of theoretical economics with- 
out which the market place would be meaningless. 

Before proceeding to discuss the possible approximations available 
without using any Y terms, it should here be said that we need not 
wholly despair of some day seeing econometric science conquer, to some 
extent, the problem of measuring even the Y’s. In fact, an attempt has 
been made by me to take a first step in this direction ;!* and Professor 
Ragnar Frisch had independently done the same’’ in a different way. 
He has since made still more notable contributions'® to this elusive 
subject. : 

In fact, most of the data needed for measuring the Y’s are supplied 
by the market place, which is merely the place where people decide 
what certain proposed satisfactions of their wants are worth in money. 


16 “A Statistical Method for Measuring ‘Marginal Utility’ and Testing the 
Justice of a Progressive Income Tax,”’ in Economic essays contributed in honor of 
John Bates Clark, published in behalf of the American Economic Association by 
the Macmillan Co., 1927. 

17 “Sur un Probléme d’Economie Pure,” Series Norsk Matematisk Forenings 
Skrifter, Serie 1, Nr. 16, 1926. 

18 New Methods of Measuring Marginal Utility, Verlag von J. C. B. Mohr 
(Paul Siebeck), Tiibingen, 1932, 142 pp. 
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CHAPTER VIII: GROSS PSYCHIC INCOME AND THREE APPROXIMATE 
MONEY MEASURES OF IT 

But, in the present state of our knowledge, it still remains true, as 
President Hadley said, that psychological concepts are not as helpful 
or as appealing to practical people as commercial ones. 

Let us, therefore, see what our theoretical analysis can contribute 
toward some practical measure of J. 

We must now leave behind us the armchair numerical values which 
were assigned above to the Y ,’s and Y,’s. None of these terms in equa- 
tion (24) are to be found in any of John Smith’s accounts and none are 
calculable except as inferences from the M and R figures which are to 
be found in those accounts. 

Intermediate between the money figures in Smith’s accounts and 
his psychic income, J, there are consumption goods as supposedly 
equivalent of both. Let us, then, in our search for some good measure 
of the true J, namely the Y’s, first take the intermediate step of trans- 
lating the Y’s into R’s. 

Before doing even this, however, we may take a prior step, namely 
to neglect >> Yn, the “irksomeness of labor.” This is an old phrase but 
nobody has ever translated it into figures which any accountant would 
respect. According to one interpretation, we should count John Smith’s 
labor as equivalent to his work, because ‘‘at the margin” he is indiffer- 
ent as to whether one more unit of work is worth the effort, or, in 
familiar phrase, ‘‘worth while.” According to this interpretation 
> Mw—D_Y n is zero. 

Another interpretation is not by such marginal valuations of labor 
and work but by integration from the origin. That is, we assess what 
theoretical economists have called the ‘quasi rent,’’ that is, we try to 
answer the question: What would Smith accept in money as an equiva- 
lent of )>M.—>_Y,? That question actually does arise occasionally in 
practice when a salaried man receiving for his work, say >, M/,, = $8,000 
reaches retirement age and is given the option of retiring on, say, 
$6,000 or continuing to work. If he prefers the $6,000 without labor to 
the $8,000 with labor, then presumably for him, at that time, his $8,000 
with labor is not worth as much as $6,000, that is, )\Mu—>-Y, 
< $6,000, and therefore >- Y,, > $2,000. If, on the other hand, he rejects 
the offer of $6,000, then >> Y,, <$2,000. 

This seems a reasonable method of measuring or approximating Y, 
for income-tax purposes. But it is very seldom applicable. Apparently 
the only serious attention given, in practice, to >> Y, is to be found in 
certain tax laws which tax M,, (“income earned” from work) at a 
lower rate than they tax the same sum when received from property. 
But no definite standards have yet been set up for such an allowance. 
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And, in general, Y,, though important and worthy of long discussion 
in theory, is almost completely ignored in practice. 

Accordingly, from here on, Y, will be ignored in our discussion, since 
we are now looking for a practical measure, if not of I=)>Y,—)- Yn, 
at any rate of 


(25) Iu 7, Y,. 


This J, will be called gross psychic income. 

Henceforth our approximations will be directed to obtaining the best 
practicable measure of >\Y,, first approximating it in terms of the R’s 
and then in terms of the M’s. 

The first of these two steps is easily taken by assuming that >“ Y, 
=) R. This is little more than the reasonable assumption that the 
money value of psychical enjoyment is the same as that of the objec- 
tive services which bring that enjoyment. 

It will be remembered that we agreed to include in Y only the psy- 
chical reactions to R’s as external stimuli, and not to include any 
other experiences in the stream of consciousness, desirable or undesira- 
ble. Therefore, there is an exact one-to-one correspondence between the 
R items and the Y items. If, now, we could properly assume that each 
Y item has the same value in terms of money as the corresponding R 
item and that the two were simultaneous it would follow that, during 
a given year, »,Y would equal >\R. Therefore the only possible sources 
of discrepancy between > R and )\Y are: 

(1) The fact that there is a slight time lag between each R and the 
resultant Y. For instance, the satisfaction from eating comes after the 
eating. But in almost every case such lags are very small. The act of 
seeing a movie (the impingirs of light on the retina) and the satisfac- 
tion from receiving it are practically simultaneous. Scarcely any im- 
portant case of a long lag between an objective service rendered by a 
consumption good and the subjective satisfaction which follows that 
objective service can be found. And where such a long lag does exist, 
as, say, in education, the fact that some of the satisfactions from this 
year’s reading will come in later years is nearly balanced by the fact 
that some of this year’s satisfactions came from the similar reading 
done in previous years. We shall assume that these overlaps will ap- 
proximately balance. 

(2) The fact that John Smith sometimes overestimates or underesti- 
mates the satisfactions which he expects from his R’s. He may eat a 


dinner and get no satisfaction, but indigestion instead. He may even 


have been swindled. 
But, in general and “normally,” we may reasonably make, as a close 
approximation, the assumption proposed above, that );Y,=>.R. We 
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may thus proceed from equation (25) to J,, a new approximation for 
ee namely 


(26) I,= > R 


where J, will be called John Smith’s ‘‘real income.” 

Thus, we have in >\R a fairly good substitute for )/Y>. It consists 
of so-called ‘‘consumption,” that is, the use of food, the use of cloth- 
ing (its ‘‘wear’’), the use of a dwelling (shelter) the services of domestic 
servants, the personal use of an automobile or other conveyance, other 
personal transportation, telephone service, the use of the theaters, 
movies, other amusements, the use of books, and the uses or services 
of every other consumption good. Numericaliy, according to the illus- 
trative figures chosen, J, is worth $16,000. 

For any who may question the approximate correctness of the hy- 
pothesis that )- Y,=>_R, it may be pointed out that, even if > Y, and 
>-R are very unequal, we may, none the less, pass from the ‘“‘psychic” 
concept to the ‘real’? concept by dropping out the discrepancies be- 
tween them, just as we dropped out >, Y,. Whether the discrepancies 
be legitimately cancelled out or arbitrarily dropped out we have left 
John Smith’s “real income,” R. From now on, the ‘‘practical’”’ reader 
will feel on safe ground, freed of any obligation to consider “psychical”’ 
income. 

(Incidentally it may be remarked that no one includes in ‘‘real in- 
come” any capital item—any G, or S, or S’. That is, no one claims 
that savings are real income.) 

We are now ready to pass still further back—to the M’s. We do so 
by assuming that )\R=)>_M,. If we could properly assume (1) that 
the two are simultaneous; (2) that each M, item exactly measures the 
R item for which it is spent; and (3) that all R items are bought with M 
items, it would necessarily follow that ).M,=) R. 

These assumptions may be almost exactly realized in the case of a 
person who lives in a rented furnished house, especially if he also rents 
a garage and automobile. He then “pays as he goes.” In such a case 
the money he spends on consumption goods will be exactly worth the 
services of these goods to him save for the following exceptions: 

(1) There may still be a lag in time in some cases as, for instance, be- 
tween the payment for a suit of clothes and its use. 

(2) The price paid may later prove to have been more than the 
goods were worth—or less. 

(3) There may be some income in kind without any money passing. 

Since J,=>°R and since >-R is, for the present, assumed to be ap- 
proximately equal to >.M,, we see that Smith’s income spent on con- 
sumption goods, namely J,=)>_M,, is an approximation to his true gross 
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psychic income )_Y,. In the numerical example, the value of >> M, is 
$14,000. 

While, theoretically, the 7, approximation, given by the last equa- 
tion, may not be as good as the J, approximation of equation (26), 
it is far easier for Smith or his accountants to calculate it; because the 
constituents of >>M, are recorded in some detail in his account book. 

But >°M, consists of a vast multitude of items and most of those 
spent out of the pocket book, rather than out of the check book, are 
not recorded completely or with accuracy. 

It is possible, however, to reach >. M, indirectly by using fewer items. 
By equation (23), >; M,=>.M.-—>.Ma. Adding equation (22) (after 


reversing the sides) we have ).M,=().M,—>.Ma)+).Mut+Q Me 
—>°M ws). That is, 


(27) I, = > M. = (>> M,- Md) + DS Ma +m. 


This represents ‘‘income spent” or “spendings.”’ 

The last term is m, the change in cash balance in the year. It is ordi- 
narily very small and may often be neglected. 

If m be neglected, equation (27) reduces to 


(28) In = (iM, - M2) + © My. 


That is, John Smith’s “money” income is the sum of the net money 
which he receives from his property (which implies, of course, deduc- 
tion of all money invested during the year) and that which he receives 
from his work. This money income, in our example, is $13,000. 

Thus we have expressed three approximations to John Smith’s gross 
psychic I income as given in equation (25) (I,=>,Y,=$16,000). 

These are his real income, his income spent, and his money income, 
as follows: 


(26) I,= }) R = $15,000, 
(27) I= >> M.=(>M,— >) M.) + > M. + m = $14,000, 
(28) Im = (>, M, — >> M2) + > Mz = $13,000. 


We may pause here to schematize briefly what might be called the 


.normal case of equation (21), as follows: 


Neglect >_Y, or assume it to be zero; assume >. M.,—)-Ma=m=0; 
assume U =0. Under these special assumptions, it is easy to show that 
I=I,=1,=1,=In. 

This static picture is what seems usually to be in mind when writers 
talk of money income measuring real income and real income standing 


for psychic income. In such a picture the discrepancies have disap- 
peared. 
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We recur now to the three possible sources of discrepancy between 
I, or >>M, and I, or >. R. 

As to the second—that price valuations may turn out wrong—it is 
presumably negligible under ordinary conditions. But the other two 
sources of discrepancy, the time lags involved, and the possible exist- 
ence of direct income in kind, cannot so easily be overlooked. 

It is true that the time during which money rests in “‘cash’’ (pocket- 
book, till, checking account, or safety-deposit box) is usually too small 
to be worth considering. Normally it is about a fortnight, though in a 
depression this may be considerably lengthened by “hoarding.” But 
the time between paying for a consumption good and getting the use of 
it, for which that payment was made, is, in certain cases, great and 
subject to great variations. In the case of most foods the lag is, of 
course, very short. But there are examples in which it is long—for 
instance, if the food is canned and is put in a storeroom by the con- 
sumer. In the case of clothing, the time between buying a suit and get- 
ting the wear out of it is usually somewhat longer. In the case of a 
dwelling, the time between paying rent and getting shelter is negligible, 
but if, instead of paying rent, John Smith buys the house outright, the 
shelter he thus pays for is mostly in future years. 

It is this time factor which makes the chief practical difficulty in 
estimating the R of any given year by means of the >. M, of that year. 
Except for this and except for some R items coming to John Smith 
without the intervention of money, we could assume ).R—).M,=0 
just as we assume >. Y,—>.R=0. 

Thus the only important problem still to be solved in order to get a 
practical approximation to J, (which we have accepted as an approxi- 
mation to J,) is how to calculate )}R—)_M, from the records of John 
Smith’s account books. 


CHAPTER IX: A PRACTICAL FORMULA FOR MEASURING INCOME 


The question, therefore, is: what, from a practical standpoint, is 
the best formula which we may expect to get from John Smith’s ac- 
count books for approximating his real income, J,? 

Evidently )-R=>\M,.+(.R—>-M.,). The first term, ))M,, may be 
found from John Smith’s money accounts. As to the second term, al- 
though >°R cannot, by itself, be estimated accurately, yet, curiously 
enough, the entire parenthesis, );}R—}>_M.,, can, as we shall soon see, 
be estimated with considerable accuracy. 

Let us denote by c, the best estimate of this parenthesis. Then we 
may write Is.=>,.M,.+c. That is, the best approximation to J,=)\R 
is John Smith’s total spendings of money for consumption goods, 
plus a correction now to be determined. 
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But before we show how to estimate this correction-term c, let us 
substitute the more useful expression for >. M, given in equation (27). 
The result is: 


(29) In = (>> Me — 3 Md) + D Mu tmte. 


Of this last form all the items (except c) are usually given with the 
utmost completeness in any person’s account books, namely the money 
received from investments less the money put into them, plus the 
money received from labor, plus the depletion of cash during the year. 
Moreover each of these four items consists of only a few entries. 

It remains only to find a formula for c, the best estimate of 
>-R->-M.. This correction, “c,” an estimate of );R—)>M,, may be 
called the total wse-cost discrepancy, being the difference between the 
value of the use of consumption goods during the year and the money 
spent on consumption goods during the year (their cost). This total use- 
cost discrepancy is composed of the individual use-cost discrepancies 
for all the innumerable consumption goods used by John Smith. But 
in only a few cases, probably not more than the three specified below, 
is any particular use-cost discrepancy large enough to be worth esti- 
mating. Moreover, the small use-cost discrepancies of several hundred 
items will largely cancel one another, some being positive and some 
negative. 

Therefore, in estimating “‘c,”” we need not take account of all the 
little use-cost discrepancies. Their sum total may be assumed to be 
practically zero. Only those use-cost discrepancies whose combined in- 
fluence on the total is likely to be appreciable need be estimated. 

The largest use-cost discrepancy is ordinarily to be found in the 
financing of shelter. Let R, be the value of the use of John Smith’s 
house during the year and M;, be the money spent on the house— 
whether rent, total purchase price, or installment payments within the 
year. Then c,=R,—M, is the use-cost discrepancy for that year, for 
the house. If Smith pays rent there is, presumably, no use-cost dis- 
crepancy. But if he already owned the house, so that he pays nothing 
for it during the given year, the use-cost discrepancy will be great and 
positive. If, on the other hand, he pays outright within the year for a 
new house, the discrepancy is also great but negative. Since M; is ob- 
tainable from Smith’s accounts the only question now remaining is how 
to appraise R;, the value of the shelter service. 

In such cases the appraisal sought must ordinarily be based on the 
original capital value of the house, C,. There may be many ways of 
calculating the shelter value per annum from C;. Whatever they are, 
the result may be expressed by a multiplier h. In other words, hC, will 
be the shelter value per annum. Another factor, h’, still to be applied is 
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the fraction of the year during which the shelter from the house is en- 
joyed. Thus R,=h’hC;, and therefore c,=R,—M,=h’hC,—M). 

To decide on the value of the multiplier h is the particular business 
of accountants. It may depend on the estimated ‘“‘life”’ of the house 
and, therefore, on the rate of depreciation, the rate of interest, and 
possibly other factors; and these may vary according to the nature of 
the house. Probably h will usually be in the neighborhood of 10%. The 
lot on which the house stands should be included. 

So much for John Smith’s residence. The second case of appreciable 
use-cost discrepancy is usually found in house furnishings. 

In this case a short cut will be superior (especially for tax purposes) 
to a meticulous application of the preceding process to each table and 
chair, pot and pan, rug and carpet. Instead of appraising the numerous 
individual constituents of house furnishing we may lump them to- 
gether, including jewelry, timepieces, and works of art and call the 
total capital value of the house furnishings C;. One summary way to 
obtain C; is simply to apply a factor to express the presumed ratio of 
value of the house furnishings to that of the house itself. But, however 
C; is found, to it must now be applied two factors analogous to h and h’ 
above, say f and f’, so that f’fC; will be the estimated value of the use 
of the house furnishings and c;=f’fC;— My, that of their use-cost dis- 
crepancy. If the house is rented furnished no such calculations need be 
made and the use-cost discrepancy may, as already indicated, be pre- 
sumed to be zero. 

Finally, we may apply the same principles to John Smith’s automo- 
bile. The cost may be called M,, money spent for automobile, and its 
use-cost discrepancy may be designated as c,=a’aC,—M,. The factor a 
is available from the tables of automobile dealers. That is, these tables 
give values at the end of various periods, from which values the corre- 
sponding factor a may be computed. 

The same principles are applicable to every one of the innumerable 
goods used by John Smith. But, as already noted, we may assume that 
all, or almost all, the other discrepancies put together will amount to 
‘next to nothing.” In cases of exceptionally wealthy individuals, a pri- 
vate motorboat, or airplane may need to be considered. But ordinarily 
only the three kinds above, one of them, house furnishings, being a mis- 
cellaneous group, seem to require any consideration, and then only be- 
cause and when they are non-recurring, irregular, and numerically 
large. 

We therefore have: 


C= crater + Ca 
= (h’hC, — Mi) + (f’fC; — My) + (a’aCa — M,). 
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Doubtless the above technique for estimating ‘‘c’”’ can be improved 
upon, if more accuracy” is worth attempting. But, in any case, the fore- 
going method is far simpler, more complete, and more accurate than 
those now used in estimating income taxes. The method here proposed 
does not dispense with the need of the accountant’s art for spreading 
non-recurring items over time, but it reduces his spreading work to a 
minimum and confines it to the R’s. No M items need be spread or 
smoothed. They may be used exactly as they occur and this may be 
done not only without damaging the accuracy of the final result, I, 
but, on the contrary, safeguarding that accuracy against great possible 
damage from a maze of individual bookkeeping adjustments. By the 
method here proposed all these needed corrections are automatically 
collected and resolved into three corrections, the algebraic sum of 
which is the one correction c. This is essentially the ‘‘total use-cost 
discrepancy,” the domestic analogue of the accountant’s allowances 
for depreciation, obsolescence, depletion, etc. But such spreading over 
time is vastly simpler when applied to the final domestic accounts than 
when applied to the numerous anterior business accounts. As Professor 
Canning well says (in a private letter): “This greater simplicity per- 
mits one of the great administrative advantages (to the government) 
and one of the great convenience advantages (to the taxpayer) of the 
tax base you propose over the one we now utilize.” 

By the method here proposed, the money received (M,) from prop- 
erty—in “[1]” of equation (21)—includes all actual money so re- 
ceived, even “principal” receipts from sale of bonds. Likewise, the 
money disbursed (Mz) includes “capital expenditures.” All the elabo- 
rate allowances for depreciation, obsolescence, sinking funds, reserves, 
etc., however useful for other purposes, are unnecessary so far as esti- 
mating John Smith’s real income is concerned. For, if he lives up to the 
requirements which these signify, they will all be taken care of any- 
way—automatically taken care of by reinvestments, and otherwise. 
And if, as is always the case, he does not entirely live up to these ac- 
countants’ norms but, for instance, spends for pleasure some of the 
capital he gets by selling stocks, this not only will be recorded in M, 
but ought to be. For the accountant to subtract such items, if Smith 
does not subtract them himself, is to absolve Smith from sins for which 
he should be held responsible. 


19 Thus even when, as for food, we assume the use-cost discrepancy to be zero, 
it would be fair to add another correction, a reasonable interest on the average 
stock of food, also on the average wardrobe of clothes, and everything else in 
John Smith’s inventory of consumption goods. 
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CHAPTER X: TWO ZERO ADDITIONS 


Up to this point, the residual term U has been ignored. It may still 
be ignored as equal to zero. For, although it consists of a large number 
of items, they are all in self-cancelling couples, i.e., “interactions.” It 
can contain nothing else. It can contain no M terms, since all M terms 
have already been specifically provided for. It can contain no Y terms 
and 10 R terms for similar reasons. R specifically includes all the serv- 
ices of consumption goods, i.e., those services in kind just preceding 
psychical satisfactions. 

Yet preceding the R’s there are, or may be, more terms than under 
all the other categories put together. When a farmer threshes wheat 
or a miller converts wheat into flour or a housewife bakes bread, the 
operation is at once a service rendered by these people and the other 
productive agents employed and a disservice rendered by the wheat, 
flour, or bread costing said service. These innumerable but self-cancell- 
ing terms are to be listed under U.?° 

We may put U equal to )A —)_A. This must be zero; for it consists 
of pairs, or couples, of equal and opposite terms, each representing an 
anticipatory service or disservice—an interaction anticipating the R’s 
to come. 

The A items are, like the R items, “in kind” but the two differ. The 
R’s are the last links in the chain of objective services while the A’s 
are earlier links in the chain. 

John Smith has been pictured as a typical city man whose income 
comes mostly from M’s. But, as was‘stated at the outset, the formulae 
are general and are equally applicable to farmers or others whose in- 
comes are largely in kind. 

Take the most extreme case, where a farmer is self-sufficient, receiv- 
ing no money whatever and spending no money. 

Then, in equation (21), all the M, or money items become zero so 
that we have: 


0-0 [1] 
+0-DY, [2] 
ae 8 [3] 


+DY,-DR [4] 


20 The U terms have importance in the study of the productive processes in- 
cluding all the processes prior to consumption. Therefore, the U terms have more 
importance for corporations and other artificial persons than for natural persons. 
For many of the productive processes find a place in corporation records even 
if not translated into any money equivalents. And they are often so translated 
when a corporation has several departments, one providing goods to another, 
and sets up a separate accounting for each department independently. 
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+0-0 [5] 
+>YA- DA. [6] 


This reduces, of course, to >), ¥p—)>_Yn just as before. If we neglect 
>-Yn, as before, it reduces to >-Y,; and if );:Y,—>_.R=0, it becomes, 
as before, identical with > R. 

So far there is nothing peculiar in the present case. But we cannot, 
in this case, put [3], ie., >; R—)>M,=0. Therefore equations (27) 
and (28), based on that assumption, cannot, in such a case, serve 
as a close approximation to the true J. The use-cost discrepancy is too 
great. In fact the use-cost discrepancy becomes the whole thing. To 
obtain a close approximation, there would have to be appraisals not 
only of dwellings, automobiles, and furniture, but of all enjoyable serv- 
ices. Only by such appraisals can we reach such a farmer’s true income. 

But probably no such farmers—farmers who use no money at all— 
remain in the entire world, certainly not in the civilized world, and 
most certainly not in the United States. In fact there are few who do 
not use money for obtaining a very large part of >-R, their “real” I. 

So much for the income of John Smith, a “‘natural’’ person, including 
the U=0. There remains the problem of the “J” of a corporation or 
other “‘artificial” person. 

Evidently, as a double entry shows, the corporation as such has no 
income. It is only when it is thought of as consisting of its stockholders 
that it can be regarded as having income. 

Since the personal accounts of these same stockholders show their 
income from the corporation, we cannot count the corporation’s in- 
come separately. That would be double counting. The corporation ac- 
counts can be used by the government to check up on the stockholders’ 
reports and the corporation can be asked to pay taxes for the stock- 
holders and others on the practical principle of “stoppage at the 
source.” But the corporation, of itself and apart from its stockholders, 
always and necessarily has an income of exactly zero. 

The corporation is a bookkeeping dummy. If it deals also with other 
artificial persons, these merely carry forward the process. But there 
must be real persons somewhere in order to receive any net income; 
for this income, as we have seen, does not, in the last analysis, consist 
of money payments but of satisfactions. Corporations as such cannot 
feel satisfactions; for ‘‘a corporation has no soul’ to feel with. But 
any corporation or artificial person may accumulate capital gain. 

While no artificial person can have psychic or real income, every 
natural person has a total net income every year for the simple reason 
that he cannot live a year without it even if his only income is a dole 
or allowance from the poorhouse. 
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CHAPTER XI: INCOME TAXATION 


There are many applications of the foregoing theory of income—to 
economic theory, accountancy, statistics, and taxation. Only the last 
will be here considered. 

As already stated, no attempt will be made to cover the whole sub- 
ject of income taxation, much less that of taxation in general. There 
will be no discussion of the merits of “progressive” or ‘“‘regressive”’ in- 
come taxes. Nor will there be an exhaustive list of pros and cons re- 
garding the income-tax base here proposed. The sole purpose will be 
to show how John Smith’s income can be correctly ascertained for 
income-tax purposes. 

The late Professor Thomas 8. Adams had been much interested in 
The Nature of Capital and Income and told me he hoped it might be 
applied to taxation. But it was not until 1936, after his death, that I 
learned from Ogden L. Mills, former Secretary of the Treasury, that the 
bill for a ‘““‘Spendings Tax’! introduced by him on July 20, 1921, when 
a member of Congress, had been partly suggested by Professor Adams. 

This excellent and excellently drawn bill (H.R. 7867) seems to me 
to come nearer to a true income-tax proposal than any other bill 
hitherto introduced, and to fit, almost perfectly, the theory here de- 
veloped. It aims to tax what is here called income spent, M,. 

For a generation this problem of defining taxable income in a satis- 
factory way has cried out for solution. Few practical problems in eco- 
nomics are more important. The just or unjust disposition of billions 
of dollars depends on how we define income. It is common knowledge 
that our present laws and the decisions of the Supreme Court under 
those laws often give manifestly absurd results. 

The best practical formula for income-tax purposes would appear to 
be Formula (29). 

In this formula, M, includes not only John Smith’s dividends; in- 
terest and rents; but the proceeds of sales of stocks, bonds, real estate, 
and all other property; payments to him of debts, or partial payments 
on them; money received as loans; all gifts of money, all bequests in 
money; money taken out of savings banks; and all other monies, if 
any, received within the year, except in payment for work. 

M, includes not only all money disbursed by John Smith for running 


21 Ogden L. Mills, ‘‘The Spendings Tax,” Bulletin of the National Taz Associa- 
tion, October, 1921, pp. 18-20. See also John B. Canning and E. G. Nelson, 
“Budget Balancing and Economic Stabilization,’ American Economic Review, 
Vol. 24, March, 1934, pp. 26-37. 

Irving Fisher, ‘‘The Income Concept in the Light of Experience,” English 
reprint. The original publication of this article was in German in Vol. III of 
the Wieser Festschrift, Die Wirtschaftstheorie der Gegenwart, Vienna, 1927. 
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a business, but all capital expenditures, all money paid out in purchase 
of stocks, bonds, or other property, all money in payment of debts 
to banks or other creditors, all money lent, all gifts made in money, all 
actual payments by him into sinking funds, depreciation funds, funds 
for obsolescence, depletion, repairs, replacements, betterments, all ac- 
tual payments into reserves of all sorts. 

We know that M,—M.z+M.+m must be absolutely equal to > M = 
the money spent by John Smith on consumption goods or their services. 

But to this M,, or cost of consumption goods, is now to be added a 
correction c for the use-cost discrepancy, the calculation of which cor- 
rection has already been described in detail. 

Since the present object is to ascertain the money value of John 
Smith’s real income, and since it should be possible to make an official 
checkup by comparing the two equivalent values of J,, given in For- 
mula (29) by examining Smith’s }>M, (as well as another checkup 
through }>M,=>\M.,—)>_M.,), it is important that the constituent 
parts of >> M, should be capable of exact specification. 

For workmen, M, has been thoroughly itemized in the studies of 
workmen’s budgets, especially those of the United States Bureau of 
Labor Statistics. 

The itemization for the well-to-do (who are those now paying in- 
come taxes) has never been as thoroughly done. There have been a few 
studies in intermediate budgets, including some by Dr. Royal Meeker 
and by Professor Jessica B. Peixotto of the University of California. 

All of these studies, including workmen’s budgets, show substantially 
the same categories constituting consumption goods. 

It would take too much space to list here all the sub-categories. But 
all the important classifications, either for rich or poor, are included in 
the following summary groupings. 


Items oF BUDGET 


1. Food 5. Amusements 

2. Clothing (including theatre, moving 

3. Shelter pictures, concerts, games, 
(including installments and vacation, automobile, to- 
interest; taxes and assess- bacco, club dues, social en- 
ments; repairs; water rent; tertainment, other recrea- 
fire insurance—on house) tion) 

4, House Operation 6. Education and Church 


(including house furnish- 7. Life Insurance 
ings; fuel and light; other— 8. Contributions 


e.g., ice, telephone, service, (including dependents, char- 
garbage removal, house- ity, gifts) 

cleaning supplies, laundry 9. Miscellaneous 

sent out, fire insurance—on (including medical care, bar- 


furniture) ber, cosmetics) 
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All of these items represent components of Smith’s taxable real in- 
come except charity, dependents, gifts, taxes and assessments, and life 
insurance, which should be and usually are, as a matter of policy, ex- 
empt. 

As to a life insurance premium, unlike fire insurance or any other in- 
surance, it consists of two separable parts—one a payment for the cur- 
rent risk and the other an investment. In respect to the latter, the 
life insurance company serves as a savings bank and the accumulation 
of the investment portions of the premiums gives John Smith a capital 
which he can draw upon at any time. Evidently this savings portion 
of the premium should not be counted or taxed as current income. It, 
like any other savings, is a carry-over for the future. The other portion 
—the payment for risk of death—is a sort of gift to Smith’s descend- 
ents, paid in installments; and it should be treated like ‘‘charity, de- 
pendents, gifts.’”’ If these be tax-exempt, the whole of the life insurance 
premiums must be excluded from taxable income. 

The foregoing items constitute ).M,, Smith’s taxable income except 
for the correction c. But because these items are so numerous they are 
not well suited for an income-tax return; whereas, their exact equiva- 
lent (consisting of far fewer individual items) is well suited; namely 
(2M,-—Ma) +L Mutmte. 

The proposed Income Tax Return would then consist substantially 
of the following items, each of which is preceded by the formula letters 
in order to help the reader identify them. 


Tax SCHEDULE TO BE FILLED OUT BY TAXPAYER 


1. we Money from Salaries, Wages, isis Commissions . 

2. M,—Ma, Money from Dividends ce 

3. M,—Ma Money from Rents and Royalties . : 

4. M,—Mz, Money from Private Business or Profession, Partner- 
ship, Syndicates, Pools, less money put in re 
the year . 

5 


. M,—Ma Money from Money borrowed less money ‘lent or 
paid on loans . ‘ ‘ 

6. M,—Ma Money from Interest received less interest paid . 
7. M,—Ma Money from Sales of securities or other property less 
purchases (including all investments made in the 


year) . ars 
8. M,—Ma Money from Gifts, Bonuses, Bequests ‘ 
9. m Money from Use (depletion) of Cash 
10. cr Computed value received from use of residence less 


money spent on it (detailed in separate schedule 


ee Be Oe ee 


il. c. Computed value received from use of automobile 
less mmoney spent on it (detailed in separate 
schedule 11) 5 Pte foe. Loa eae 


oT TT 
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12. cy Computed value received from use of house furnish- 
ings less money spent on them (detailed in sepa- 
rate schedule 12) . : SP [eee psd ; 

13. c=catca+cy (Sum of lines 10, 11, 12) s 

14. M,+c=>\M.+>_M, ~)°Matm+c=Total of lines 1 to 12 . 


Deductions 
15. Contributions 
16. Taxes Paid 
LG; Life Insurance . . 
18. Other deductions authorized by law. . 
19. Total deductions (Sum of lines 15, 16, 17, 18) 
20. Line 14 less line 19 : 


Schedule 10 (detail for line 10) 


Computed value received from use of residence (if owned or in 
process of being purchased) less money spent on it 
(If living in rented home enter ‘“‘zero” in line 10) 


21°C; Original cost of residence (with date ey 

22. h 10% . 

23. h’ Fraction of year ‘owned (From _ ___ to es 

24. h’hC;, Computed value of use of residence . : 

25. M,, Payments for residence (purchase price, part pay- 


ment, interest or principal on mortgage, cost of 
repairs, betterments, taxes, insurance—and all 
other costs, if any, incurred by virtue of owning 
the home, but not including cost of running or 
care of the residence, as these items are otherwise 
included, nor duplicating any items a ac- 
counted for in lines See eer s . Sas 
26. cr Excess of 24 over 25 (for entry on line 10) . 


Schedule 11 (detail for line 11) 


Computed value received from use (if owned or in process of 
being purchased) of automobiles (and motorboats, yachts, air- 
planes, etc.), less money spent on them 


a; Oe Original cost of automobile (with date acquired) 
28. a Wek ei Ok i a re oe ey 
29. a’ Fraction of year ‘owned . . drt 

30. a’aC, Computed value of use of automobile . 

31. Ma, Payments for automobile (purchase price, part pay- 


ment, interest or principal on mortgage, cost of 
repairs, taxes, insurance, and all other costs, if any, 
incurred by virtue of owning the automobile but 
not including cost of running or care of the auto- 
mobile, as these are otherwise included, nor dupli- 
cating any items already accounted for in lines 
64,8). 
32. Ca Excess of 30 over 31 (for entry on line 11). 
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Schedule 12 (detail for line 12) 


Value received from use of house furnishings (if owned or in 
process of being purchased) less money spent on them 
(If living in rented furnished house enter ‘‘zero” in line 12) 


33. Cy Estimate of value of furniture ..... 

34. f TNS Sie Deas eh es adi La oe as 

35. f’ Fraction of year during which the bulk of house 
furnishings used was owned : St te 

36. f’fC; Computed value of use of house furnishings . ; 

37. My; Payments for house furnishings (purchase price, 


part payment, cost of repairs and replacements, 
taxes, insurance, and all other costs, if any, in- 
curred by virtue of owning the furniture, but not 
including cost of care, as these are otherwise in- 
cluded, nor duplicating any items a: ac- 
counted for in line 5, 6, 7, 8 

38. cy Excess of 36 over 37 (for ‘entry on line 12) . 


The above form of tax return is similar to those now used for the 
United States Income Tax except for the following items, excluded and 
included: 

A. The money items to be excluded from the proposed schedule but 
which are entered in the United States tax schedules are: ‘‘capital gain 
and loss” (although all sales and purchases within the year are included 
in the proposed form), “losses by fire, storm, etc.,’’ and ‘‘bad debts.” 
Moreover, the 4th item in the proposed schedule, “from private busi- 
ness or profession, partnership, syndicates, pools, less money put in” 
differs from the corresponding item: now usually entered “income (or 
loss) from partnerships, syndicates, pools, ete.” by excluding any allow- 
ance for “bad debts” or “‘depreciation, obsolescence and depletion,” 
and by excluding the two inventory items (for the beginning and end 
of the year). All these are essentially items of capital gain or loss. Only 
the actual net money taken out of the business would be used in the 
proposed income-tax schedules (though all the above items are ex- 
tremely useful in the bookkeeping of the business itself). 

In the same way only the actual money received from fiduciaries is 
included, with no bookkeeping adjustments. 

B. The money items to be included in the proposed schedule but not 
entered in existing tax schedules are: money borrowed and lent, money 
disbursed for investments, gifts, bonuses, bequests, and the net cash 
used (m). 

C. The item c is included in the proposed schedule but not properly 
accounted for in existing schedules. 

The extra items included largely take the place of those excluded. 
They yield, with less bookkeeping and less error, substantially the same 








IRVING FISHER , 47 


result except for: (1) certain capital gains or losses accrued during the 
year, such as undivided profits, now improperly included; (2) the ir- 
relevant items now improperly included from other years but entered 
under realized “capital gain or loss” of the current year; (3) sales and 
purchases, now imperfectly included; (4) real income other than repre- 
sented by spendings or spendings not represented in the real income 
of the year as spendings for a house or furniture. 

It has been shown that in computing income we must not add or sub- 
tract any mere changes in capital valuations, G. Just as a rente’s capital 
value may go up and down without increasing or decreasing the in- 
come, so capital gain or loss of any kind may be great or small without 
affecting the income of the year. Only the actual M’s, monies taken in 
or paid out, are to be counted and counted only in the year in wl.ich 
these payments occur. Capital gain merely symbolizes future income. 
When that income comes will be the time to tax it. John Smith should 
not be required to pay more tax this year because of more income next 
year. 

And, contrariwise, no allowance should be made for losses from 
shrinkage in value of property, even when it shrinks to zero, by fire, 
flood, drought, storm, shipwreck, earthquake, or anything else. Such 
loss merely symbolizes lack of future income. If John Smith’s income in 
future years will be lessened because his factory burns up this year, he 
will then—in those future years—have correspondingly less taxes to 
pay. He should not have any less to pay this year on account of less in- 
come next year. 

When a salaried man pays a tax this year on his whole salary, in- 
cluding what he saves and invests, and in future years pays taxes on 
the income then coming in from this year’s savings, he is the victim of 
double taxation. That is, he is taxed on savings, S, this year and there- 
after on Si every year (assuming that S yields income at the rate of 
interest 7 perpetually). If the tax rate is r, his tax this year is rS and 
every year afterward rSi, the present value of which is rS. Thus 2rS is, 
in effect, his tax burden because he could “‘compound” for his future 
perpetual tax rSi by a lump sum payment of its capital value, namely 
rs. 

This is illustrated in the Nature of Capital and Income. Numerical 
examples are given by supposing three brothers each inheriting the 
same fortune, $100,000, but investing it differently, although all at 5%. 
One receives and spends $5,000 annually and is taxed 1% thereon. His 
total tax burden measured by the present value of his tax of $50 a 
year is $1,000. 

The second accumulates his $100,000 at compound interest for 14 
years, spending nothing. He then has $200,000 and thereafter receives 
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and spends $10,000 a year. But if he is taxed 1% not only on this but 
on his capital gains in the previous 14 years, he bears a total tax 
burden, measured in present value, of $1,714. The extra $714 represents 
income taxed twice. 

The third brother spends $20,000 a year which exhausts his capital 
with interest in 6 years. If he is taxed only on his interest his tax burden 
is measured in present value by $158. The deficiency below $1,000 
represents income not taxed at all. 

But if the three taxes were adjusted according to the principles of 
this study the three tax burdens would all be equal, each being $1,000. 

The present capital-gain tax is a haphazard tax, occasionally just, 
usually unjust, and seldom self-consistent. It does not even tax capital 
gain as it steadily accrues. It is not a true capital-gain tax nor a true 
income tax. 

The present capital-gain tax is worse than haphazard. For it is sub- 
ject to manipulation by clever tax-evaders or tax-avoiders. The tax- 
payer often has it in his power to choose when, if at all, he will make the 
sale and take the capital gain, and to choose what to sell. Naturally, 
he will so choose as to make the realized capital gain as small as possi- 
ble and even negative if possible—a capital loss. That is, the tax dodger 
has an impulse to sell after a fall of price, thus increasing the fall, 
and a reluctance to sell after a rise, thus increasing the rise. 

Consequently, among other faults of the present system, we find 
that it intensifies booms and intensifies depressions—tends to “boom 
the booms and bust the busts.” It was doubtless one of the contribu- 
tory causes of the stock market boom of 1929 and the depression fol- 
lowing.” 

Again, the loss taking reduces the taxes at the very time that the 
government most needs income. 

Another absurdity, flowing directly from the attempt microscopi- 
cally to calculate the income involved in a capital gain from a particu- 
lar article of capital, is the solemn procedures supposed to “identify” 
any particular share of stock sold. When was it bought? If the luckless 
taxpayer, by inadvertence, happened to part with a certificate which 
had been acquired below the present price instead of one just like it 
but acquired above that price, he must report a gain instead of the loss 
which he might have taken. Obviously, it should make no difference 
whether one certificate or the other is sold. They represent legally ex- 
actly the same rights. One might as well tax all red certificates but no 
blue ones. To ‘‘identify” a certificate of stock is often difficult, some- 
times impossible, and should never be necessary any more than identi- 


22 See Booms and Depressions, Adelphi Co., 1932. 
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fying each dollar we pay out from our check book, as some particular 
dollar acquired at a particular date. 

Again it is common sense that a man who sells and immediately re- 
purchases a stock should not be considered as having on that account 
a larger or smaller income than a man who merely holds the same stock. 

Our present system gives such bizarre results that, instead of being 
carried out completely and consistently, it has been patched up by all 
sorts of special exceptions, regulations, rules, and conditions—such as 
that a capital loss can only be applied against capital gain and not 
against income in general, or that a stock sold and rebought within 
two weeks must be considered to affect one’s income very differently 
from what it would be if one day more were to elapse. 

In short, the offsetting of a receipt in one year by an outlay in an- 
other year is a delusion and a snare. No such pairing is necessary or 
desirable. All the proper offsetting is automatically taken care of by 
considering every sale within the year a plus and every purchase within 
that same year a minus, irrespective of what is sold or what is bought. 

If some ‘‘Will Rogers” among economists would arise to poke fun at 
the workings of the American capital-gain-as-income tax, he might 
laugh it out of existence. The first publication of large American “‘in- 
comes” revealed the surprising fact that a neighbor of moderate means 
had in 1930 an “income” of $331,000! This high figure was due to dis- 
tress selling of old family property. The true income, ordinarily 
about $10,000, had been reduced. Another person with about the same 
income according to any rational measurement was able to report in 
1935 an “income” of minus $235,000! 

The proposed method of computing John Smith’s income is not only 
far more accurate than any other method now in use, but far simpler, 
and requires fewer items, especially fewer appraised items. It therefore 
offers far less chance of evasion. 

One reason for this is that two checkups are available on the money 
items, which usually constitute the major contribution to the total in- 
come. As we know, the income is to be calculated as )}>M,—).M. 
+M,+m-+c. But this is necessarily equal to >} M.+m-+e, and also 
to )-M.,-—>,Ma+m-+e. John Smith’s books, therefore, afford the tax 
inspector a double check. The three figures must check to the last cent. 
There is no corresponding check available under the present system. 

Another important guarantee of greater accuracy and freedom from 
evasion is that the proposed system does not much depend on records 
prior to the current year. Ordinarily, the only items which depend on 
earlier records are the original cost of an owned home and automobile. 

The elimination of all mere bookkeeping entries for depreciation, for 
reserves, and for other devices to spread non-recurring expenses over 
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other years helps enormously in simplicity, ease of calculation and ac- 
curacy. In the proposed system almost all these calculations, which 
now must be so laboriously worked out for each capital item separately, 
take care of themselves. Their net result is, in effect, lumped together 
in the three corrections for house, household effects, and automobile. 
Only these, as has been noted, require the accountant’s smoothing art. 
As to the rest, if John Smith conforms to approved norms, any sum in 
one item, too large, or too small, will be offset in other items, too small 
or too large. That is, the more items included, the less need of devices 
for smoothing or spreading. In fact, it is doubtful if even the three 
special cases—house, house furnishings, and automobiles—really need 
very often to be smoothed. The use-cost discrepancies will usually be 
almost negligible in their net effect. The reason is that installment buy- 
ing, mortgaging, mortgage liquidation, and other devices are commonly 
used to such an extent that the individual will seldom be paying, in 
> M s, much more or much less than the actual house use, automobile 
use, and house-furnishings use. This is no accident. Every normal in- 
dividual, confronted with a large non-recurring item, whether a receipt 
or a disbursement, will seek ways of spreading it over time. 

If John Smith does not do this, the results of his veering toward the 
spendthrift type or toward the miser type will automatically appear in 
the final figures. The result will be (for the current year) more taxes in 
the former case and less in the latter. The opposite is the case under the 
United States income tax as it now stands. 

The proposed system also makes it impossible to evade, as rich men 
have so often done, by setting up a “personal company” and “borrow- 
ing” of it their living expenses. The tax evader is thus really getting 
income but calling it a ‘‘capital item” and therefore not income under 
the law. The acccuntant’s ingenious devices for distinguishing income 
from capital merely afford the tax evader his opportunity. This fact 
is enough to condemn these distinctions as fallaciously made. The true 
distinction between income and capital is simple and clear enough, and 
permits of no evasion. This is the distinction between services and their 
capitalization. 

It is not meant to argue against the legitimacy of ever taxing capital. 
In an emergency, as in a great war, we sometimes resort to capital 
levies. But whether or not, or when, taxes on capital are legitimate, we 
must always recognize that taxing present capital is taxing future in- 
come in advance. It means double taxation. This may be excusable in 
a great emergency, although, even then, the rate of the capital levy 
would presumably be much less than the rate on its future income. But 
the present taxes are the product not of an intelligent understanding of 
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how to tax for some great emergency, but of a confusion between capital 
and income. 

It should also be noted that, if capital gain is to be taxed, corpora- 
tions which are largely catch basins for capital accumulations would be 
taxed also. So would savings-bank accounts. 

Finally, it should also be noted that the restriction to “realized” 
capital gain is impracticable—in fact, usually meaningless if confined 
to the current year, since not always will both the purchase and sale 
fall within the same year. Thus, even if capital, capital gains, or sav- 
ings of any sort are to be taxed, the restriction to “realized” items 
should be out of the question. The distinction between ‘‘realized”’ and 
“unrealized” capital gain can only play havoc with our calculations 
and continue to make our results haphazard instead of systematic. 

We may insert a word here on the somewhat analogous subject of 
stock dividends.”* 

The.Supreme Court long ago decided that, in general, stock divi- 
dends are not taxable because the receiver of them has no different 
ownership from what he had before he received them, though that 
ownership is represented by more pieces of paper. This is, of course, 
true. But it does not touch the real problem, which is whether John 
Smith’s stock dividend leads or does not lead the way to more real 
income for him. 

If the stock dividend is 100%, that is, is a “‘split-up’”’ of two shares 
for one, the chances are there will be no resulting real income. But if the 
dividend is 1%, there is a good chance that Smith will sell the new stock 
and spend the proceeds on living expenses, so that, so far as he is con- 
cerned, he will get exactly the same income as if he had received his 
dividend in money. A vague feeling that small stock dividends enable 
a person to evade the income tax is behind the opposition so often 
voiced to the Supreme Court decision referred to. 

Under the proposed system, however, if the proceeds go for living 
expenses, there will be a tax; but if the stock is sold and proceeds re- 
invested in some other stock, no tax will result. Also if it is not sold 
at all, there will be no tax. All three of these results are as they should 
be. Under the present law, on the other hand, if the stock is sold and 
the proceeds reinvested in another stock, Smith is taxed, though he 
should not be. 

% See Fred Rogers Fairchild, ‘‘The Economic Nature of the Stock Dividend,” 
Bulletin of the National Tax Association, April, 1918, pp. 161-163; also June, 
1918, pp. 240-243; Henry H. Bond, ‘‘A Practical Aspect of the Stock Dividend 
Question,” Bulletin of the National Tax Association, June, 1918, pp. 237-240; 


Edwin R. A. Seligman, ‘‘Are Stock Dividends Income?” American Economic Re- 
view, September, 1919, pp. 517-536. 
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On May 16, 1936 a new decision of the Supreme Court made a new 
distinction. If a stock dividend of common stock is given to preferred 
stockholders, it is taxable because the preferred stockholders are then 
supposed to get a real addition to their property. 

Five months later, as might be expected, the Board of Tax Appeals, 
in trying to apply the Court decisions, concluded that ‘‘the matter has 
not been, so far as we know, squarely decided in any of the cases.” 
It should be clear to the reader that, under the method of levying an 
income tax here proposed, there could be no ambiguity. 

Since, as has been noted, corporations and other artificial persons 
can have no income separate from, and in addition to, the income of 
their shareholders, bondholders, and employees, they should not be 
taxed under an income-tax law unless, as mentioned above, merely as 
agents for these real persons on the principle of stoppage at the source. 
Any taxes on corporations in addition to those properly allocated to real 
persons means doubly taxing the common stockholders. 

The prevalent idea that corporations should be subject to an income 
tax independently of real persons is largely based on the confusion al- 
ready so often noted between income and earnings, which implies also 
the confusion between income and capital. 

This very problem has recently been thrust before us by the tax on 
the undivided profits of corporations. 

As originally framed by experts of the United States Treasury, this 
proposal to tax undivided profits included taxing them at varying 
rates up to nearly 50%. A tax of 50% would mean that, out of $100,000 
undivided profits available for ploughing back into a corporation’s 
business, the Government would take $50,000, leaving $50,000, the 
other half, to be actually ploughed back. Whatever this $50,000, be- 
longing to the stockholder, might earn in the future, would also be sub- 
ject to tax in the future. If the rate of this tax were also 50% perpetu- 
ally, the stockholders would lose 50% of all these future earnings from 
that $50,000. But to take away half the earnings of this $50,000 is to 
take away all the earnings of half of this $50,000, which, if continued 
forever, is to deprive the stockholders of any benefits from said half. 

Moreover the other half, $25,000, will, beginning a year later, be 
likewise split in two, one-half, or all its future benefits, going to the 
Government. Only the other half, $12,500 in present value, remains and 
half of that, after two years, would virtually belong to the Govern- 
ment. Evidently the stockholders will have left only half of half of 
half indefinitely, or zero. They will be merely holding property to earn 
taxes for the Government. 


*4 Such a tax paid by a corporation on behalf of a stockholder may conceivably 
constitute an overpayment and so require, later, a refund by the government. 
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Of course, the object of such a tax, however, is to force the distribu- 
tion of dividends, the desirability of which is a question which does 
not concern us here. 


CHAPTER XII: TERMINOLOGY 


It is my earnest hope that the foregoing presentation of the income 
problem will carry conviction. So far as I can see, the only possible 
controversy will be over terminology. Some persons, while admitting 
all my contentions as true under my concept of income may prefer 
still another income concept. And there may be some for whom such 
other income concept is felt to be a serious matter. 

I might claim that it ought not to be a serious matter—that anyone 
has a right to define any word to suit himself. But this would be dodg- 
ing the issue. For most people and for many economists words are more 
important than ideas. 

There are two chief criteria for choosing a terminology. One is de- 
manded by science, the other, by usage. 

Briefly, the first is that the term shall denote a scientifically useful 
concept. To define income as anything received on weekdays but not 
on Sundays, or as receipts by those over twenty-one years of age, or 
(as an able economist once actually proposed) as any economic good 
used only once, would scarcely fulfill this first, or scientific, require- 
ment. But the income concept here adopted, which I have advocated 
since 1897, certainly does fulfill this requirement and in several ways. 

First and foremost, under this concept, capital and income are asso- 
ciated definitely, clearly, simply. For, under this concept, capital value 
is the capitalized or discounted value of future expected income. Under 
no other concept is this true. It is not true of earnings, as we have seen 
(unless the parts of earnings consisting of capital gain, before being dis- 
counted, be displaced from those positions in time where they belong). 

Again, the chosen concept articulates all its numerous sub-concepts 
—the income from a particular instrument of capital, the income from 
any designated group of instruments, the income of any particular in- 
dividual, the income of any designated group of individuals, the income 
of society, money income, income spent, real income, psychic income. No 
other concept accomplishes this articulation. For this reason many writ- 
ers are forced to frame a number of separate and almost unrelated defi- 
nitions of income—psychic, real, spent, money, corporate, individual. 

The most discordant element in the medley of definitions is savings. 
If, for instance, money income includes savings, while psychic income 
does not, a discrepancy between money income and psychic income 
necessarily arises. 

So much for the requirements of science, where the problem is to 
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find a term to fit a pre-existing concept. We now come to the require- 
ments of usage, where the problem is, on the contrary, to find a concept 
to fit a pre-existing term. The dictates of usage are never very clear. 
For this reason some scientists would ignore dictionaries. But we can- 
not do this with impunity. No scientist can ride roughshod over usage 
and call black white. Nevertheless, the fact that usage is not clear gives 
him the right, in fact the duty, to clarify. This question of interpreting 
the popular usage as to the term “income” has been argued elsewhere 
and in many places.* Extended discussion here would be out of place. 

The disagreement over which many writers seem to feel most strong- 
ly is as to the inclusion or exclusion of capital gain or savings and I be- 
lieve their feelings can be greatly assuaged by employing, when neces- 
sary, a qualifying phrase. 

Just as accountants speak of income “before taxes” are taken out 
and income “after taxes’ are taken out, so I now propose that, to 
avoid controversy, we speak of income “‘before savings” are taken out 
and income “after savings” are taken out; the latter evidently being 
what I callincome proper. . 

In 1908 Professor Winthrop M. Daniels, criticizing my definition of 
income onfthe score of violating common usage, says that Dr. Johnson, 
“certainly a competent lexicographer,”’ advised Boswell: ‘Live within 
your income. Always have something saved at the end of the year.” 

Such criticism of my use of the term “income” because it excludes 
savings, while Dr. Johnson seems to include savings, would obviously 
lose all force if the term ‘‘income” as used by me were replaced by the 
term ‘‘income after savings are taken out”’; and if the term “income” 
as used by my critics were replaced by the phrase ‘“‘income before sav- 
ings are taken out.” 

Without this qualifying clause, or some equivalent, it cannot be 
denied that my income concept sometimes collides with popular usage. 
But so does every other income concept; for usage is inconsistent. Even 
as to including or excluding savings, usage is inconsistent. Thus cor- 
porate savings are not included by a stockholder in counting up his 
income but only the dividends he actually receives. Yet logically or 
scientifically it should make no difference as to savings being income 
whether the savings are made for the stockholder by the corporation 
or by the stockholder for himself as might have been done. Such incon- 
sistency of usage would disappear if the proposed qualifying phrases 
were used. For income ‘‘after savings”? would exclude all savings alike, 
whether made by the corporation or by the individual, and likewise 
income “before savings” would include all savings alike. 


% For an assortment of definitions of income see my Nature of Capital and In- 
come, 1906, Appendix to Chapter VII. 
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Let us see what the two new phrases, here proposed, “‘before savings” 
and “after savings,’’ really mean. 

As must have been noted, the process of saving consists of disserv- 
ices, certain negative terms in the net algebraic service-sum constitut- 
ing John Smith’s income as defined in this study. Thus, when he 
“saves” $1,000, i.e., puts aside $1,000 in a cashbox, or stocking, or ina 
savings bank, or in the purchase of a bond or stock, there is thereby 
created a negative item in the accounting of John Smith’s service-sum. 
We debit $1,000 to the cash box contents, stocking contents, savings 
bank account, bond or stock, or other investment. 

But, while all savings are debit-items, not all debit-items are savings. 
Which items are to be considered savings depends, as has been noted, 
on what is the norm of reference, which may be arbitrarily adopted. 
But, assuming an adopted norm, the amount of savings debit is clear. 
Subtracting this debit, we get John Smith’s net ‘‘income” or net serv- 
ice-sum. To call this net sum John Smith’s “income after savings” is, 
under our definition, correct enough, though evidently tautological un- 
der the service-sum concept. It simply represents the complete sum, all 
terms, positive and negative, being included. 

On the other hand his “income before savings” is not tautological; 
for then the list of terms is incomplete. The phrase thus designated is a 
gross income figure, one subject to certain deductions for reinvestment. 

Thus income ‘“‘before savings” includes more than this year’s total 
net service-sum. What it includes is the capitalization of certain serv- 
ices to be received in future years. Savings are a present accounting for 
postponed services, services subtracted from the services of the current 
year and added (with interest) to the services of later years. 

Savings are capital, the anticipation of income, not its realization. 
To add this year’s anticipation of future years’ services to this year’s 
services actually realized is counting chickens before they’re hatched, 
and therefore counting them twice. 

We avoid all this when we tear away the money wrapper and look 
at the bundle of services which that money wrapper represents. It is 
significant that, while usage often sanctions the inclusion of savings 
in money income, it seldom includes any savings in real income; and 
never includes any savings in psychic income. But to include savings 
in some of these cases and not in others upsets, of course, the income 
articulations. This brings us back to the “scientific” criterion which 
primarily concerns us here. And no other income concept can qualify 
as providing for either capitalization or articulation. 

IRvING FISHER 

Yale University 

New Haven, Conn. 











METHODS OF ELIMINATING THE INFLUENCE OF 
SEVERAL GROUPS OF FACTORS 


By Corrapo GINI 


THE QUANTITATIVE treatment of collective phenomena admits of sev- 
eral stages, or steps, all of which, even in the most refined statistical 
research, are but seldom carried out completely. 

The first of these stages is the quantitative description of the collec- 
tive phenomena. It is well known that one of the groups of researches 
from which statistical science draws its origin was confined precisely 
to this stage. To describe the res notatu digna of the State was the 
purpose of the course initiated by Hermann Conring in 1660 at the 
University of Helmstadt and generally the purpose of the so called 
“Universitary Statistics’ which then flourished in Germany. Some of 
the statistical researches of Graunt and of other ‘Political Arithmeti- 
cians,”’ which constituted the other source of modern statistics, were 
also purely descriptive in character, as when Graunt ascertained the 
ratio between the two sexes at birth in London and in the country 
parishes; but in other subjects their researches went a step further, 
looking for the causes of the quantitative differences of the collective 
phenomena that they had described. It is this aim which justifies the 
denomination of ‘Investigative Statistics’? which has been applied to 
their school, in contrast to that of ‘Descriptive Statistics” applied to 
the German school of Conring and Achenwall.! 

In such explanation of quantitative differences in collective phenomena, 
the quantitative element may, however, vary in importance. 

Often the statistician is satisfied with indicating the circumstances 
(or some circumstances) which may explain the observed differences, 
founding his explanation on the influence which, on the basis of current 
experience or of theoretical considerations, may be attributed to these 
circumstances. So the higher death-rate which had been observed in the 
cities in comparison with the country was attributed to the more fre- 
quent recourse to artificial suckling, to the greater danger of the urban 
occupations, to the greater diffusion and gravity of vice, to the crowd- 
ing of the people in the slum quarters, and to other hygienic short- 
comings of the great urban agglomerations. In such explanations the 
quantitative element is completely lacking. The description of the col- 
lective phenomenon is quantitative, but the investigation for their ex- 
planation is qualitative. 

The quantitative element is introduced into the explanation also, 
when we demonstrate on a statistical or experimental basis that the 
circumstances considered really have an influence in the direction 
stated. Thus, we may prove, on a statistical basis, that the infants 

1 Cf. our Curso da Estadistica, Barcelone, Editorial Labor, 1935, pp. 4 ff. 
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suckled at breast present a lower mortality than those artificially 
nourished, that the occupations prevailing in the cities present a higher 
death-rate than those prevailing in the country, that the death-rate 
increases with the crowding of the houses, and is higher among the 
vicious than it is among ordinary people. Generally, the quantitative 
treatment of collective phenomena stops here; moreover, the influence 
of some circumstances is sometimes so obvious (as, for example, the 
influence of vice on the death-rate) that it is understandable that a 
quantitative demonstration of it seems superfluous. 

Even more seldom does it appear necessary to give a quantitative 
proof that the two groups compared are really differentiated according 
to the circumstances considered. Such necessity is felt only in some 
doubtful cases; even without any statistical evidence we are prepared 
to admit, for example, that artificial nourishing of infants or that adult 
vices are more common in the city than in the country. 

This is true, however, only in so far as we limit our aim to inquiring 
what are the causes of the observed differences, which constitutes after 
all a qualitative explanation, even though it requires some quantita- 
tive researches. In order to have a quantitative explanation, we must 
take a step further and inquire also what is the bearing of these various 
causes in determining these differences. After having recognized that 
artificial nourishing of infants, overcrowding, unhealthful occupations, 
and other unhygienic conditions, as well as vice, are the essential 
causes of the higher death-rate of the city, we may ask to what extent 
does each of these circumstances contribute to the differential death- 
rate of urban and rural populations. Only in that case will the quantita- 
tive treatment of the question be complete. The substitution ot a 
quantitative for a qualitative explanation of the statistically observed 
phenomena is, in my opinion, the direction in which applied statistics 
may realize in the future its greatest progress. Only when this step is 
made, will Demography, Biometry, Econometrics, Psychometrics, etc. 
deserve the denomination of exact sciences. 


The bearing of certain circumstances on the determination of a dif- 
ference between the intensities that a phenomenon presents in two 
groups of observations depends on various characteristics of these cir- 
cumstances or of the groups considered: 

(1) The differentiation of the two groups in terms of the circum- 
stances considered. Thus artificial nourishing of infants may explain 
the higher death-rate of the urban population only in as much as it is 
more frequent in cities than in the country. 

(2) The influence of every circumstance considered on the differen- 
tial phenomenon, such an influence depending on the direction and on 
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the intensity of its effects. Thus, the extent to which the artificial 
nourishing of infants contributes to the explanation of the differential 
death-rate in urban and rural populations will be much or little accord- 
ing to the amount by which artificial nourishing is found to increase 
the infantile death-rate. 

(3) The extent of the application of the circumstances considered. 
Some circumstances exert their influence on all the groups combined 
(as unhealthy general conditions), others, only on certain age classes 
(as artificial nourishing of children or occupational risks), and their 
effects on the general death-rate are manifestly more or less important 
according to the percentage represented by the respective age classes 
on the whole population. 

(4) The composition of the effects of the different circumstances. There 
are circumstances the combination of which causes an effect more in- 
tense than the sum of the effects realized by them separately. Vice has 
a certain effect in increasing the death-rate and an unhealthy occupa- 
tion has its own effect in the same direction; but the coincidence of vice 
and of an unhealthy occupation may have an effect much more serious 
than the sum of their separate effects. The same may be said of general 
hygienic conditions of the family and of artificial nourishing of chil- 
dren; as a matter of fact, artificial nourishing has always a bad effect 
on the infant death-rate but this is disproportionately increased by an 
unhygienic environment. There are other instances in which two bad 
circumstances tend to correct each other, as syphilis and malaria: both 
increase the general death-rate of the population, but the prevalence 
of malaria tends to reduce the bad effects of syphilis, the high fever 
caused by an attack of malaria killing the syphilis bacilli or reducing 
their virulence. 

It is clear that, in order to measure the contribution of the different 
circumstances in the determination of a certain phenomenon, it is nec- 
essary not only to know their effects when each of them acts separately, 
but also to know the manner in which their effects combine when they 
act simultaneously. 

It may indeed be said that it is often possible to measure the con- 
tribution of the various circumstances without knowing the differen- 
tiation, the influence, and the extent of application of the given 
circumstances; but it is always necessary to have some knowledge, or 
to make some hypothesis, about the composition of their effects. 

As a matter of fact, when we have at our disposal a sufficient set of 
observations (for example, the death-rate of the urban and rural popu- 
lations in many countries and, at the same time, the indices, for the 
same countries, of the artificial nourishing of infants, of overcrowding, 
of unhealthy conditions, etc.) we may calculate the bearing of these 
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various circumstances on the differential death-rate, basing our cal- 
culation on the principle of concomitant variations. But the application 
of this principle, through multiple correlation or some other method, 
cannot lead us to the determination of the contribution that each cir- 
cumstance makes to the resultant effect, until we have established how 
the separate effects of the given circumstances combine in their simul- 
taneous action. 

The study of the composition of effects is thus indispensable for a 
complete quantitative treatment of statistical phenomena. 


The ways in which the effects of a system of causes may combine 
are theoretically infinite and actually most varied. Genetics presents 
examples of all the degrees of dominance of the effects of one cireum- 
stance over those of another circumstance, sometimes with a whole 
hierarchy of dominance among a series of several circumstances; it pre- 
sents examples of complementary or, on the contrary, of inhibitory cir- 
cumstances; of supplementary or cumulative ones; of intensifying or, 
on the contrary, of diluting ones; of indifference or, on the contrary, 
of attraction (or vice versa of repulsion) between certain combinations. 
Chemistry presents examples of combinations which take place only 
between definite quantities of certain bodies, the quantities in excess 
remaining unaffected; it, as well as physiology, presents examples of 
“‘all-or-none” reactions, that is, of effects which are produced only 
when certain circumstances attain a given limit, and are not increased 
when these limits are surpassed. In my opinion these sciences should 
suggest to the sociologist inspiring analogies for the analysis of the 
multifarious effects of the simultaneous action of various circum- 
stances. Statistics, losing in variety what it aims to gain in precision, 
must be content with more simple schemes. 

The simplest scheme is that which may be called the swmmatory 
scheme, according to which the total effect of several circumstances 
acting simultaneously is equal to the sum of the effects of the single 
circumstances acting separately. The method of residues, one of the 
four pillars of the inductive logic of John Stuart Mill, that the statis- 
ticians have introduced in their treatises, is based precisely on this hy- 
pothesis, as I indicated twenty-five years ago.? In some special cases the 
hypothesis is certainly justified and consequently the application of the 
method is correct. Thus, we may calculate the net immigration of a 
country by subtracting the natural increase (derived from the excess 
of births over deaths) from the total increase of population (calculated 

2 Intorno al metodo det residui dello Stuart Mill e alle sue applicazioni alle 


scienze biologiche e sociali. Studi economico-giuridici della R. Universita di 
Cagliari, 1910. 
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by the difference between the figures of two censuses). It is clear as a 
matter of fact that the total increase of population results from the 
algebraic sum of births, deaths, immigration, and emigration. But in 
many other cases the summatory scheme evidently does not fit the 
facts; so that it is surprising that for so long a time the hypothesis 
which is basic to it was not recognized. In particular, the said hypothe- 
sis is basic to the method of multiple correlation and, more generally, 
to the method of least squares (as it is usually applied to functions 
linear in respect to the parameters) and here also, as far as I know, the 
hypothesis has scarcely been noticed nor has its bearing been ade- 
quately investigated, as would be necessary for judging the reliability 
of the results.2 To be fair towards statistics, we should recall that 
the same hypothesis is adopted also in applied mechanics, where it 
is indicated as the principle of superposition of effects. We must add, 
however, that here the principle is accepted only in so far as small 
forces are in action, a limitation which perhaps may be usefully intro- 
duced also in the applications of the method of multiple correlation. 

Although the summatory scheme is basic to some general statistical 
methods, in special cases, in which it manifestly would not fit the facts, 
the statisticians base their procedure on another. scheme. Thus the 
amount of the wealth of a country is the resultant of the individual 
fortunes and of the number of individuals, but nobody thinks of ob- 
taining an index of the individual fortunes by subtracting the number of 
individuals from the amount of the national wealth; the index is ob- 
tained by dividing the amount of wealth by the number of individuals. 
In this case, the scheme which is appropriately applied is the multi- 
plicatory scheme, according to which the total effect of several circum- 
stances acting simultaneously is equal to the product of the effects of 
the single circumstances acting separately. 

This scheme is also applicable when we obtain the coefficient of varia- 
bility by dividing the mean deviation by the average of the character, 
as well as when we obtain the coefficient of correlation by dividing the 
coefficient of regression by the ratio of the standard deviations of the 
two correlated characters. 

Moreover, we may remark that only the multiplicatory scheme justi- 
fies our calling the different circumstances which contribute to a given 
result factors. 

On the multiplicatory scheme also is based the application of the so- 
called ‘‘ideal formula” to the computation of the index numbers of 


3" ag only reference to this problem that I have been able to find is in Roos’s 
Dynamic Economics, to which my attention has been called at the time of reading 
proofs. Cf. C. F. Roos, Dynamic Economics, The Principia Press, Bloomington, 
Indiana, 1934, pp. 47-48, 89 ff. 
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prices and to other instances of the methods of elimination. This is a 
subject which deserves special attention. 


The variations presented by the average prices of a group of com- 
modities from time to time or from one locality to another may be con- 
sidered as the resultant of two contributing circumstances, the varia- 
tions of prices for the single commodities and the variations of the rela- 
tive importance of these commodities. The index number of prices 
measures the variations of the first component (prices) by eliminating 
the variations of the second component (relative importance of the 
different commodities). Similarly, the method of standard population 
measures the variations of the death-rate (or of the birth-rates, or of 
the marriage-rates, etc.) by eliminating the variations of the differ- 
ent age composition of the populations. We may, however, make 
different hypotheses concerning the manner in which the two com- 
ponents combine their effects. Some authors, for example, have sub- 
tracted from the general death-rates observed for one population, 
the corresponding death-rate calculated for the standard popu- 
lation, in order to measure the influence that the different age com- 
position exerts on the general death-rate of the population considered. 
These authors have applied the summatory scheme. It may, however, 
be remarked that the number of deaths in any age class is obtained by 
multiplying the living persons by their death-rate, and similarly the 
value of a category of commodities is given by the product of price and 
quantity of the commodity. In every age or commodity category it is 
then the multiplicatory scheme which is applicable. It seems then justi- 
fiable to apply also to the average price of all commodities or to the 
general death-rate for all age classes, this scheme, rather than any 
other. The adoption of the multiplicatory scheme in the methods of 
elimination is in keeping with the adoption of the ideal formula, for, 
according to this, the index number of one component (for example, 
prices) multiplied by the index number of the other (quantities) gives 
the index number of the resultant phenomenon (values). 

Until the present time, however, the methods of elimination through 
the ideal formula have generally been applied to the simplest case of 
phenomena resulting (or considered as resulting) from the combined 
effect of two factors (or groups of factors): prices and quantities of 
different commodities; death-rates and size of different age classes, and 
so on.‘ Often, on the contrary, we meet phenomena which may be con- 


4 So far as I know, the only exception is the note by J. K. Wisniewski: “‘Ex- 
tension of Fisher’s Formula Number 353 to Three or More Variables” Journal 
of the American Statistical Association, March 1931, pp. 62-65, to which my at- 
tention was called by Prof. Ragnar Frisch at the time of reading proofs. 
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sidered as the resultant of several factors. For such cases is it possible 
to indicate formulas based on the same scheme and having the same 
properties as the so-called ideal formu: ' 7 the case of two factors? 
An answer to this question is the object of the following sections of this 
paper. We will consider the case of three factors, but the results may 
easily be generalized to any number of factors whatsoever. 

We shall indicate the three factors by the letters a, b and c and their 
resultant effect by the letter 7. The first object of our inquiry will be 
to indicate the formulas for an index of the variations of a by eliminat- 
ing the variations of b and c. 

The formulas will be different according to the different types of 
interrelations which exist among the three factors. It may be useful in 
this connection to distinguish three types of such interrelations. 

Type A. The effect 7 is the resultant of the action of the factor a, 
on one hand, and of the joint action of the two separate factors, b and c, 
on the other. Example: The general death-rate may be considered as 
the resultant of the specific death-rates for every category of a given 
age and of a given sex, on one hand, and, on the other, of the composi- 
tion of the population by age and by sex. The problem is that of con- 
structing an index number of the variations of the specific death-rates 
by eliminating from the variations of the general death-rate the influ- 
ence of the sex and age composition of the population. 

Type B. The effect T is the resultant of the action of the factor a, 
on one hand, and, on the other, of the joint action of two factors, b and c, 
one of which is supplementary to the other. Example: The annual salary 
of an employee may be considered as the resultant of his salary per 
hour, on one hand, and, on the other, of the number of working days 
per year and of working hours per day. The problem is that of con- 
structing an index number of the variations of the hourly salary by 


The object of Wisniewski’s note is the same as that of the following sections 
of this paper; but the theoretical treatment as well as the application can hardly 
be considered satisfactory. The case considered by Wisniewski is that in which 
the formula is symmetrical in respect to the three or more variables, and conse- 
quently corresponds to our Type C, while the application (value of some agri- 
cultural products depending upon prices, area harvested, and yield per area unit) 
falls within the scheme of our Type B. The formula arrived at (using the notation 
adopted in our Type C) is: 


12/ (do prigeiras)* (Qopaquris)? Do pesquiras Dd paqasras 
Spugirs)! OCprugera)? Lpugqari Dd pugqurss 





It is difficult to understand (and this seems to me the main objection) how 
this expression can be considered as an index of prices. As a matter of fact, the 
factors in the above expression are not averages of the individual price rela- 
tives po/pis. 
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eliminating the influence of the variations of the number of working 
days per year and of the number of working hours per day. Such an 
index may be reduced to an index of the variations of the hourly salary 
by eliminating the variations of the number of working hours per year. 

Type C. The effect T is the resultant of the symmetrical action of 
the three factors a, b and c. Example: The volume of the chest may be 
considered as the resultant of the product of the two diameters (trans- 
verse and antero-posterior) of the thorax and of the sternal height. The 
problem is that of constructing an index number of the variations of 
one of the three linear dimensions by eliminating the variations of the 
other two. 

The following figure is a convenient illustration of the differences be- 
tween the three types: 


TYPE A tee & TYEE ¢ 


aa b 





The second object of our inquiry is to compare the formulas ob- 
tained for the variations of a after the elimination of the variations of 
b and c with those obtained after a less complete elimination, that is, 
after the elimination only of the variations of one factor, for example, b. 

In order to fix the ideas, we will have in view, in our treatment, the 
special examples described above. 


TYPE A 
We shall indicate by: 

pi’, the specific death-rate of the males of a certain age class 7 in popu- 
lation 1; 

pis’, the specific death-rate of the females of this age class 7 in the same 
population 1; 

po:’, the specific death-rate of the malesof the age class 7 in population 2; 

pei’, the specific death-rate of the females of the age class 7 in the same 
population 2; 

qi;’, the number of males included in the age class 7 in population 1; 

qi’, the number of females included in the age class 7 in the same popu- 
lation 1; 
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qi’, the number of males included in the age class 7 in population 2; 

qo;’’, the number of females included in the age class 7 in the same popu- 
lation 2; 

ni=Qi +qu.’’, the number of individuals (males and females) included 
in the age class 7 in population 1; 

dei = Goi’ +Q2:’’, the number of individuals (males and females) included 
in the age class 7 in population 2; 

pii, the specific death-rate of the qi; individuals included in the age 
class 7 in population 1; 

poi, the specific death-rate of the ge; individuals included in the age 
class 7 in population 2. 


Thus / - ad ad 
Pui Ni + Pur Qi 
(1) p= 
qi 
and 
Poi Gri’ te Poi’ Goi” 
(2) c=: 
q2i 


The sum >> piigis=>_p1i' Qi’ +>_Pri’’qus’’ represents the total number of 


Zz Pruiqii 


deaths, and the ratio Sen’ describes the general death-rate of 
Qi 


population 1. 
Similarly the sum > peigos =D pai’ qa’ +20 p2s!qai"” represents the total 


a P2iQ2i 


number of deaths, and the ratio ae describes the general death- 
Q2i 


rate of population 2. 
The ratio 


me P2iQ2i 
Ze Q2i 

x PruQii 
Do Me 


[T= 


gives the index number of the variation of the general death-rate from 
population 1 to population 2. 

Now what part of this variation depends upon the variations of the 
age composition of population and what part upon the variations of the 
specific death-rates for the single age classes? 

Applying the ideal formula, the index number of the variations of the 
specific death-rates for the single age classes is 





epee 
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(3) Tp =p /_2e Pits 2a Prides 
a PruQi z. Pr1iQ2i 


We may say, in other words, that J, is the index number of the varia- 
tion of the general death-rate due to the variations of the specific 
death-rates for the single age classes or, again, that it is the index 
number of the variation of the general death-rate after the influence 
of the variations of the age composition of the population have been 
eliminated. 

The reciprocal index number of the variation of the general death- 
rate due to the variation of the age composition of the population is 


I,= 2 qi = Q2iPré > QaiPri 
a qai zs QiPi pS QiDei 


Now the problem is one of constructing, instead of I,,, an index num- 
ber (which may be indicated as J,,, ,-) that measures the variation of 
the general death-rate after we have eliminated the influence of the 
variations of the composition of the population both by age and by sex, 
or, in other words, an index number of the variations of the specific 
death-rates distinguished according to the single age classes and, at the 
same time, according to sex. The procedure is not different from that 
of the preceding case and leads to the following expression for this 
index number: 


(4) i ee > a poi’ Qui! + os pase” 2. Doi! gai’ rr 2 Doi!’ gail’ 
a Pilg’ + pln!” DS pr’ges’ + > rs! qas!” [ 


while the reciprocal index number, 


a qi a oi Dis’ + ye ges’ pri” - oi’ Doi’ + = ai’ "Doi" 
ze Qai >. Qi’ Pi’ + » P qi" pis’’ > Ss Qii’ Poi’ + 2; ii’ Doe" [ 


measures the variation of the general death-rate due to the variations 
in the age and sex composition of the population. 
Recalling (1) and (2), we may also write formula (3) in the following 








Tq°,q" = 








fashion: 
x kee + pei’ =] a 
(3bis) I, = 2 prides ea ert te 
De Pui yr ! Qi Pir Hi [os 
li 


while formula (4) may be written as follows: 
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ee a te] 
Fn ne aE 


(4 bis) Ly," = Ds Prides eee en sr meet, 
7 PriQii eee + ete 
Zz ee ae ee aaa 
q2i 


A comparison of formulas (3 bis) and (4 bis) shows that they differ 
only in the members between square brackets, which represent 
weighted averages of the terms po,’, po’’ in the numerator and of 
the terms 7:;,’, p:;’’ in the denominator. In formula (8 bis) the terms 
pis, Pi’ are weighted according to the quantities q.;’, q:/’ and the 
terms peo;’, pe:’’ according to the quantities qe:’, go: but in formula 
(4 bis) on the contrary the sums px’, p1;’’ are weighted according to 
the quantities g2,’, gos’, and the termis pe;’, pe;’’ according to the quanti- 
ties qi’, qui”. If qui’/qi=42i’/g2i (and consequently qii’/qis = q2s"’/qes), 
then I,=TI,", p. 

This means that, if, in every age class, the sex proportion does not 
differ between population 1 and 2, the index number obtained by 
eliminating the influence of the age and sex composition of the popu- 
lation coincides with the index number obtained by eliminating the in- 
fluence of the composition of the population only by age. This happens 
because, in such cases, there is no variation in the composition of popu- 
lation by sex, to influence the index number of the general death-rate 
after the influence of the age composition has been eliminated. If the 
variation of the weights gq; from the population 1 to the population 2 
is correlated with the differences p;’—p,’’, so that we may expect 
Qs’ 
Q2i 
then we have I,», »»<J, (or, in the contrary case, Ip, » >I>). 

This means that if the proportion of males tends to increase—or on 
the contrary to decrease—from the population 1 to the population 2 in 
the age classes in which the specific death-rate is higher for the male 
sex, the index number obtained by eliminating the influence of the age 
and sex composition is lower—or higher, respectively—than the index 
number obtained by eliminating only the influence of age composition. 

We have considered an example in which the factor c (in our case 
the sex) presents only two modalities (male, female), but it is easy to 
generalize the formulas and the conclusions for the case in which the 
modalities of the factor c are more numerous. 


, . rr P, 
a (or on the contrary a when px; > pri’ or pos’ > pos’, 
s t . 


TYPE B 


We shall indicate by: 
m1;, the salary per hour of the employee in year 1; 
qui, the number of days worked by this employee 7 in the same year 1; 
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#1i, the number of hours per day worked by employee 7 in the same 
year 1; 

mi, the salary per hour of the same employee 7 in year 2; 

q2i, the number of days worked by this employee 7 in year 2; 

ei, the number of hours per day worked by employee 7 in year 2; 

Pii= T1iM1:, the salary per day of employee 7 in year 1; 

Poi = Teiei, the salary per day of employee 7 in year 2. 

The sum >> pisqus=>_71:Q1sm1s represents the total of the salaries paid 
in year 1 and similarly the sum > pogo; =>, TasQaiues represents the total 
of the salaries paid in year 2. 

The ratio, 
~ a D2iQri . 

3 PiuiQi 
describes the index number of the variation of the total of salaries 


from year 1 to year 2. 
The index number 


I 


1 — Dd pats D2 Paigai 
(1) one 
2 PruiQ ps PriQai 


constructed according to the ideal formula, measures the variation of 

the total of the salaries which has occurred because of the variations 

of the individual daily salaries after the influence of the variations 

which occurred in the number of working days has been eliminated. 
The reciprocal index number, 





Baik pm Q2iPri zy Q2i Pri 
q — == ? 
a iPr * Q1iP2 


provides, on the other hand, the measure of the variation of the total 
of the salaries which is due to the variations in the number of working 
days. 

Now the problem is one of constructing, instead of the index num- 
ber J,, an index number J,, which provides the measure of the variation 
of the total of the salaries due to the variations of the individual hourly 
salaries after we have eliminated the influence of the variations of the 
number of working days rer year as well as the variations of the num- 
ber of working hours per day. 

The procedure is not substantially different from that of the preced- 
ing case. We shall deal with the 7; as we have dealt in the preceding 
case with the p;, giving to the values of the 7; the corresponding 
weights q,u:, instead of the weights q; given to the p;. 

Moreover, if we indicate by v1;=Qiimii, V2s=Qeiuei, the number of 
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hours worked by the employee 7 in years 1 and 2, respectively, the 
problem is reduced to one of finding the index number of the variations 
of the 7; by eliminating the influence of the variations of the »,, that 
is, it is reduced to the elimination of only one group of factors. For some 
deductions which will follow it is, however, preferable to distinguish 
the two factors represented by the q; and the y;. 

The following expression, 


(2) </ ae e =: TWiki as ee 
= TWriiQriMii S wiqiam: wien 


provides then the index number of the variation of the total annual 


salaries due to the variations of individual salaries per hour; and the 
expression, 


as =. Q2iMaiT1: x Q2iM2iT 2: 
qe A ee ee ee 
p> Niki 2; Qiib1iT2i 
gives the reciprocal index number of the variation of the total annual 


salaries due to the variations of the number of working hours per day 
and of the number of working days per year. 


The formulas (1) and (2) may also be written in the forms 


(1 bis) ace a el 7 al 


ae err , 
>. TWiuiQiibri z T1i2if1i 


(2 bis) I =4/ A T2iQ2ibei - euin|. 


2. Tibi L od W1iQ2iMeai 


The difference between them depends upon the terms put in square 
brackets. If 1; is constant for all the 7, so that we may put m;=hi, and 
similarly z2;= ke is constant for all the 7, formula (2) becomes 





fe 
(3) .-2, 
and (1 bis) reduces to ; 
(4) i, = —0, 
ky 
where 
(5) a ee 


? 


a Mauda 2; MaiiQai 


represents the index number, according to the ideal formula, of the 
variations of the number of working hours per year depending upon 
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the variations of the number of working hours per day, after we have 
eliminated the influence of the variations of the number of working 
days per year. 


The above considerations have no practical application for the index 
numbers of salaries, but are useful in treating some questions relating 
to the index numbers of prices. 

If pii, poi represent the prices, qi:, ge: the quantities, and yi, ue; the 
economic utilities of a commodity 7 at moments 1 and 2, respectively, 
@1i, 72; Will represent the prices of an economic unit and be the recipro- 
cals of the economic purchasing power of money at the given moments. 
Then formula (1) provides the usual index number of prices, which is 
the index number of the physical purchasing power of money, formula 
(2) provides the index number of the economic purchasing power of 
money, and formula (5) the index number of the economic utility of 
the commodities. 

But, because of the equilibrium among marginal satisfactions, 7; 
and similarly 72; are constant for all the commodities; so that the index 
number of the economic purchasing power of money will be provided 
by formula (8) and the index number of the physical purchasing power 
of money by formula (4). The relation, 


shows: 
(1) that the index number of the economic purchasing power of 
money is equal to the index number of the physical purchasing power 


of money, divided by the index number of the economic utility of com- 
modities; 

(2) that, if the index number of the economic utility of commodities 
has not changed from the moment 1 to the moment 2, the index num- 
ber of the economic purchasing power of money is equal to the index 
number of the physical purchasing power of money. 


Indicating by 
> P2aQii 


of a Puihi 

Laspeyres’ formula of the index number of prices and by 
a Zz P2iQ2i 

” Zu PriQ2i 

Paasche’s formula, their geometric mean is 


I, = VP;P2, 


Py 


P2 
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This expression shows that the index number of prices according to 
the ideal formula is intermediate between the index numbers according 
to Paasche’s and Laspeyres’ formulas. But we have already seen that 
the index number of prices gives also the index number of the economic 
purchasing power of money when the index number of the economic 
utility of commodities is equal to unity. So we may say that, if the 
index number of the economic utility of commodities equals unity, the 
formulas of Laspeyres and Paasche give the limits between which the 
index number of the economic purchasing power of money is contained. 

Moreover, we may remark that P;>P.2 when, between the variations 
of p; and q; from the moment 1 to the moment 2, there is a negative 
correlation,’ and that we must expect a negative correlation between 
p and q because, when a commodity increases in price, its sales tend 
to be reduced and, on the other hand, when the available quantity of 
a commodity increases, its price tends to decrease. Correspondingly we 
must expect that P:> Pe. 

Then we may conclude that, if the index number of the economic 
utility of the commodities is equal to unity, the Laspeyres’ formula 
gives the upper limit and the Paasche’s formula the lower limit of the 
index number of the economic purchasing power of money.® 

I do not see the necessity of any other condition.’ 


5 See, for the demonstration, my article in Metron: ‘‘Quelques considérations 
au sujet de le construction des nombres indices des prix et des questions ana- 
logues,’’ Vol. 4, No. 1, 1924, pp. 81-83. 

6 This conclusion had already been given in my article cited above, pp. 139- 
149, but it seems not to have been clear to all readers. Cf. R. Frisch, “Annual 
Survey of General Economic Theory: The Problem of Index Numbers,”’ in 
Econometrica, January 1936, p. 23, and H. Staehle, “‘A Development of the 
Economic Theory of Price Index Numbers,” in The Review of Economic Studies, 
Vol. 2, No. 3, June 1935, note 2 on page 3 of the reprint. I should add that all 
my efforts to explain the matter to Dr. Staehle by correspondence, replying to 
the questions that he had put to me, proved unsuccessful. 

7 The condition of the constancy of the index number of the economic utility 
of the commodities does not imply the constancy of the economic utility of each 
commodity; on the contrary the economic utility of some or even of all the com- 
modities may have changed from moment 1 to moment 2, increasing for some 
of the commodities and decreasing for others. (Cf. the article in Metron cited 
above, page 141). There is consequently no necessity for making the hypothesis 
that the tastes of the persons remain unaltered from moment 1 to moment 2. 
(Cf. the article cited, page 148.) 

In view of the subjective character of economic utility, it is impossible to 
speak of the economic utility of a commodity (and consequently of the index 
number of the economic purchasing power of money) for a group of persons, ex- 
cept on the hypothesis—manifestly contrary to reality—that each commodity, 
having a certain price, has also the same economic utility for all persons in the 
group, or at least the ratio between the economic utilities of the various com- 
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TYPE C 
We shall indicate by: 
pi, the antero-posterior diameter of the thorax of the individual 7 at 
age 1; 


qui, the transverse diameter of the thorax of the same individual 7 at 
age 1; 

rii, the sternal height of the same individual 7 at age 1; 

p2i, the antero-posterior diameter of the thorax of the same individual i 
at age 2; 

q2:i, the transverse diameter of the thorax of the individual 7 at age 2; 

T2:, the sternal height of the individual 7 at age 2. 

Consequently, the product p1,9:,71; indicates the volume of the thorax 
of the individual 7 at age 1 and the product p2iq2,r2:, his thorax-volume 
at age 2. The ratio 
ry = P2iQait2i 


- = PruQuiri ; 


gives the index of the increase (or decrease) of the volume of the thorax 
for the population considered from age 1 to age 2. 

The problem is now one of finding what part of this variation may be 
attributed to the variations of the antero-posterior diameter, what part 
to the variations of the transverse diameter, and what part to the varia- 
tions of the sternal height. 

We may consider in this connection that the value of J may be ex- 
pressed in the following three different ways 


@ P2iQaiN ii 7 P2iait os = P2iQoi% 2k =: Pane" 2 


I 


Gj f= 


De Putts DS Prsquias De Pagers Dy Phiri 
@). Is. (2 Pruideites Dy PriQaitas Dy Paidaitas Dy pune) : 
De Pudutrs DY poQurrs DY prudasra: D pugs 
5 (< Priqrifas Dy PriQasa: Di Pasi? 2s pa Per : 
Di Pugutss DS Pudestas DS Pasgrsa: De Pusdursi 
The first factor of the formula (1) may be expanded as follows 
Do PaiQes?1 - ( D pains Do Pages Do Puget Do ol ' 


z Pugs - PruiQiilii ba PrsrQaiT ii } 2 PruiQiilri = P2aQiilii 


(3) 


modities is constant for all persons of the group. The index number of the eco- 
nomic purchasing power of money may, however, in any case be referred to a 
single person and it has been suggested by various authorities that it may be 
properly referred’to an economic average man, as a representative of the group. 
(Cf. the article cited, page 129.) 
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and in a similar way may be expanded the second factor of formula (1) 
as well as the two first factors of formulas (2) and (8). 

If, after such expansions, we calculate the geometrical mean of 
formulas (1), (2), and (3), we obtain the following formula 


i= f,f,, 
wherein 


D> paqursi : >> poidaita: : Dd peiqasras D> posgaitri oad 
(4) 1,=|(= . = =]. 


ze PrurQul ii = PridaiN 2: z, PriQiil2i z. PriaiNii 


(5) I -[(% nny a mney a PiiQriT 2k a od 
=o es iit s aie 


2 PriQiuiN1i 2; P2iQril ri > PriQiil 2: = Pati 


(6) Fm fe bare . rpry >. PriQeiT 2k es mae)", 


. PrurQuilri ee P2iQ2i71i 2; PriqaiN ii >; Pail 


represent respectively the index number of the variation of the thorax- 
volume due to the variations of the antero-posterior diameter, the in- 
dex number of the variation of the thorax-volume due to the variations 
of the transverse diameter, and the index number of the variation of 
thorax-volume due to the variations of the sternal height.’ 

On the other hand, from formulas (1), (2), and (3), it is easy to de- 
rive: the index number J, of the variation of the volume of the thorax 
due to the variations of the vertical transverse section, after elimina- 
tion of the influence of the variations of the antero-posterior diameter; 
the index number I,, of the variation of the volume of the thorax due 
to the variations of the vertical antero-posterior section, after elimina- 
tion of the influence of the variations of the transverse diameter; and 
the index number I[,, of the variation of the volume of the thorax due 
to the variations of the horizontal section, after elimination of the in- 
fluence of the variations of the sternal height. 











One finds 
(7) Frys ( Prdairas Do ee 
se Puli 23 PuQil ri 
(8) is ie Poiquires Do ar)" 
pe PruQiilri p a PriQeiN ii 


8 The comparison of the expression for J, given by Wisniewski (cf. note 4), 
and of the others for 7, and J,, which may be obtained by substituting q or r, 
respectively, for p, in the above expressions (4), (5), and (6), leads to the follow- 
ing relations: 

wy = Ij2D/6; J, = 12218; J, = [,/2]6; 


where wl», wl g, wl, are the values given by Wisniewski and Jy, Iq, I, are mine. 


| 
: 











CORRADO GINI 


“4 x P2iQaiN ii 2 P2iQ2iT 2: 


1/2 
Ia = (Beate Linen 
= >> pugs D> pruquire: 


The following formulas give the reciprocal index numbers J,’ for the 
variation of the volume of the thorax due to the variations of the an- 
tero-posterior diameter, after elimination of the influence of the varia- 
tions of the vertical transverse section; I,’, for the variation of the 
volume of the thorax due to the variations of the transverse diameter, 
after elimination of the influence of the variations of the vertical 
antero-posterior section; and J,’ for the variation of the volume of the 
thorax due to the variations of the sternal height, after elimination of 
the influence of the variations of the horizontal section. 


(10) Pe -(2 Pugin 2 =) 
' re y aye ? 


2 PruQuilii z= PriQaiT2i 





(9) 


(11) L! -(= PireiT 1: >, mae" 
a: PrrQuilii > P2aiQril ri 

(12) 1’ -(2 PriQril2i a a ; 
z PruQilii > P2iQ2:71r 


These formulas (10), (11), (12) for the index numbers I,’, I,’, I,’ are 
not identical with formulas (4), (5), (6) for the index numbers I,, I,, 
I, obtained after we have eliminated the variations of the other two 
components separately, rather than the variations of their products. 
As a matter of fact, in formulas (4), (5), (6), the two first factors cor- 
respond to the two factors of formulas (10), (11), (12), but each of 
formulas (4), (5), (6), has two other factors, in which the variations 
of the component considered are weighted in a different manner from 
that adopted in formulas (10), (11), (12). 


In the examples of the three types of interrelations given above, we 
have always considered, for simplicity, series of two terms (populations 
1 and 2 in type A; years 1 and 2 in type B; ages 1 and 2 in type C). 
The methods proposed in this article are, however, applicable to series 
of any number of terms whatsoever. In the case of series of more than 
two terms, instead of the ideal formula for the index numbers, the 
formula for the ‘circular index number” should be applied.® 

Corrabo GINI 

Harvard University, July, 1936 

Cambridge, Mass. 
® For this formula compare the articles: ‘‘Quelques considérations,” ete., loc. 


cit., p. 110, and ‘‘On the circular test of index numbers,’’ Metron, Vol. 9, No. 
2, 1931, p. 10. 





MR. KEYNES AND TRADITIONAL THEORY 


By R. F. Harrop 


In THIS PAPER I do not propose to ask or answer the question, has Mr. 
Keynes succeeded in establishing the propositions which he claims to 
have established? nor again, what kind of evidence is required to es- 
tablish or to refute those propositions? I shall confine myself to a nar- 
rower question, namely, what are the propositions which Mr. Keynes 
claims to have established? And in order to restrict my subject matter 
still further, I propose to confine myself to those propositions, which 
he claims to have established, that are in conflict with the theory of 
value in the form in which it has hitherto been commonly accepted by 
most economists. In other words, my question is what modifications 
in the generally recognized theory of value would acceptance of the 
propositions that Mr. Keynes claims to have established entail? 

In order to clarify the issues involved it may be well to divide com- 
monly accepted theory into the general theory and its specialised 
branches. The general theory consists primarily of a number of func- 
tional equations expressing individual preference schedules and a 
number of identities, such as that supply must be equal to demand, 
and the elucidation of such questions as whether there are as many 
equations as there are unknowns and whether the solutions are single 
or multiple. The result of these enquiries should make it clear whether 
the equilibrium of the system as a whole is stable or unstable or un- 
determined, whether there are alternative positions of equilibrium, etc. 
There may be some clues as to the’general form of some of the func- 
tional equations, provided by such principles as the Law of Diminish- 
ing Utility, to use old-fashioned terminology, which may make it 
possible to predict the direction of changes in the values of the various 
unknowns due to a given change in one of them. More precise pre- 
diction can only be achieved if or when it becomes possible, as a result 
of the labors of such investigators as Dr. Schultz, to write down the 
actual terms of the functional equations. Within the corpus of this 
general theory may be included the formulation of the market con- 
ditions that are required for the realisation of some kind of maximum. 
Thus if one individual A is indifferent whether he produces commodity 
X or commodity Y for a certain consideration, and another individual 
B prefers X to Y, the maximum is not realised if the market so operates 
that A normally produces Y and not X for B. On this condition the 
maxim of Free Trade is fairly securely founded, the more general 
maxim of laissez faire much less securely so. 

In contrast with the theory of value in this very general form, may 
be set the special theories formulated to deal with specific problems 
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such as interest, profit, joint production, discriminating monopoly, 
etc. The normal method used in dealing with these departmental 
studies is to assume that certain terms, which appear as variables in 
the general system of equations, may be treated as constants for the 
special purpose in hand. For instance in studying the behaviour of 
duopolistic producers of a given commodity, it may be assumed that 
the duopolists can obtain the services of factors of production at rates 
the determination of which in the market will not be appreciably 
affected by the duopolists’ behaviour. Such methods constitute short 
cuts to the unravelling of particular problems and they are often per- 
fectly legitimate. In the minds of most economists, other than those 
who stand, so to speak, at the philosophical end of the economic array, 
the conclusions reached by these short-cut methods constitute the 
main findings of economic theory. 

I may say at once that in my opinion Mr. Keynes’ conclusions need 
not be deemed to make a vast difference to the general theory, but 
that they do make a vast difference to a number of short-cut conclu- 
sions of leading importance. Thus to those whom I may perhaps call 
without offence the ordinary working economists they ought, if ac- 
cepted, to appear to constitute quite a revolution. Whether they entail 
a substantial modification of the more general theory depends on how 
that is stated. I need hardly observe that there is no authorised version. 
Those whose main interest is in the general theory, may, if they have 
laid their foundations well and carefully, be able to look down with a 
smile of indifference on the fulminations of Mr. Keynes. Pavillioned 
upon their Olympian fastness, they are not likely to show much irrita- 
tion. 

It is convenient to take Mr. Keynes’ theory of interest as the start- 
ing point of this exposition. In the commonly accepted short-cut theory 
there are two unknowns and two equations. The two unknowns are the 
volume of saving (=the volume of investment) and the rate of in- 
terest. Of the new-fangled view, sponsored by some out-of-the-way 
definitions in Mr. Keynes’ Treatise on Money, that the volume of sav- 
ing may be unequal to the volume of investment, it is not necessary 
to say anything, since it has played no part in the standard short-cut 
formulations of interest theory (although it has figured in recent writ- 
ings concerned with practical monetary problems). The commonly 
accepted interest theory from the time of the early classical writers 
onward entails that saving is always and necessarily equal to invest- 
ment. 

The two equations in the traditional theory of interest correspond 
to the demand and supply schedules relating to a particular com- 
modity. First there is the demand equation: 
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y=f(2), 
y, the marginal productivity of capital, depending on x, the amount of 
capital invested per unit of time. So much capital will be invested that 
its marginal productivity is equal to the rate of interest; that is, 
y=y’, 
where y’ is the rate of interest. Since both the traditional theory and 
Mr. Keynes hold that investment is undertaken up to the point at 
which the marginal productivity of capital is equal to the rate of in- 
terest, y’ may be suppressed, and y made to stand for the rate of inter- 
est which is equal to the marginal productivity of capital. 
Then there is the supply equation: 
r=$(y); 

x, the amount which individuals choose to save, which is equal to the 
amount of investment, depends on the rate of interest. Thus there 
are two unknowns, the rate of interest and the volume of saving, and 
sufficient equations to determine them. It is not necessary for the 
present purpose to consider controversies concerning the forms of these 
equations, such as whether a rise in the rate of interest tends to cause 
people to save more or less. 

This treatment of interest and saving is analogous to that of the 
price of a particular article and the amount of it produced. The treat- 
ment depends on the short-cut assumption of ceteris paribus. This is 
often legitimate in the case of particular commodities, although it is 
recognised that in certain cases it is idle not to bring in certain other 
variables, for instance the prices of close substitutes. Among the 
“other things” which are supposed to be ‘‘equal”’ is the level of income 
in the community under discussion. In many cases it may be true that 
when we are trying to determine how much of a particular commodity 
a producer is likely to produce, his decision to produce a little more or 
a little less will not have a sufficiently large effect on the total income 
of the community to react on the market for his goods in such a way 
as to make an appreciable difference to him. This particular short-cut 
is in that case justified. I suggest that the most important single point 
in Mr. Keynes’ analysis is the view that it is illegitimate to assume that 
the level of income in the community is independent of the amount of 
investment decided upon. No results achieved by the short-cut of such 
an assumption can be of any value. 

How does Mr. Keynes’ analysis proceed? His first equation is sub- 
stantially the same as that of the traditional analysis 

y=f(2). 
The marginal productivity of capital is a function of the amount of 
investment undertaken. The marginal productivity of capital appears 
in Mr. Keynes’ book under the title of marginal efficiency. It does not 
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appear that there is a difference of principle here. It is true that Mr. 
Keynes makes an exhaustive and interesting analysis of this marginal 
efficiency and demonstrates that its value depends on entrepreneurial 
expectations. The stress which he lays on expectations is sound, and 
constitutes a great improvement in the definition of marginal pro- 
ductivity. This improvement, however, might be incorporated in 
traditional theory without entailing important modifications in its 
other parts. 

When we come to the second equation the level of income must be 
introduced as an unknown term, giving 


zx = oly, 1), 

where 7 is the level of income. The amount of saving depends not only 
on the rate of interest, but on the level of income in the community. 

It might be thought that to introduce the level of income as an un- 
known at this point is tantamount to abandoning all attempt to have 
a departmental theory of the volume of saving, since the level of total 
income appears in all the equations of the general theory and it is 
impossible to determine its value without taking all factors into ac- 
count. This would mean that we should have to leave the ordinary 
working economist without any departmental theory of saving and 
interest which he could grasp, and to let him flounder in the maze of 
nXr Xs, ete., equations governing the whole system. Mr. Keynes has, 
however, come to the rescue and carved out a new short-cut of his own. 
In his view the value of the unknown level of income can be determined 
in a legitimate and satisfactory manner by the departmental equations 
relating to saving and interest only. To the legitimacy of this assump- 
tion it will be necessary to return presently. 

Meanwhile, since there are three unknowns and but two equations 
in the savings/interest complex, another equation is needed. Before 
proceeding to that, it may be well to recur to the second equation, 


r=9$(y, 2). 
This may be transposed into the form 
t=y(z, y). 


The level of income depends on the amount of investment (=that of 
saving) and the rate of interest. In this form the second equation shows 
itself as the doctrine of the multiplier. The multiplier is the reciprocal 
of the fraction expressing the proportion of any given income, which, 
at a given rate of interest, people consume. If the value of the multi- 
plier is known for any given rate of interest and level of income, the 
actual level of income can be deduced directly from the volume of 
investment. Those to whom the doctrine of multiplier seems an alien 
morsel in the corpus of economic doctrine should remember that it is 
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merely a disguised form of the ordinary supply schedule of free capital, 
but with the level of income treated as a variable. 

In discussing this doctrine, for the sake of a still shorter cut, Mr. 
Keynes is inclined to let the rate of interest drop out of sight. Thus the 
equation becomes 

t=y(z); 

the level of income depends on the volume of investment. The justifi- 
cation for this procedure is that whereas the relation of the level of 
income to the amount of investment is in the broadest sense known— 
it may be assumed that people save a larger absolute amount from a 
larger income—the relation of the amount which people choose to 
save to the rate of interest is a matter of controversy. Moreover in 
Mr. Keynes’ view the level of income has a more important effect on 
the amount which people choose to save than the rate of interest. 
However, there is no need to pick a quarrel here. The rate of interest 
may be brought back into this part of the picture without affecting 
the main argument. The propensity to consume may be regarded as 
depending on the rate of interest, although for the sake of brevity and 
clarity mention of this need not be insisted on at every point in an 
exposition of the doctrine of the multiplier. 

What of the third equation? We have 

oF x(m), 
where m is the quantity of money, a known term, depending on bank- 
ing policy. This is the liquidity preference schedule. Probably 7, the 
level of income, ought to be inserted in this equation, thus: 
y=x(m, t), 

since the amount of money required for active circulation by con- 
sumers and traders depends on the level of income. Ought not the price 
level to come in also? That may be taken to be subsumed under 7, the 
level of income, in a manner that I shall presently explain. The residue 
of money, not required for active circulation, is available for ordinary 
people who are discouraged by their brokers from immediate invest- 
ment, and, more important, for firms, who may want cash for capital 
extensions or similar purposes within six months or a year or two, and 
are unwilling to hold their reserves in the form of securities to which 
some risk of depreciation within the prescribed period is attached. 
Since the amount of money available for liquid reserves is strictly 
limited and cannot be increased by the mere desire on the part of firms 
to hold more money than that, the prospective yield of less liquid re- 
serves must be sufficient to confine those who insist on a money reserve 
to the amount of money available for that purpose. The less the 
amount of money available the higher the rate of interest will have to 
be, both because the high rate is a quid pro quo against the risk of 








R. F. HARROD 79 


depreciation of the capital and also because the higher the present rate 
the less probability is there of depreciation within the prescribed 
period. 

It is not necessary to give a final pronouncement on the significance 
of the liquidity preference equation. It appears that even if some modi- 
fication is required in this third equation, which determines the rate 
of interest, a type of analysis similar in its general structure to that 
of Mr. Keynes may be maintained. 

We now have three equations to determine the value of the three 
unknowns, level of income, volume of saving (=volume of invest- 
ment), and rate of interest (=marginal productivity of capital). 

For the working economist these results may be set out in still 
briefer shorthand as follows. The amount of investment (=amount 
of saving) depends on the marginal productivity of capital and the 
rate of interest; the level of income is connected with the amount of 
investment by the multiplier, i.e., by the propensity to consume; and 
the rate of interest depends on the desire for liquid reserves and the 
amount of spare cash in the community available to satisfy that desire. 
The amount of this spare cash depends on the policy of the banks in 
determining the quantity of their I.0.U.’s that are outstanding and 
on the level of income (the higher this, the more money will be taken 
away into active circulation). 

Thus if the schedules expressing the marginal productivity of capital, 
the propensity to consume, and the liquidity preference are known 
and the total quantity of money in the system is known also, the 
amount of investment, the level of income and the rate of interest may 
readily be determined. 

The next topic for consideration is the legitimacy of the assumption 
that the level of income may be regarded as determined by the com- 
plex of considerations expressed in the savings/interest equations, 
rather than by the whole system of equations. In general the level of 
activity is traditionally conceived as depending on the preference 
schedules of the various factors expressing their willingness to do vari- 
ous amounts of work in return for income, and on the schedules ex- 
pressing the relation between the amount of work done and the income 
accruing from it (Laws of Returns). In considering the former schedules 
we have to take into account all the factors of production. Now in Mr. 
Keynes’ system the supply of capital has already been dealt with by 
the savings/interest equations. For the supply of risk-bearing, we may 
provisionally content ourselves with the elegant device which he pro- 
vides in his footnote to p. 24. He writes, “by his (the entrepreneur’s) 
expectation of proceeds I mean, therefore, that expectation of pro- 
ceeds, which, if it were held with certainty, would lead to the same 
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behaviour as does the bundle of vague and more various possibilities 
which actually makes up his state of expectation when he reaches his 
decision.”” Thus considerations affecting the supply of risk-bearing are 
subsumed in the equations which determine the volume of investment. 

There remain the factors other than those covered by the category 
of investment. Of these we are only concerned with those the supply 
of which can be varied. Thus we are left with those which may roughly 
be designated prime factors. What is the nature of their supply- 
schedule? What is the form of their preference for income in relation 
to the work required to obtain it? 

In this field Mr. Keynes’ argument is vitally dependent on his ob- 
servation of real conditions. The work/income preference schedule 
exerts its power upon the economic system through the terms on which 
the prime factors are willing to sell their services. The contracts or 
bargains of the entrepreneurs with prime factors are normally fixed in 
money, with no proviso regarding the general level of prices. In the 
exceptional cases in which there is such a proviso, it is none the less 
usually the case that a rise in prices involves some fall in real rewards 
to prime factors and conversely. It is true that in a time of rising prices 
the factors may press for a rise in rewards, but, even if they achieve 
this, there is still no proviso to safeguard them against a further rise of 
prices, and prices may, for all the new bargains lay down, and indeed 
are very often in fact observed to, run on ahead of rewards. Conversely 
in a time of falling prices. This gives the supply schedules of the prime 
factors a very special kind of indeterminacy which undermines their 
power to determine the general level of activity. Mr. Keynes discusses 
this matter in Book I and its importance in his logical edifice justi- 
fies him in giving it pride of place. 

Consider next the second set of schedules determining the general 
level of activity, namely those expressing the relations between the 
amount of work done and the income accruing from it (Laws of Re- 
turns). Since the bargains with prime factors are expressed in money, 
the returns due to their employment should be expressed in money also. 
But the money value of these returns depends on the level of prices. 
The general price level might be regarded as determined by the Quan- 
tity Theory of Money; Mr. Keynes does not so regard it for reasons 
which will be explained below. On the contrary he regards the general 
price level as completely malleable and determined by the equations 
in the general field without reference to the quantity of money. 

The consequence of the conclusions yielded by the interest/savings 
equations, if these are accepted, is, that the level of income and activity 
is determined. Now suppose the entrepreneurs decide to produce more 
than the amount so determined. Owing to a deficient propensity to 
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consume, they will find deficient purchasing power, and either ac- 
cumulate stocks or sell at a loss. If they do the former the accumulation 
of stocks will constitute an additional (involuntary) investment on the 
part of the community, which when added to the intended investment, 
makes the total investment of the community such as to be consistent, 
in accordance with the interest/savings equations, with the higher 
level of activity which entreprereurs are choosing to indulge in. But 
such a position is unstable. So long as stocks are accumulating, they 
will reduce activity and continue to do so, until it reaches the point 
indicated by the interest /savings equations. If on the other hand they 
sell at a loss, they will be dis-saving; the propensity to consume will 
be temporarily raised, so that the higher level of activity which they 
are choosing to indulge in becomes consistent with that required by 
the interest /savings equations. But again the position is unstable. The 
marginal propensity to consume will not be permanently sustained at 
an abnormaily high figure by these means. To avoid losses, entre- 
preneurs will restrict and continue to do so, until activity and income 
are reduced to a level which satisfies the interest/savings equations, 
with the marginal propensity to consume normal for that level of 
income. Converse arguments would apply in the case of entrepreneurs 
deciding to produce too little. 

Now if the level of activity so determined is indeed the equilibrium 
level of activity, the price level must be appropriate to it. Let us sup- 
pose that the price of each commodity is determined by the marginal 
money cost of production, in the crude way that a tiro might describe 
erroneously supposing himself to be explaining the true classical theory 
of cost of production. If the law of diminishing returns prevailed on 
balance, as Mr. Keynes supposes that it does anyhow in the short 
period, the general price level would be expected to rise with increases 
of output and to fall with decreases. To make the matter still more 
crude and common, suppose prices to vary not merely in proportion to 
changes in the number of units of factors required per unit of output, 
as output varies, but also in proportion to changes in rates of reward 
to the factors. In this case we should find, as output rose and diminish- 
ing returns came into play, that the rise of prices would just sufficiently 
exceed the rise of wages, etc., if any, to cover the increased real mar- 
ginal cost of production per unit. Factors might press for a rise of 
rewards, but though they might gain on balance in some trades, they 
would always be beaten by the price level in the system as a whole. 

Now this is precisely what Mr. Keynes supposes actually to happen. 
It is, however, “subject to the qualification that the equality (between 
marginal cost and price) may be disturbed, in accordance with certain 
principles, if competition and markets are imperfect” (p. 5). The ob- 
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jections to this view which upholders of the Quantity Theory of Money 
might raise must be considered. But first observe its relation to the 
determination of the level of activity. 

Take a period within which prime factor bargains do not change. 
The supply of each of these in money terms may then be represented 
by a horizontal straight line. But if prices vary in proportion to costs 
(cost variations including allowance for overtime rates, the employ- 
ment of less efficient labour, etc.), then the money value of the marginal 
net product of each factor must be represented by a co-incident hori- 
zontal straight line. Therefore on these conditions the two sets of 
schedules leave the level of output entirely indeterminate. If the matter 
is expressed in real terms both sets of schedules are downward sloping 
to the right; they are still co-incident. If money rewards to factors are 
raised or lowered in response to changes in the level of employment 
and prices are adjusted accordingly, the same result ensues. Thus this 
complex of equations does not determine the level of activity; therefore 
it leaves that level free to be determined by the savings/interest com- 
plex. Q.E.D. 

Thus the crux of the matter seems to have shifted to the Quantity 
Theory of Money. The essence of the difference between the traditional 
theory and Mr. Keynes’ theory can be put thus: In the traditional 
theory the supply and demand schedules of all the factors stand on the 
same footing; the level of activity is an unknown, but the price level is 
determined by the monetary equation. This determination of the price 
level enables the level of activity to be determined by the factors’ 
money supply schedules, and by their marginal productivity schedules. 
In Mr. Keynes’ theory the level of activity is determined by the equa- 
tions governing the savings/interest complex. In the general field, in 
which we are now only concerned with the demand and supply of 
prime factors, the level of activity is conceived as determined ab extra. 
It is a known quantity. But the price level is conceived to be completely 
malleable. If it were not the system in the general field would be over- 
determined. Thus the monetary equation is shorn of its former powers. 
The level of activity being a known quantity the price level is deter- 
mined by the money cost of production, with suitable modifications 
for imperfect competition. 

What right has Mr. Keynes to gut the monetary equation in this 
way? Has, then, the banking policy no power to influence the situa- 
tion? Yes, certainly it has. The fact is that the power residing in the 
monetary equation has already been used up in Mr. Keynes’ system 
in the liquidity preference equation and it cannot therefore exert any 
direct influence in the general field. To make it do so would be to use 
its determining influence twice over. In fact in Mr. Keynes’ system all 
the old pieces reappear, but they appear in different places. 
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Explanation is necessary. It will be remembered that according to 
the liquidity preference equation, the rate of interest is determined 
by the desire of people for liquid reserves and the quantity of money 
available for that purpose. The quantity of money available for that 
purpose is equal to the total quantity of money in existence less that 
required for active trade.! Now if the quantity required for active 
trade were perfectly indeterminate, as it must be by the Quantity 
Theory—for according to that the price level depends on the quantity 
of money available for active trade, and therefore it is unknown what 
quantity of money any given amount of active trade will absorb—the 
residue would be indeterminate also. But if the m in 

y= x(m) 
is indeterminate, there are too many unknowns in the interest /savings 
set of equations. Thus it is necessary to the validity of Mr. Keynes’ 
solution of the problem of investment and interest that the amount 
of money available for liquid reserves should be determinate, and that 
involves that the price level should be determined otherwise than by 
the monetary equation. And so, in Mr. Keynes’ system it is. 

The matter may be put thus: The savings/interest equations suffice 
to determine the level of activity, subject to the proviso that the 
quantity of money which appears in the liquidity preference equation 
is a known quantity; and this will be known if the price level and 
therefore the amount absorbed in active trade is known. The equations 
in the general field suffice to determine the price level, subject to the 
proviso that the level of activity is known. Thus there is after all 
mutual dependency. The level of activity will be such that so much 
money is absorbed in active trade that the amount left over enables 
interest to stand at a rate consistent with that level of activity. 

The mutual interdependency of the whole system remains, but the 
short-cuts indispensable to thinking about particular problems, as Mr. 
Keynes has carved them out, remain also. 

The amount of investment depends on the marginal productivity of 
capital and the rate of interest. The level of income and activity is 
related to the amount of investment by the multiplier, that is by the 
marginal propensity to consume, the price level is related to the level 
of activity by the marginal money cost of production (which depends 


1In his liquidity preference equation Mr. Keynes includes the demand for 
money for whatever purpose, and the quantity of money that appears in it is 
the total quantity of money in the community. It has appeared simpler in this 
part of the exposition to divide this total into two parts, the amount required 
for active circulation and the residue, to define the quantity of money which 
appears in the liquidity preference equation as that residue, and the demand 
which the equation expresses as the demand for purposes other than those of 
active circulation. This re-definition of terms is merely an expository device 
and does not imply any departure from Mr. Keynes’ essential doctiines. 
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on the amount of activity undertaken), the amount of money absorbed 
in active trade depends on the volume of trade and the price level, the 
amount of money available for liquid reserves is equal to the total 
amount of money in the system less that required for active trade, 
and the rate of interest depends on the amount of money available for 
liquid reserves and the liquidity preference schedule. 

It may be well to do some exercises. Suppose the banks to increase 
the total amount of money available by open market operations. The 
increment may eventually be divided between active circulation and 
liquid reserves. An increase of money available for liquid reserves will 
tend to reduce the rate of interest; and so to increase investment. This 
will increase the level of income through the multiplier in accordance 
with the marginal propensity to consume. If the fall in the rate of in- 
terest increases the marginal propensity to consume, the increase of 
income will be pro tanto greater, but it is not certain that it does so. 
The increase of income involves an increase of turnover, and of prices 
in accordance with the law of diminishing returns. This involves an 
increased use of money in active circulation. Thus the fall in the rate 
of interest will not be so great as it would be if all the new money went 
into liquid reserves. The money will be divided between the two uses, 
but there is no reason whatever to suppose that the increments in each 
use will be in proportion to the amounts of money previously employed 
there, as is assumed in a Quantity Theory using a compendious index 
number. The comparative size of the increments will depend on the 
current elasticity of the liquidity preference schedule and the current 
elasticity of the marginal productivity of capital schedule (which in- 
volves expectations). 

Suppose a fall in rewards to prime factors. The price level will drop. 
Money will be released from active circulation for liquid reserves. 
This will tend to make the rate of interest fall and to react on the level of 
investment and activity accordingly. Thus the stimulus to activity 
is very indirect and its effectiveness depends on the same factors as 
that provided by an increase in the quantity of money. This is very 
different from the view that a reduction of rewards will stimulate 
activity because costs fall while prices are sustained by the quantity 
of money remaining the same. 

It appears to me that the achievement of Mr. Keynes has been to 
consider certain features of traditional theory which were unsatis- 
factory, because the problems involved tended to be slurred over, and 
to reconstruct that theory in a way which resolves the problems. The 
principal features so considered are (1) the assumption that the level 
of income could be taken as fixed in the departmental theory of interest 
and saving, (2) the peculiar nature of the supply schedules of the prime 
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factors which arises out of their bargains being fixed in money without 
proviso as to the price level, and (3) the failure of monetary theory to 
explain how the total stock of money is divided between liquid reserves 
and active circulation, or, in other words, the unsatisfactory character 
of the theory of velocity of circulation. 

I stated above that the old pieces in the traditional theory reappear, 
but sometimes in new places. It might at first be thought that the 
liquidity preference schedule is a new piece, and that therefore either 
the new system is over-determined or the traditional writers must have 
been wrong in supposing that their system was determined. But it is 
not really a new piece. The old theory pre-supposed that income 
velocity of circulation was somehow determined. But precisely how 
was something of a mystery. Thus the old theory assumed that there 
was a piece there but did not state exactly what it was. Mr. Keynes’ 
innovation may thus be regarded as a precise definition of the old piece. 

By placing it where he does, he overcomes a difficulty, which has 
been assuming an alarming prominence in recent economic work. In 
monetary literature the rate of interest has been treated, and increas- 
ingly so, as an influence of vital importance in the monetary situation. 
But in traditional theory, neither in the general system of equations 
nor in the departmental theory of interest does it appear that the rate 
of interest is more intimately connected with the numeraire than the 
price of any other factor of production. This is a striking discrepancy. 
Mr. Keynes introduces the liquidity preference schedule at a point 
which makes it a vital link between the general system of equations 
and monetary theory. His treatment is in harmony with recent litera- 
ture in that he justifies the special connexion of the price of this par- 
ticular factor with monetary problems. It is an immense advance on 
recent literature because it removes the discrepancy between the 
treatment of interest in the two branches of study. 

In my judgement Mr. Keynes has not affected a revolution in funda- 
mental economic theory but a re-adjustment and a shift of emphasis. 
Yet to affect a re-adjustment in a system, which in its broad outlines, 
despite differences of terminology, has received the approval of many 
powerful minds, Marshall, Edgeworth, and Pigou, the Austrian 
School, the School of Lausanne, Wicksell, Pantaleoni, Taussig, and 
Clark, to mention but a few, is itself a notable and distinguished 
achievement. And in the sphere of departmental economics and short- 
cuts, which are of greatest concern for the ordinary working economist, 
Mr. Keynes’ views constitute a genuine revolution in many fields. 

The foregoing account has attempted to expound, not to appraise. 
The only criticism of Mr. Keynes which I venture to offer is that his 
system is still static. Note has been taken of the fact that at certain 
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important points, e.g., in his definition of the marginal efficiency of 
capital, Mr. Keynes lays great stress on the importance of anticipa- 
tions in determining the present equilibrium. 

But reference to anticipation is not enough to make a theory dy- 
namic. For it is still a static equilibrium which the anticipations along 
with other circumstances serve to determine; we are still seeking to 
ascertain what amounts of the various commodities and factors of 
production will be exchanged or used and what prices will obtain, so 
long as the conditions, including anticipations, remain the same. But 
in the dynamic theory, as I envisage it, one of the determinands will 
be the rate of growth of these amounts. Our question will then be, what 
rate of growth can continue to obtain, so long as the various surround- 
ing circumstances, including the propensity to save, remain the same? 

Saving essentially entails growth, at least in some of the magnitudes 
under consideration. No theory regarding the equilibrium amount of 
saving can be valid, which assumes that within the period in which 
equilibrium is established, other things, such as the level of income, do 
not grow but remain constant. 

I envisage in the future two departments of economic principles. 
The first, the static theory, will be elaborated on the assumption that 
there is no growth and no saving. The assumption that people spend 
the whole of their income will be rigidly maintained. On this basis it 
will be possible to evaluate the equilibrium set of prices and quantities 
of the various commodities and factors, excluding saving. In the 
second department, dynamic theory, growth and saving will be taken 
into account. Equilibrium theory will be concerned not merely with 
what size, but also with what rate of growth of certain magnitudes is 
consistent with the surrounding circumstances. There appears to be 
no reason why the dynamic principles should not come to be as pre- 
cisely defined and as rigidly demonstrable as the static principles. The 
distinguishing feature of the dynamic theory will not be that it takes 
anticipations into account, for those may affect the static equilibrium 
also, but that it will embody new terms in its fundamental equations, 
rate of growth, acceleration, de-celeration, etc. If development pro- 
ceeds on these lines there will be a close parallel between the statics 
and dynamics of economics and mechanics. 

But to develop this theme further would take me too far from my 
subject. 


R. F. Harrop 


Christ Church 
Ozford, England 
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REPORT O> THE FIFTH EUROPEAN MEETING 
OF THE ECONOMETRIC SOCIETY 


By Hans STAEHLE 


Tue 5TH EvrRopEAN MeeEtinG of the Econometric Society was held in 
Namur, Belgium, on September 23-26, 1935, at the Chateau de Namur.! 

The papers presented may be classified under four headings: (1) 
theory of economic oscillations, (2) theories of special markets, (3) 
theories connected with consumers’ equilibrium, and (4) special con- 
structions (not, or but loosely, connected with general theory) ex- 
plaining particular phenomena. 


1. THEORY OF ECONOMIC OSCILLATIONS 


J. Tinbergen read a paper on “‘A Mathematical Theory of Business 
Cycle Policy.’ It consisted of three parts: (1) the presentation of a 
simplified business cycle ‘‘mechanism,”’ (2) an analysis of its various 
“influencing coefficients” (Beeinflussungskoeffizienten), with a view to 
discovering those which might be modified by policy, and (3) an analy- 
sis of the conditions which would have to be satisfied in order to achieve 
the aims set by various types of policy. 

The ‘‘mechanism”’ consisted of 18 equations connecting 18 variables; 
8 of these equations represented definitions (expressing, e.g., the 
equality of the profit margin per unit of product and of the difference 
between price and unit cost), while the other 10 expressed “reactions” 
of some variables on other variables. Several equations contained lags. 
All equations were given in terms of a system of notation worked out 
by a group of Dutch mathematical economists. Most of the equations 
used in his “mechanism” being based on actual statistical enquiries, 
Tinbergen was able to give some, though of course only a very rough, 
idea of the size of the “influencing coefficients” in different countries. 

Considerable simplification was reached by assuming each variable 
to consist of an equilibrium value and a (small) deviation from it, and 
supposing some equilibrium values to have the value 1. By this device, 
products of equilibrium values and products of an equilibrium value 
and a deviation can often be simplified, whereas products of deviations 
may be neglected. Thus all equations become linear. 

The mechanism is built upon a number of simplifying assumptions. 
Thus, business is thought of as consisting of vertically amalgamated 
enterprises; the influence of stocks is neglected; changes in cash bal- 


1 The attendance is listed in Econometrica, Vol. 4, July, 1936, p. 284. 

2 See the article, “Quantitative Fragen der Konjunkturpolitik,” Weltwirt- 
schaftliches Archiv, Nov., 1935, pp. 366-399, which contains, among other things, 
a summary of the paper read at Namur. 
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ances and in stocks of consumers’ goods in the hands of workers 
are assumed zero; no difference is made between different kinds of 
finished products (e.g., short-lived and long-lived), or between differ- 
ent kinds of credit (e.g., short-term and long-term); no distinction is 
made between interest and profits in computing the profit margin; 
and so on. 

By successive elimination the 18 equations may be reduced into a 
single one, containing only one variable (for which w;, the ‘production 
of consumers’ goods started in time unit t,’’ was chosen), and having 
the form: 


Agu: + Arta + Aste + - ++ + Arviaz = 0. 


This difference equation describes a movement which will go on as 
long as no external changes occur. As soon as an external change (a 
“‘shock’’) intervenes, the values of u have to be revised and the further 
movement must be calculated by means of new “‘initial values.” 

Having thus described his “‘mechanism,’”’ Tinbergen pointed out 
that some of the “influencing coefficients’ on which it depends may in 
fact be changed by man, e.g., those indicating the dependence of wage 
rates on the volume of production and prices may be manipulated by 
trade unions, or those giving the relationship of new investment to 
profit and interest rates may be modified by a public works policy, 
or by the manipulation of interest rates. It will consequently be pos- 
sible to exert such influence on several essential spots of the mechanism 
as would serve particular aims of business cycle policy. 

Various types of policy may be distinguished. Tinbergen mentioned 
a policy attempting to counteract each external shock by another 
shock; and especially dealt with a policy—more “structural” in char- 
acter—which aimed at reducing the influence of shocks generally. 
The latter policy may be described by saying that it aims at the great- 
est possible dampening effect for each variable, which amounts to 
postulating that all roots of the equation 


Agr! + Ayes + --- Ay =0 


shall have moduli much smaller than unity in order to reduce the 
sensitiveness of the system against various types of shocks. For the 
particular mechanism he had described, he arrived at the conclusion 
that the often postulated non-rigidity of wage rates would not neces- 
sarily secure the best policy from a structural point of view. 

Professor Tinbergen’s paper gave rise to discussion on several 
points. Replying to Breit, Tinbergen pointed out that the large influ- 
ence of interest rates upon investment—usually supposed in theory— 
has not yet been proved statistically to exist. From his own work it 
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would seem that profit margins were far more important. Taking profit 
margins per unit of product, i.e., deducting the unit cost for labour and 
materials from the price, he had found prices to lag behind invest- 
ments by about 6 months, whereas profit margins precede investment 
by roughly 6 months. Pig iron production was taken as a good index 
of new investments started. Breit thought that replacement invest- 
ment also exerts an influence. Marschak pointed out that for Germany 
a clear influence of money rates upon investments had been shown for 
agricultural machinery. Breit said that, to study the influence of profit 
margins on investment, the margin should not be taken per unit of 
product, but per unit of capital—or even per unit of labour, Tinbergen 
added. It was admitted, after some discussion, that the most correct 
computation might be made per unit of capacity. Della Riccia thought 
it was not so much the profit margin per unit, but the total profit in 
relation to the capital invested, which determined the variations of 
production, and that expectations of profits were based on volume of 
sales in the preceding period. As regards volume of savings, Marschak 
thought that the amounts saved might well turn out to be independent 
of the rate of interest. Woytinsky quoted hoarding as an example of 
saving which takes place at zero interest. 

Tinbergen’s definition of equilibrium, i.e., the situation obtained by 
substituting constant values in the equations and solving for them, was 
criticized by Breit who thought it was a special definition in that it 
related to a stationary situation (Beharrungszustand). This discussion 
was taken up later by Frisch, who proposed definitions of stationary 
equilibrium, moving equilibrium, disequilibrium, etc.* 

Further in connection with Tinbergen’s paper, Marschak suggested 
that erratic external shocks might be classified according to the spot 
where they originate: the sphere of consumption or the sphere of pro- 
duction. Frisch suggested that another classification also could be 
made, namely, according to whether an unforeseen modification took 
place (a) in the list of the variables, (b) in the relations between the 
variables (“influencing coefficients’’), or (c) in the “initial conditions” 
(values of the variables). A further classification would be according 
to types of shocks. For example, it made considerable difference 
whether a discontinuous change took place in the amplitude or in the 
period of a harmonic movement. The former type of shock had far 
more serious effects. 

Marschak doubted the validity of the distinction between cases (a) 
and (c). As a definition of a shock, Frisch—following up an idea sug- 
gested by Divisia at the Leyden meeting—proposed ‘‘an event which 


3 Frisch has since published his observations, ‘‘On the Notion of Equilibrium 
and Disequilibrium,” Review of Economic Studies, Vol. 3, Feb., 1936, pp. 100-105. 
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prevents the course forecast by theory from producing itself.’ Tinber- 
gen supported this definition: a particular event might or might not 
be an external shock, according as the scope of the theory is more or 
less narrow. 

In the course of the discussion, the following concrete examples of 
shocks were given: the 10% reduction of wages and prices introduced 
by the Briining government in Germany, the devaluation of sterling 
(Tinbergen); the effects of the British coal strike upon Poland (Wis- 
niewski); bankruptcies (Woytinsky); changes in the Belgian price 
structure following upon the devaluation of the belga (Dupriez). Ac- 
cording to Frisch, the long duration of the most recent depression was 
not due to a cumulation of negative shocks, but was a manifestation of 
the 50-year long cycle. 

Hans Bolza read a paper on “Rhythm in Economic Life.”’* Assuming 
two trading bodies in a closed economy, he pointed out that the total 
of means of payment in circulation at any moment ¢ could be repre- 
sented as the difference between the integrals, taken from 0 to the 
moment ¢, of the value of total sales of the two bodies. Fluctuations 
might occur as between, say, a salaried employee who was paid by the 
month, and the remaining sector of the economy. In this case, the cash 
in the hands of the employee was descreasing continuously from the 
beginning to the end of the month, whereas the ‘‘verbal promise” of 
his employer to pay for his services was increasing continuously during 
the same period. This, Bolza thought, would give rise to an oscillatory 
movement of the means of payment involved (cash+verbal promise) 
through time. This latter point was criticized by Koopmans who 
pointed out that, since both the cash and the verbal promise curves 


were assumed straight lines, no discontinuous curve could result from 
their addition. 


2. THEORIES OF SPECIAL MARKETS 


M. Breit dealt with the theory of the capital and the money market,5 
and particularly with the question, whether short-term and long-term 
credit must be considered distinct commodities, having distinct mar- 
kets. In the literature this question is generally denied, some maintain- 
ing that the distinction is only “privatwirtschaftlich” in nature, others 
saying that discrepancies between short and long rates can only be due 
to market imperfections. This explanation in terms of frictions, how- 
ever, supposes that it is indifferent to lenders and borrowers whether 
they supply, or demand, short-term or long-term credit. But such an 


4 See his book, Der Rhythmus der Wirtschaft, Berlin, 1935. 
5 See his article, “Ein Beitrag zur Theorie des Geld- und Kapitalmarktes,” 
Zeitschrift fiir Nationalékonomie, Bd. 6, No. 5, pp. 632-659. 
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assumption would not be admissible for the following reasons: As re- 
gards the supply side, it cannot be indifferent to savers (or banks) 
whether they invest for short or long periods; as regards demand, it is 
true that there is no peremptory reason (e.g., a legal prohibition) for 
entrepreneurs to refrain from using short-term credit for the purchase 
of durable investment goods, or from using long-term credit as circu- 
lating capital. But there are a number of factors which prevent the 
choice from being indifferent, even though the short and long rates may 
be equal. Some of these factors are of an institutional kind: (1) Mobility 
is reduced by the existence of costs arising from transformation of long- 
term into short-term credits, and vice versa; (2) to short-term rates the 
costs of periodical renewal must be added; (3) there may be restrictions 
of an administrative nature (rationing). Other factors are more truly 
economic: (4) There is a lower limit, different for each rate, below which 
it will not fall, which is determined by so-called “objective” or general 
risks (e.g., the expectation of a moratorium which applies equally to 
all enterprises); (5) the individual entrepreneur will not always get 
credit at the market rates, since individual risk elements will be added 
to them; in addition, the larger the amounts he demands, the higher 
the rate he will have to pay. 

Breit gave a graphic representation of the interaction of these vari- 
ous factors. He made it obvious, for example, how difficult it is to de- 
cide which is ‘‘the money rate of interest’? whose deviations from the 
natural rate will determine (cumulative) deviations from equilibrium 
in the distribution of productive resources as between capital and con- 
sumers’ goods. He further showed that the relatively low level of short 
term rates during depression is only apparent. Another point was that 
in case an entrepreneur was working with borrowed capital, the in- 
dividual risks (as distinct from the general ones) were counted twice 
(though not necessarily valued at the same amount), namely both by 
the entrepreneur and by the lender; whereas, in case the producer 
worked with his own capital, risk was counted but once, i.e., by him- 
self. 

This last point was doubted by Tinbergen; but in the ensuing dis- 
cussion (in which Frisch, Koopmans, and Marschak took part) agree- 
ment was reached that in the case of borrowed capital the risk was 
likely to be overstated. 

Marschak delivered a paper ‘On Investment.” Having attempted 
to measure the net annual investments in several countries, he had be- 
come aware of the necessity to agree on a system of definitions relevant 
to the subject; he had thus worked out a tentative system, some parts 
of which he presented to the meeting. In the following, only a few 
points of this paper can be mentioned by way of example. 
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Assets were defined as complexes of goods or claims; they may aiso 
be negative (debts). The value of an asset C,, at point of time n is made 
up of the discounted value of its future yields: 


= + ___ + 
l+n (1 +27, +12) 


where Qi, G2, - - - , are the prospective future yields, and 71, r2,---, 
the prospective future rates of interest. Investment was defined as the 
increment of C from point of time n to point of time n+1; the value of 
C at the latter point of time being 


C, 


are 


a2 a3 
eres Sif oemermerermrteenenins > 
T+re (1+ 72)(1 + 73) 


Investment (S,) may therefore be written 


Cre = 


Catt 7 C. = Can = ls 


where C,,7r:=e, is the net receipts of the asset C,, in the time-segment n. 
From this, 


éer=Sr,t+a, 


meaning that the net receipts (or income) of an individual consist of 
his consumption and investment. The latter may, of course, also be 
negative; it should include such assets as goodwill. Care must, however, 
be taken that investment be measured as the difference between such 
valuations of an asset as are made in the same moment of time. It 
would, e.g., be wrong to consider as investment the difference be- 
tween a valuation of assets made last year, and a valuation made this 
year. It is convenient, therefore, to introduce into the notation double 
subscripts: C,,.41 meaning, e.g., the value of asset C in moment n, 
valued in moment n+1, i.e., the first subscript relating to the ‘‘point 
of event,” and the second to the “point of valuation.” This distinction 
(originally due to Lindahl and Myrdal) between prospective and 
retrospective magnitudes makes it possible to give a quantitative defi- 
nition of dynamic profits, i.e., as the difference (e¢:2—e1:). It consists 
of two parts: the invested dynamic profit (S12—S11), and the consumed 
dynamic profit (@:2—411). Prospective income cannot contain dynamic 
profits; they are necessarily ‘‘retrospective.”’ 

In the further parts of his paper, Marschak went on clearing the 
ground on a great number of other points which are often obscure in 
the present use of terms made by most writers. He adopted Hicks’s 
suggestion of allowing for an individual’s expecting from an asset, for 
each future time-segment, not one yield x as the only possible, but 











HANS STAEHLE 93 


rather a whole frequency distribution of possible yields x’, x’’,---, 


with probabilities p’, p’’,--- (Zp=1). This frequency distribution 
he described by its successive moments ju, ue, - - - , Where 
Mi = 2px, 


Me = Zp(x — m1)’, 
Ms = Zp(x — m1)’, ete. 


The first moment yp: was called “expected lucrativeness,”’ the second 
“expected uncertainty.”” Marschak further showed, after an analysis 
of the investor’s “‘tastes” and “opportunities” (alias “‘obstacles’”’), how 
the conditions of equilibrium on the assets market could be derived. 
In the course of his exposé, he gave quantitative definitions of ‘‘im- 
patience,” ‘‘audacity,” ‘‘optimism,” and ‘‘bullishness.”’ 

In the discussion, Staehle thought it was difficult to define, e.g., the 
“audacity” or “‘bullishness” of the whole market without assuming 
the frequency distributions, from which these concepts are measured, 
to be identical for all individuals, because what was ‘‘audacious”’ for 
one might be “timid” for another. Marschak said these measurements 
had to be taken from the frequency distributions established by an 
outside “reasonable” observer, and, in addition, this impartial dis- 
tribution was required only for the measurement of ‘‘bullishness.”’ 
In reply to Breit, Marschak specified that cash in hand was also an 
asset. 

F. Zeuthen gave a paper on ‘“‘Effect and Cost of Advertisement from 
a Theoretic Aspect.’’® He offered a static, partial-equilibrium analysis 
of advertisement by a firm which has for its product a sloping demand 
curve, e.g., a monopolist. He first showed that the shifting of the 
original demand curve due to advertisement is not only a function of 
the amount spent on advertising, but also of the kind of advertisement 
chosen. But what interested the seller was not the shift of the demand 
curve as a whole, but just the movement of that part of the curve which 
was near the optimum point, at which marginal revenue just equalled 
marginal costs. The ensuing analysis, therefore, ran in terms of price 
directions only’ which were assumed linear, though allowance might 
easily be made for curvilinear shiftings of the optimum price- 
quantity points. Zeuthen then showed, by the use of elaborate dia- 
grams, how once the price direction and the course of the marginal cost 


6 The paper has appeared in Nordisk Tidskrift for Teknisk Dkonomi, No. 1, 
Sept., 1935, pp. 62-72 (in English). 

7 The question may, of course, be put how this “‘price direction,” depending 
on the new optimum point, can be found without knowing a considerable por- 
tion of the new demand curve. 
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of advertisement was known (in addition to the original demand and 
the marginal cost curves), it was possible to determine how far it was 
profitable to increase advertisement. The equilibrium point is simply 
determined by the intersection of the marginal revenue curve with the 
curve obtained by summing together marginal production cost and 
marginal advertisement cost. 

Fernandez Bafios gave a summary of his recent paper on the func- 
tion of the banks in a dynamic economy. 


3. THRORIES CONNECTED WITH THE CONDITIONS OF 
CONSUMERS’ EQUILIBRIUM 


J. Wisniewski read a paper on ‘‘The Elasticity of Demand with Re- 
spect to Income,’ dealing with price-elasticity and income-elasticity. 
In this he studied the case of two goods, A and R, whose utilities are 
assumed independent; such independence could not, he said, be proved 
statistically, but when it is assumed to exist, the following relations 
must hold. 


Writing 
d dw 
n=- Ce Sing Gels + 1 for price elasticity, 
dp q dp w 
dw x es 
e=-—-— for income elasticity, 
dx w 
dw u for elasticity of desire 
@ = _—_—_— 
du w (Pigou’s concept), 
and 
dx u 
ee. ae 
du x 


for the reciprocal of the flexibility of money utility, where qg stands for 
quantity, p for price, w for expenditure (pq), x for income, and wu for the 
marginal utility of money, Wisniewski arrived at the relations 


@ w 
e=—;n=1+(-—1)(1 —er) | where r= =| 
Q c 
and 


ear ter(1—r) = 1. 


From this, he derived the following conclusions: The smaller the value 
of r, the more closely 7 approaches w; on the other hand, e=w, if Q=1; 
so that for n=e it is not sufficient to assume r very small, as Marschak 


8 See his article, ‘‘Die Elastizitat der Nachfrage in Bezug auf das Einkom- 
men,” Zeitschrift fiir Nationalékonomie, Bd. 6, No. 3, pp. 386-393. 
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has done in his “‘Elastizitat der Nachfrage”’ ; Q will equal unity only by 
chance. As regards the income-elasticity for all goods combined, it is 
necessarily equal to unity; this, however, does not mean that it need 
equal unity for any single good. But an average between the income- 
elasticities for all goods at least has a clear meaning. This cannot be 
said for the price-elasticities, 74 and 72, which are each obtained on 
the assumption that the price of the other good is constant. 

During the discussion, Marschak said that the above equation 
e=w/Q had no general validity, because 2 can only exist on certain 
assumptions regarding the shape of the indifference surface. (For these 
special conditions see Marschak’s contribution to the discussion of 
Frisch’s paper below.) Frisch said, Wisniewski’s theory was valuable 
in that it permitted of obtaining some idea of one of the elasticities 
when the other was known. 

Frisch delivered a paper on “Recent Developments in the Measure- 
ment of Money Flexibility.” In order to apply the methods of measure- 
ment which he had developed in their original form (of which he first 
gave a succinct summary), it was necessary to use as a “reference com- 
modity”’ a good, the desire for which was independent of the quanti- 
ties of all other goods. The first actual measurements had been made 
by assuming the required independence of desire for the reference com- 
modity. These measurements related to members of a Paris co-opera- 
tive society in 1918-21 (with sugar as a reference commodity), and to 
families in eight cities in U. 8. A. (reference commodity: food), yielding 
values of the money flexibility of 1.1 to 3.0 and 0.4 to 0.8 respectively. 
Recently, comparative measurements had become available through 
collaboration with Frederick V. Waugh and Maurice H. Belz, relating 
to the U. S. A. as a whole (using yearly data 1919-1931), with butter 
and meat as reference commodities. They yielded values, at the mid- 
point of the observations, of 1.11 (14.05) via meat, and 1.40 (1+.10) 
via butter. In view of this considerable discrepancy, a generalised con- 
sumption surface theory was developed, in order to take account of 
relations of dependence that might exist between the reference com- 
modity and other goods. The new theory runs as follows: Writing p and 
q for the prices, x and y for the quantities, and u and v for the marginal 
utilities of two distinct, but related, commodities; P for the price of 
living, r for real income, and w for the marginal utility of money; the 
following fundamental relations are assumed: 

u(z,y) (z,y) _ w() 


Pp q ¥ 


® See Ragnar Frisch, Statistical Confluence Analysis by Means of Complete 
Regression Systems, Oslo, 1934, pp. 147 ff. 
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Putting p/q=\, and P/p=a (the “relative cheapness of x’’) we see 
that the first of the above equations ‘efines y in terms of x and X, 
y =f(x, d). Therefore, utilizing the equality between the first and last 
members, we get 


w(r) = a-u[z, f(z, d)] 
or 
w(r) = a-U(z, d), 


U(a, \) being the function u[z, f(x, d)]. In order to apply the isoquant 
principle to the consumption surface defined by the last equation, it is 
necessary to use two points for which not only z, but also \ is constant, 
i.e., two points must be found for which x,;=22 and \1=)2. The latter 
will be true automatically if \ is constant throughout, e.g., if the two 
commodities are connected by a rigid relation of substitution. The iso- 
quant method in its original form will therefore be applicable whenever 
a close proportionality exists between p and g. When the relation be- 
tween the commodities is of the more general form F (p, g) =0, the equa- 
tion may be written 


w(r) = a-(Uz,p) 


where p is the absolute price. In the latter case, the inclusion of p 
takes care of relations not only with the second commodity, but with 
any number of other goods; the only assumption being that there 
exists between p and the prices of each of these other goods some defi- 
nite functional relationship. By the application of this more general 
consumption surface theory, the discrepancies between the flexibility 
measurements were practically eliminated; for instance, the money 
flexibility in U. 8. A. 1919-1931 via meat and butter became respec- 
tively 0.95(1 + .05) and 0.97(1+.20). 

In a long contribution which really amounted to a paper, Mar- 
schak drew attention to certain restrictions to which Frisch’s con- 
sumption surfaces are subject. Frisch’s theory, he said, started out by 
adding one term to the ordinary consumers’ equilibrium equations, as 
follows: 





pxt+aqy 





where r= =real income, and P the “price of living.’’ The usual 


practice adopted for the computation of P was to use Laspeyres’ index 
number formula. Marschak’s following demonstration was to show 
that, in the case of Laspeyres’ formula, the consumption surface could 
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not exist, whereas when Paasche’s index formula was used the surface 
may exist but is subjected to peculiar restrictions. 

Let f(z, y) be a utility surface, and f.=u(x) =u and f,=v(y) =v be 
the marginal utilities of the two independent commodities. Write for 
the above Frisch’s equations: 


px + qy 
u v o( Fr ) 


1 i ah aa ered 
(1) pees a 


Calculate P first by Paasche’s index formula, i.e., 
px + qy 
Pot + Goy 


Ps 


choosing such units as to make pp=qo=1. Then equation (1) trans- 
forms into 


wiv @&t+y)o@ty), 


p 4 px + gy 
(2) “ cuty =(ce¢t+y)-d(a+y). 


The solution of this differential equation is: 


? 


fay (=) + foe+viety 
y 


where his an arbitrary function. 
If on the other hand, Laspeyres’ index formula is used, so that 


eae + Gyo 
Polo + QoYo 


no equation independent of p and g—as in (2) above—is obtainable. 
Therefore ¢ cannot exist in this case. 

As to the economic meaning of the solution in the Paasche case, it 
comes to this: total utility depends both on real income, and on the 
shares (quantity ratio) of the two commodities, but in such a way that 
total utility reacts on changes in real income independently of how 
this income was previously distributed between different commodities; 
and it reacts on changes in this distribution, independently of the pre- 
vailing level of real income. For example, a given change in the quan- 
tity ratio of motor cars to bread would affect total utility in the same 
way (assuming, of course, there were no other commodities), whether 
the individual was rich or poor. Allen thought that Marschak’s restric- 
tions on the utility surface were vaguely connected with those implied 
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in the “income proportionality’! assumption as made by Haberler 
in his book on index numbers. Marschak, he said, at any rate had 
shown that one must use Paasche’s and not the usual Laspeyres’ index. 

H. Staehle delivered a paper on ‘‘A Method of Measuring Varia- 
tions in the Price of Living, with an Application to Belgium 1891- 
1932.” Starting from Laspeyres’ and Paasche’s index formulae 
(Po= Zpigo/Zpoqo, and Pi=pigi/=Zpoqi, respectively, where po’, ) 
Do'',***;P1', Pi’, - ++ are the prices, and qo’, go’, - + * 391',41") - °° 
are the quantities relating to two situations 0 and 1), Staehle showed 
that Py is higher and P; lower than the ‘‘true’’ price of living either if 
the two incomes that supplied the qo’s and q,’s for the calculation of 
Py and P, are equivalent (and this was the case studied by Bortkiewicz, 
Keynes, and R. G. D. Allen); or if the ‘‘income-proportionality” as- 
sumption is made, i.e., one supposes that the ‘“‘true”’ price of living was 
the same both on the psychic-income level to which the qo’s belong, and 
on the other psychic-income level to which the q,;’s belong (this was 
Haberler’s case). In these circumstances, the theory of “limits” is 
either superfluous (since the true price-of-living index could be obtained 
directly as the ratio of the two equivalent incomes—and the “limits” 
had only an ornamental value), or it is based on an assumption which, 
as can be shown by experiment, is in contradiction with facts: the price 
of living is as a matter of fact different on different income levels, and 
a theory which assumes these differences away, suffers at least from a 
lack of generality. 

Staehle then passed on to explain that it was possible to avoid both 
these difficulties by the use of a theéry which had been developed by 
a Russian writer, A. A. Koniis, in 1924. His argument was to show that, 
while Py was always larger than the true price of living (Jo1) applying 
to the psychic-income level corresponding (at given tastes) to the qo’s, 
and P, was always smaller than the “‘true”’ price-of-living index (1/10) 
corresponding (at the same tastes) to i'.e qi’s, so that 


Po = 1013 and P, S 1/Iho. 





The conclusion of the theory of limits, i.e., 


(3) Po 2 In 2 Pi, 
was possible only when one had 
Tox = 1/Tho. 


To have this condition fulfilled, it was necessary, apart from making 
the above Allen’s or Haberler’s assumptions, to have one or other of 
the following cases: 


10 The term ‘‘income proportionality” was introduced by Frisch; see his survey 
in Econometrica, Vol. 4, Jan., 1936, pp. 1-88. 
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(4) Zpoui = Lpogo, Or 
(5) 27190 = 2piqi. 


When P> and P; were computed by the use of data for the qo’s and the 
q:’s fulfilling with respect to each other either of conditions (4) and (5), 
then the conclusion (3) could be drawn: in the case the data fulfilled con- 
dition (4), the price-of-living index (to which Py and P; were the limits) 
related to the psychic-income level of the qo’s; in the case of condition 
(5), Po and P; were limits to the price-of-living index relating to the 
psychic-income level of the q:’s.1! This theory of Koniis thus offers the 
possibility of determining by means of an objective criterion the par- 
ticular money-incomes in two situations, 0 and 1, from which the qo’s 
and q,’s must be taken in order to arrive at correct limits, provided 
tastes, environment, etc., could be assumed identical in the two situa- 
tions. 

Staehle then produced an application of this theory to data relating 
to Belgian workers’ families at five different periods of time (1891, 
1908, 1921, 1929, and 1932). He dealt with the difficulty arising from 
the fact that family budget enquiries generally give data on quantities 
and prices for food items only, and devised the assumptions and tech- 
nique by which the resulting values of Py) and P; (based on food only) 
could be used to find the price of living as a whole. He emphasized 
that his results, which were not obtained on the basis of mechanical 
considerations, but purported to be limits to the price of living on 
given psychic-income levels, had to fulfill the circular test, and showed 
that they actually did: Finally he made a comparison of his own price- 
of-living indices with the official Belgian cost-of-living indices over the 
periods 1921-29 and 1921-32, showing that the latter underestimated 
the rise in the cost of living in very considerabie proportions. His re- 
sults also showed considerable differences in the price-of-living indices 
on different income levels. 

The discussion was opened by Frisch who restated the main con- 
clusions of the paper in a rather more general way. He was not con- 
vinced of the objection raised by Staehle against Haberler’s “income- 
proportionality.” The error involved, he thought, could not be very 
great, provided the range between the incomes supplying the qo’s and 
the q:’s was not too wide (in terms of either money scale). He did ad- 
mit, however, that for larger variations Staehle’s objection was im- 
portant. 

Allen suggested that, in order to get a more continuous set of ob- 

11 For a full proof see Staehle’s article: ‘‘A Development of the Economic 


Theory of Price Index Numbers,” Review of Economic Studies, Vol. 2, June, 1935, 
pp. 163-188. 
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servations, it might be worth while to interpolate the observed figures 
for 2poqo, 2190, VpPodi, and Upiqi, so that more couples of incomes ful- 
filling Koniis’ conditions (4) or (5) could be found. 

Woytinsky thought the method was not of practical value, for even 
supposing family budget enquiries could be run at sufficiently short 
intervals, the results would be known too late. And if in the meantime 
an index of the simple form P» was published, it was impossible after- 
wards to revise these figures, for practical reasons (e.g., sliding scales). 
Staehle replied that the question was whether or not accurate measure- 
ments were wanted; if they were really wanted, then he did not see 
any possibility of avoiding the use of rather complicated methods. 


4. SPECIAL CONSTRUCTIONS 


In a paper ‘‘Recherches analytiques sur le développement normal 
des fortunes et des revenus des nations,’”’ A. Della Riccia undertook to 
explain a relationship between national incomes and national wealth 
(both taken in gold and per capita) he had met with in a recent book 
of his.” Statistics relating to some 35 countries had then led him to the 
conclusion that, as between these countries, the income per capita (2) 
could well be represented in terms of wealth per capita (F) by the 
function R=a+bdF%, so that the ratio R/F was increasing with in- 
creasing values of F. 

Starting from a classification of a nation’s resources into those having 
the nature of (limited) stocks—exhaustible natural resources, like 
minerals, and existing capital goods—and others having the nature of 
(perpetual) flows—non-usable or self-perpetuating natural resources 
and human labour—quantitative definitions were given in terms of 
these resources of the nation’s income and wealth at different points of 
time (year 0 and year n), and of their yearly increments. In the de- 
velopment of these functions, such coefficients as the proportion of 
annual income saved, the proportion of capital equipment to be re- 
placed yearly, ete., were taken as constants—though, it was pointed 
out, had they been assumed variable, the conclusions would not have 
been modified essentially. Taking into account that every year’s pro- 
duction involved a reduction of the remaining total of stocks, Della 
Riccia arrived at the following conclusions: (1) For the income R to 
increase in time it is necessary and sufficient that the capital equip- 
ment increases every year, i.e., that saving be larger than replace- 
ment of capital equipment; (2) that the average annual addition to 
wealth was decreasing the longer the period over which the average 
was taken extended into the future, so that dF/dt was a decreasing 


2 Recherches et opinions économiques et sociales d’un amateur de chiffres, Brux- 
elles, 1933, pp. 26-29. 
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function, tending toward zero; (3) that income was describing in the 
course of time a logistic function; (4) as a consequence, the ratio R/F 
was first diminishing, then increasing and finally becoming stable. 

In the discussion Woytinsky found the agreement between this 
theory and the statistics for different countries striking. Frisch thought 
the logistic curve describing growth of income—one of Della Riccia’s 
results—might have been derived more easily. 

WI. Woytinsky read a paper on “Three Sources of Unemployment 
and their Measurement.” Putting S for the total number of wage- 
earners in employment, Ch for the number unemployed, V for the 
volume of production, and T for the output per capita of the persons 
employed, he gave the following definitions: 


E=V/T; and Ch=S—E=S-V/T. 
From these he derived for an increment of Ch: 


AT AV 


ACh = AS + E———_ —- ——_—_-- 
T+AT  T+AT 


In this equation AS represents the increment of the active population 
which, but for changes in T and V, would have added to unemploy- 
ment; HAT/T-+AT stands for the number of wage earners who, as- 
suming V had remained constant, would have been dismissed in con- 
sequence of the increased output per head which has risen by AT; 
AV/T+AT represents the number of wage earners who were able to 
find employment at the new efficiency level, on account of the increase 
in production AV. A given increase in unemployment can thus be re- 
solved into three component parts, which can easily be determined 
statistically, when the initial values of S and V are taken as 100. If 
unemployment (Ch) was insignificant at the initial date, it may be sup- 
posed equal zero. Then E=S=100. Statistical examples were then 
offered of the decomposition of unemployment, particularly for Great 
Britain, where unemployment in the years 1870, 1880, etc., up to 1910 
was “explained” in comparison to the situation prevailing in 1860. A 
vast number of applications which were recently published was sum- 
marized, and some considerations as to the desirable improvements of 
various kinds of statistics were added. 

During the discussion, Nixon said that EZ, at least for England, also 
depended on hours, which fell heavily between 1860 and 1910, to which 
Woytinsky replied, that was taken care of by the calculation of 
efficiency. Bowley said the years 1860, 1870, etc. chosen represented 


13 “Three Causes of Unemployment,”’ International Labour Office, Studies and 
Reports, Series C, No. 20, Geneva, 1935. 
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quite different phases of the trade cycle, and that the difficulty might 
be overcome by smoothing. He also discussed various details of British 
statistics which had been touched upon by Woytinsky, and suggested 
that, in splitting industrial from non-industrial employment, the build- 
ing trades should be lumped together with industry. The increase in 
active population would stop before the total population would become 
stationary. Marschak thought that the second term in Woytinsky’s 
equation did not sufficiently describe the influence of efficiency. He 
suggested 7’ should be taken as a function of both V and a parameter 
characteristic of the ‘technical level.” 


This report of the Namur meeting would be quite incomplete, if no 
mention were made of the fine spirit which ruled during the whole ses- 
sion. Everybody was discussing intensely, both during the formal ses- 
sions and outside. The attendance of a relatively large number of 
young newcomers was particularly gratifying. The meeting was alto- 
gether a brilliant success, both for the high standard of the papers and 
discussions, and for the fresh enthusiasm that everybody brought home 
from it. 


Hans STAEHLE 


International Labour Office 
Geneva 








NOTE ON A NEW EDITION OF THE WORKS 
OF LEON WALRAS 


Memsers of the Econometric Society will welcome the announcement 
of a plan to publish, as rapidly as available resources and the response 
of the public permit, a definitive edition of the writings of Léon Walras. 

As a first step in this direction, Messrs. Pichon et Durand-Auzias, 
Paris, have published, at fifty francs per volume, a new edition of the 
Etudes d’économie sociale (last published in 1896) and the Etudes d’écon- 
omie politique appliquée (last published in 1898). The latter contains, 
in addition to a portrait of Walras and a brief prefatory note by M. 
Gaston Leduc, a page of errata, drawn up by Walras himself. At least 
one of these corrections—the substitution of the phrase ‘‘l’encaisse 
désirée”’ for “‘la circulation 4 desservir’’ (p. 3)—is of importance, since 
it provides additional confirmation of the validity of the account given 
in recent years of the evolution of Walras’s thought on the subject of 
the value of money. 

The new edition of the Etudes d’économie sociale is of particular 
interest because it includes, in conformity with Walras’s express desire, 
the paper entitled Souvenirs du Congrés de Lausanne, which Walras 
had omitted from the original edition of the Economie sociale because 
of his dissatisfaction with certain of the arguments advanced therein. 
Some interest attaches to Walras’s change of attitude on the points 
in question (pp. 377 f.); but there can be little doubt that the chief 
interest of the essay for contemporary readers lies in the light it throws 
upon the origin of Walras’s academic career. 

The essay should be read in conjunction with the report of the Con- 
gress of Lausanne given by Joseph Garnier in the Journal des économ- 
istes for October, 1860 (especially pp. 79 and 81 f.). To Garnier, Walras 
was obviously an impertinent young upstart whose “‘success”’ in dis- 
turbing the meeting was due “first, to his talent for speaking; secondly, 
to his boldness; thirdly, to the tone, now dogmatic and now paradoxi- 
cal, which he gave to his exposition, and to the formulas which he 
sprinkled through it.’’ For the rest, M. Garnier was prepared to quote 
with approval the ‘‘witty”’ characterization of Walras’s paper, made 
by an inconsequential German delegate to the Congress, as an ‘‘eco- 
nomic charade,” as well as the jibe at Walras made by another member 
of the Congress: ‘“Those who applaud you have not understood you.” 

The rest of the story is told in Walras’s preface to the present edi- 
tion of the Souvenirs (p. 378). One of those who ‘‘applauded but did 
not understand’’—a young lawyer and politican by the name of Louis 
Ruchonnet, who sat in the public gallery and did not even make Wal- 
ras’s acquaintance at the Congress—sought him out in Paris to express 
his admiration of the one thing he could understand: namely, Walras’s 
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contention that wages should be exempt from taxation. Ten years 
later, the young lawyer had become head of the Department of Public 
Education at Lausanne; and it was he who undertook to create a chair 
in economics at Lausanne if Walras would compete for it. 

If this much could have been done for Walras himself by one who 
“applauded but did not understand,’ something can be done for his 
memory by those who continue to applaud and at i. st pretend to 
understand. The beginning of the present project has been made possi- 
ble by the virtually unaided efforts of Walras’s daughter, Mlle. Aline 
Walras, at an almost incredible personal sacrifice. Its continuation— 
which includes a plan for the publication, under the title Mélanges 
d’économie politique et sociale, of a volume of selected papers by Wal- 
ras, most of them now difficult of access, and of Walras’s own Abrégé 
des Eléments d’économie politique pure, hitherto unpublished—is entirely 
dependent upon the response made by economists in general, and mem- 
bers of the Econometric Society in particular, to the two volumes 
now offered to the public. 


ArtTHuR W. MarGet 


University of Minnesota 
Minneapolis, Minnesota 
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THE SUMMATION OF RANDOM CAUSES AS THE 
SOURCE OF CYCLIC PROCESSES* 


By EuaGen SLuTzky 


I. SCOPE OF THE INVESTIGATION 


ALMOosT ALL of the phenomena of economic life, like many other 
processes, social, meteorological, and others, occur in sequences of 
rising and falling movements, like waves. Just as waves following each 
other on the sea do not repeat each other perfectly, so economic cycles 
never repeat earlier ones exactly either in duration or in amplitude. 
Nevertheless, in both cases, it is almost always possible to detect, even 
in the multitude of individual peculiarities of the phenomena, marks 
of certain approximate uniformities and regularities. The eye of the 
observer instinctively discovers on waves of a certain order other 
smaller waves, so that the idea of harmonic analysis, viz., that of the 
possibility of expressing the irregularities of the form and the spacing 
of the waves by means of the summation of regular sinusoidal fluctua- 
tions, presents itself to the mind almost spontaneously. If the results 
of the analysis happen sometimes not to be completely satisfactory, 
the discrepancies usually will be interpreted as casual deviations super- 
posed on the regular waves. If the analyses of the first and of the second 
halves of a series give considerably divergent results (such as, for ex- 
ample, were found by Schuster while analyzing sunspot periodicity),! 
it is, even then, possible to find the solution without giving up the 
basic concept. Such a discrepancy may be the result of the interference 
of certain factors checking the continuous movement of the process and 
substituting for the former regularity a new one which sometimes may 


* Professor Eugen Slutzky’s paper of 1927, “The Summation of Random 
Causes as the Source of Cyclic Processes,’ Problems of Economic Conditions, 
ed. by The Conjuncture Institute, Moskva (Moscow), Vol. 3, No. 1, 1927, has 
in a sense become classic in the field of time-series analysis. While it does not 
give a complete theory of the time shape that is to be expected when a given 
linear operator is applied to a random (auto-non-correlated) series, it has given 
us a number of penetrating and suggestive ideas on this question. It has been, 
and will no doubt continue to be, highly stimulating for further research on this 
vast and—not least for business-cycle analysis—most important problem. Un- 
fortunately Professor Slutzky’s paper so far has been available only in Russian 
(with a brief English summary). Some years ago Professor Henry Schultz had 
the original article translated into English by Mr. Eugene Prostov, and suggested 
that it be published in Econometrica. At the request of the Editor Professor 
Slutzky has prepared for our Journal a revised English version with which he 
has incorporated also a number of important results obtained after 1927.— 
EpItTor. 

1 Arthur Schuster, ‘“‘On the Periodicities of Sunspots,’’ Phil. Trans., Series A, 
Vol. 206, 1906, p. 76. 
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even happen to be of the same type as the former one. Empirical series 
are, unfortunately, seldom long enough to enable one definitely to prove 
or to refute such an hypothesis. Without dwel!'ng on the history of com- 
plicated disputes concerning the above-mentioned problem, I will men- 
tion only two circumstances as the starting points for the present in- 
vestigation—one, so to speak, in the field of chance, the other in the 
field of strict regularity. 

One usually takes the analysis of the periodogram of the series as the 
basis for the discovery of hidden periodicities. Having obtained from 
the periodogram the values of the squares of the amplitudes of the 
sinusoids, calculated by the method of least squares for waves of vary- 
ing length, we ask whether there is a method of determining those 
waves which do not arise from chance. Schuster apparently has dis- 
covered a suitable method ;? but we must give up his criterion when we 
remember that among his assumptions is that of independence of the 
successive observations. As a general rule we find that the terms of an 
empirical series are not independent but correlated and at times cor- 
related very closely. This circumstance, as is known, may very per- 
ceptibly heighten the oscillation of the derived characteristics of the 
series, and it is quite conceivable that waves satisfying Schuster’s cri- 
terion would in fact be casual—just simulating the presence of a strict 
regularity.* Thus we are led to our basic problem: is it possible that a 
definite structure of a connection between random fluctuations could 
form them into a system of more or less regular waves? Many laws of 
physics and biology are based on chance, among them such laws as the 
second law of thermodynamics and Mendel’s laws. But heretofore we 
have known how regularities could be derived from a chaos of discon- 
nected elements because of the very disconnectedness. In our case we 
wish to consider the rise of regularity from series of chaotically-random 
elements because of certain connections imposed upon them. 

Suppose we are inclined to believe in the reality of the strict pe- 
riodicity of a business cycle, such, for example, as the eight-year period 
postulated by Moore.‘ Then we should encounter another difficulty. 
Wherein lies the source of the regularity? What is the mechanism of 


2 A. Schuster, “On the Investigation of Hidden Periodicities, etc.,’’ Terrestrial 
Magnetism, Vol. 3, 1898. 

3 The further development of Schuster’s methods, which we find in his ex- 
tremely valuable paper, ‘‘The Periodogram of the Magnetic Declination as Ob- 
tained from the Records of the Greenwich Observatory during the Years 1871- 
1895,” Trans. of the Cambridge Philos. Soc., Vol. 18, 1900, p. 107, seems to over- 
come this difficulty. Because it is rather unfinished in mathematical respects, 
however, the influence of this paper seems not to have been comparable to its 
importance. 

4H. L. Moore, Generating Economic Cycles, New York, 1923. 
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causality which, decade after decade, reproduces the same sinusoidal 
wave which rises and falls on the surface of the social ocean with the 
regularity of day and night. It is natural that even now, as centuries 
ago, the eyes of the investigators are raised to the celestial luminaries 
searching in them for an explanation of human affairs. One can daunt- 
lessly admit one’s right to make bold hypotheses, but still should not 
one try to find out other ways? What means of explanation, however, 
would be left to us if we decided to give up the hypothesis of the super- 
position of regular waves complicated only by purely random compo- 
nents? The presence of waves of definite orders, the long waves embrac- 
ing decades, shorter cycles from approximately five to ten years in 
length, and finally the very short waves, will always remain a fact 
begging for explanation. The approximate regularity of the periods is 
sometimes so distinctly apparent that it, also, cannot be passed by 
without notice. Thus, in short, the undulatory character of the processes 
and. the approximate regularity of the waves are the two facts for which 
we shall try to find a possible source in random causes combining them- 
selves in their common effect. 

The method of the work is a combination of induction and deduction. 
It was possible to investigate by the deductive method only a few 
aspects of the problem. Generally speaking, the theory of chance waves 
is almost entirely a matter of the future. For the sake of this future 
theory one cannot be too lavish with experiments: it is experiment 
that shows us totally unexpected facts, thus pointing out problems 
which otherwise would hardly fall within the field of the investigator.® 


II. COHERENT SERIES OF CONSEQUENCES OF RANDOM 
CAUSES AND THEIR MODELS 


There are two kinds of chance series: (1) those in which the probabil- 
ity of the appearance, in a given place in the series, of a certain value 
of the variable, depends on previous or subsequent values of the vari- 
able, and (2) those in which it does not. In this way we distinguish 


5 A similar viewpoint is found in the remarkable work of G. U. Yule, ““Why 
Do We Sometimes Get Nonsense-Correlations between Time Series?” Journal 
of the Royal Statistical Society, Vol. 89, 1926. This work approaches our theme 
rather closely. 

6 The following exposition is based on a large amount of calculation. The 
author expresses special gratitude to his long-time collaborator, E. N. Pomer- 
anzeva-Ilyinskaya and also to O. V. Gordon, N.F. Rein, M.A. Smirnova and E. V. 
Luneyeva. The calculations were carefully checked, almost all work having been 
independently performed by two individuals. It is very unlikely that undetected 
errors are sufficiently significant to affect to any perceptible degree our final 
conclusions. A few errors, detected in the course of time in Tables I, III, and IX 
of the original paper, are noted at the end of this paper, and an error in Figure 7, 
B,, has been corrected when it was re-drawn. 
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between coherent’ and incoherent (or random) series. The terms of the 
series of this second kind are not correlated. In series in which there is 
correlation between terms, one of the most important characteristics is 
the value of the coefficient of correlation between terms, considered as 
a function of the distance between the terms correlated. We shall call 
it the correlational function of the corresponding series and shall limit 
our investigation to those cases in which the distribution of probabili- 
ties remains constant. The coefficient of correlation, then, is exclusively 
determined by the distance between the terms and not by their place 
in the series. The coefficient of correlation of each member with itself 
(ro) will equal unity, and its coefficient of correlation (r,) with the tth 
member following will necessarily equal its coefficient (r_;) with the 
tth member preceding. 

Any concrete instance of an experimentally obtained chance series 
we shall regard as a model of empirical processes which are structurally 
similar to it. As the basis of the present investigation we take three 
models of purely random series and call them the first, second, and 
third basic series. These series are based on the results obtained by 
the People’s Commissariate of Finance in drawing the numbers of a 
government lottery loan. For the first basic series, we used the last 
digits of the numbers drawn; for the second basic series, we substituted 
0 for each even digit and 1 for each odd digit; the third basic series 
was obtained in the same way as the second, but from another set of 
numbers drawn.® 

Let us pass to the coherent series. Their origin may be extremely 
varied, but it seems probable that an especially prominent role is 
played in nature by the process of moving summation with weights of 
one kind or another; by this process coherent series are obtained from 
other coherent series or from incoherent series. For example, let causes 

++ %i-2, Lin, Ti, +++ produce the consequences -- - Yi-2, Yi-1, Yi; 

- ++, where the magnitude of each consequence is determined by the 
influence, not of one, but of a number of the preceding causes, as for 
instance, the size of a crop is determined, not by one day’s rainfall, 
but by many. If the influence of causes in retrospective order is ex- 
pressed by the weights Ao, Ai, Ae, - - + Ani, then we shall have 

a Aot:i + Aitin tt: +++ Aa tentye 
(1) Ja = Aptir +++: + Anstey + Anita, 


7 I venture to propose this name because it seems to me that it truly expresses 
what is intended, namely, the existence of some connection between the elements 
or parts of a thing (for example, of a series), but not a connection between this 
thing as a whole and another. 

8 The tables giving these series and seven others derived from them will be 
found in the original paper (loc. cit., pp. 57-64) and are not repeated here. 
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Each of two adjacent consequences has one particular cause of its 
own, and (n—1) causes in common with the other consequence. Be- 
cause the consequences possess causes in common there appears be- 
tween them a correlation even though the series of causes are incoher- 
ent. When all the weights are equal (simple moving summation) the 
coefficient of correlation expresses the share of the common causes in 
the total number of independent causes on which the consequences 
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FIGURE pid ae 100 terms of a first basic series. 
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Figure 2.—The first 1000 terms of Model II. 


depend (as has long been known from the theory of the experiment of 
Darbishire); then 
n—1 n—2 1 
rmr=1n=ri= 912 =». = 99° *y Pao = T~@-1)=—>? 
n n n 


further coefficients being equal to zero. By taking a ten-item moving 
summation of the first basic series, Model I was obtained.? A small 
section of Model I is plotted in Figure 3 with an index’® of the English 








9 In addition, 5 was added to each sum. This does not change the properties 
of the series. Neither does it make any difference as to the method of numbering 
consequences in comparison with the scheme used in formula (1). At the outset 
of the work, it seemed to be technically more convenient to give the consequence 
the same number as the earliest cause and not the latest. Thus, for example, for 


Model I, Yo= to +m +22 +--+: +e +5. 


10 Dr. Dorothy S. Thomas, ‘‘Quarterly Index of British Cycles,” in W. L. 
Thorp, Business Annals, New York, 1926, p. 28. 
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business cycles for 1855-1877 in juxtaposition—an initial graphic dem- 
onstration of the possible effects of the summation of unconnected 
causes. 

In turn the consequences become causes. Taking a ten-item moving 
summation of Model I, we cbtained the 1000 numbers of Model II. 
Performing a two-item moving summation twelve times in succession 
on the third basic series,“ we obtained the 1000 numbers of Model IVa. 
First and second differences of Model IVa give Models IVb and IVe 
respectively (See Figure 4). Furthermore, the application of scheme 
(1) to the second basic series gives’? Model III if the weights used are 
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Fiaure 3.————An index of English business cycles from 1855 to 1877; scale 
on the left side. --------- Terms 20 to 145 of Model I; scale on the right side. 


10‘ times the ordinates of the Gaussian curve taken at intervals of 
0.10. Because this model was very smooth it appeared sufficient to 
use only the 180 even members out of the 360 items (see Figure 11 
under the numbers 0, 2, 4, - - - 358). Model IIIa—the last one—is 104 


1 It actually was computed by applying the scheme (1) to the third basic 
series with the weights 1, 12, 66, 220, 495, 792, 924, 792,---, 12, 1, because 
s-fold simple summation of two items is equivalent, as can be shown easily, to 
direct summation with the weights Cj, Ct, C3, +--+ , Ci, (where C; is the number of 
combinations of s things taken k& at a time. 

1 The exact values of Model III could be obtained by multiplying the cor- 
responding items of the basic series by the exact values of the function 104 exp 
{ —3(0.1t)?}/4/2zx, for integral values of ¢. This function was the basis of ob- 
taining the 4th differences of Model III. Approximate values of Model III were 
found by using a set of weights composed of 95 numbers corresponding to the 
values of the above function for integral values of t from —47 to +47, with the 
numbers less than 1 rounded off to the nearest tenth and numbers greater than 1 
to whole units. The numbers of the basic series were written on a ribbon which 
we slid along the column of weights. Inasmuch as the basic series consisted of 
zeros and ones, all of the computations were plain additions. For Model IVa, a 
ribbon with holes in the place of unities was constructed. 
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times the 4th differences of the numbers of Model III from the 7th to 
the 97th.¥ 
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Figure 4.—The first 100 terms of Models IVa, IVb, and IVe. 










We could not be satisfied by a smaller number of models because it 
was necessary to observe their various properties and to have illustra- 


13 For the calculation of these differences the accuracy with which we deter- 
mined the items of Model III was not sufficient, so the following method was 
used: It is easy to see that the nth order differences of the items of the series ob- 
tained by scheme (1) are equivalent to those computed by the same scheme 
but applying weights equal to the differences of the original weights (keeping in 
mind that the series of original weights is extended at both ends with zeros). 
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Fiaure 5.—An example of the crossing of random weights. The weights of 
the causes for each of 10 successive summations are shown, i.e., A,’“, A,’®, 
» , Ax’@, See Appendix, Section 1. 











With the help of S. Pineto’s Tables de logarithmes vulgaires a dix decimales, St. 
Petersburg, 1871, the values of the function 
exp { — 4(0.1t)?}//2x 

were obtained to ten decimal places for integral values of ¢ from 0 to 44; this 
series was completed by using Sheppard’s tables, and the differences of the entire 
series up to and including the 4th differences were taken. Multiplying the latter 
by 108 and expressing the result in integers, we obtained weights with the help 
of which—and by using scheme (1)—the values of 10‘ A‘ty,,, were obtained from 
the second basic series. 
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tions for the elucidation of the different aspects of the problem. We 
could not aspire to imitate nature in forming a set of weights; still, in 
the course of the work, we have come across an exceptionally curious 
circumstance. First, each multifold simple summation of n items at 
a time gives a set of weights which approaches the Gaussian curve 
as a limit. In the Appendix, Section 1, there is given the instance of a 
tenfold summation of three items at a time with the weights chosen 
absolutely at random for each successive summation. The ten con- 
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Figure 6.—oooo The correlational functions of Models I-IVc, and of the 
scheme of the crossing of the chance weights (A;’@). 


Corresponding Gaussian curves and the reduced differences of the 
ordinates of the Gaussian curve. 





secutive sets of weights are depicted in Figure 5. It is easily seen how 
they gradually become more and more like the Gaussian curve, and 
for the tenth summation the weights approach the Gaussian curve 
very closely. 

This is far from being a chance result. From further considerations 
(Appendix, Section 1) we find that we have here actually encountered 
a law which, under certain conditions, must necessarily realize itself 
in the chaos of random entanglements and crossings of endless num- 
bers of series of causes and consequences. The problem is specially 
important for the reason that the correlational function of a derived 
series is defined entirely by the respective weights-function. It is possi- 
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ble to prove (see Appendix, Sections 1, 2, and 3) that if the series of 
weights follows the Gaussian curve, the correlational function of the 
resulting consequence series is capable of being expressed by a similar 
curve with a greater or smaller degree of approximation. For the series 
of consequences proportionate to the increments of the cause—that is, 
the differences of order k of the series of causes—the correlational 
function can be represented by the series of the differences (of order 
2k) of the ordinates of the Gaussian curve. It could not be by chance 
that the correlational function of all of our models, with the exception 
of the most elementary one (Model I), belong to one of the two types 
mentioned (see Figure 6). No exception is found in the correlational 





TABLE 1 
Distance Correlation : 
between coefficients with Ordinates of Differences 
terms random weights | Gaussian curve 
t re R, rr—R, 
0 1.000 1.000 0.000 
1 0.965 0.965 0.000 
2 0.868 0.866 +0.002 
3 0.727 0.723 +0.004 
4 0.567 0.562 +0.005 
5 0.410 0.407 +0.003 
6 0.275 0.274 +0.001 
7 One O71 0.000 
8 0.097 0.100 —0.003 
9 0.051 0.054 —0.003 
10 0.024 0.027 —0.003 
2 0.011 0.013 —0.002 
12 0.004 0.006 —0.002 
13 0.001 0.002 —0.001 
14 0.000 0.001 —0.001 


function for the series of consequences of the 10th order obtained in 
the course of the crossing of the random weights in the example men- 
tioned above. The values of these correlation coefficients (r;), together 
with the ordinates of the corresponding Gaussian curve (R,), are given 
in Table 1 (for the calculation see Appendix, Section 2). 


Ill. THE UNDULATORY CHARACTER OF CHANCE SERIES; 
GRADUALITY AND FLUENCY AS TENDENCIES 


Our models, representing several sets of experiments, give an in- 
ductive proof of our first thesis, namely, that the summation of random 
causes may be the source of cyclic, or undulatory processes."‘ It is, however 


4 The definition of the business cycle as being a process (not necessarily 
periodic) characterized by successive rises and falls, is given by W. C. Mitchell 
in Introduction to W. L. Thorp, Business Annals, New York, 1926, pp. 32-33. 
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not difficult to determine the reason why it must be so inevitably. We 
shall first observe a series of independent values of a random variable. 
If, for the sake of simplicity, we assume that the distribution of proba- 
bilities does not change, then, for the entire series, there will exist a 
certain horizontal level such that the probabilities of obtaining a value 
either above or below it would be equal. The probability that a value, 
which has just passed from the positive deviation region to the nega- 
tive, will remain below at the subsequent trial is $; the probability 
that it will remain below two times in succession is }; three times 4; 
and so on. Thus the probability that the values will remain for a long 
time above the level or below the level is quite negligible. It is, there- 








TABLE 2 
Length of half-wave Actual frequency Theoretical frequency 
t n's Ng 
1 261 256 
2 137 128 
3 65 64 
4 29 32 
5 14 16 
6 4 8 
4 1 4 
8 and more 1 4 
Total | 512 512 


fore, practically certain that, for a somewhat long series, the values 
will pass many times from the positive deviations to the negative and 
vice versa. Let us designate as a half-wave a portion of the series in 
which the deviation does not change sign. Thus, for 1000 numbers of 
the third basic series we find 540 half-waves (instead of the theoretically 
expected 500). Taking from this number the first 512 half-waves we 
find among them a number of half-waves of the length 1,2, ete. In 
Table 2 the actual (n;’) and theoretical’ (n;) frequencies for half-waves 
of various lengths are shown. That the observed series is consistent 
with the theoretical series can be found by the calculation of the x? 
criterion of goodness of fit.16 

If a variable can have more than two values and if, in a certain inter- 
val of a more or less considerable length, it happens to remain above 

16 T,, von Bortkiewicz, Die Iterationen, 1917, Formel 75, p. 99. 

16 We find, indeed, 

 — nm)? 
s jee aa = 7.78, 
ne 

the corresponding probability being P=0.35; see Tables for Statisticians and 
Biometricians, ed. by K. Pearson, Part I, Table XII. 
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(or below) its general level, then in that interval it will have a tempo- 
rary level about which it almost certainly will oscillate. Thus on the 
waves of one order there appear superimposed waves of another order. 

The unconnected random waves are usually called irregular zigzags. 
A correlation between the items of a series deprives the waves of this 
characteristic and introduces into their rising and falling movements 
an element of graduality. In order to make the reasoning more concrete, 
let us consider a series obtained from an incoherent series by means of 
a ten-item moving summation. Our Model I will be used as the exam- 
ple. Any items of this model separated from each other by more than 
9 intervals (as, for example, the values yo, y10, Y20, °  : +) are not corre- 
lated with each other and consequently form waves of the above con- 
sidered type, i.e., irregular zigzags. But if we consider the entire series, 
we shall certainly find gradual transitions from the maximum point of a 
wave to its minimum and vice versa, since the correlation between 
neighboring items of the series makes small differences between them 
more probable than large ones. This we find to be true for all of our 
models. 

We must distinguish between the gruduality of the transitions and 
their fluency. We could speak about the absence of the latter property 
if a state of things existed where there would be an equal probability 
for either a rise or a fall after a rise as well as after a fall. If fluency were 
missing we should obtain waves covered by zigzags such as we find in 
Model I (see Figure 3). 

For example, we have for Model I, 


Yy=S5tMMt+ateet- >: +2, 
Y1 5 +2 tae ts >> +29 + 210, 
y= 5 + tet >>> + 2% + 210 + 21, 


from which we obtain 
Ayo = Yi — Yo = 10 — Xo, 
Ay = 92-4" = fu — XN, 


Thus we see that the adjacent first differences do not have any 
causes in common, and hence are not correlated. The same applies to 
differences which are further apart, with the exception of such as 
Yi-—Yo=X9— Xp and yu—Yio=220—X10. The series of differences is al- 
most incoherent and hence the waves will be covered by chaotically 
irregular zigzags such as we find in Model I. 

Let us assume further that adjacent differences are positively cor- 
related. Then, in all probability, after a rise another rise will occur, 
after a fall a further fall; a steep rise will have the tendency to continue 
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with the same steepness, a moderate one with the same moderateness. 
So small sections of a wave will tend to be straight lines; and the greater 
the coefficient of correlation between adjacent differences the closer 
the sections approximate straight lines.!” 

Correlation between second differences plays an analogous role. The 
greater this correlation coefficient, the greater the tendency toward 
the preservation of the constancy of the second differences. Over more 
or less considerably long intervals a series with approximately constant 
second differences will tend to approximate a second-degree parabola 
as all ‘“‘good’’ curves do. In Table 3 are given, for Models, I, II, and 
III, the values of the correlation coefficients between the adjacent 
items of the series (7,), between the adjacent first differences (7;"-), and 
between the adjacent second differences (r:°:”). The coefficients were 
calculated by the formulas of the Appendix, Section 1. As we go from 
the first basic series to Model I and then to Models II and III, we find 
progressive changes in their graphic appearance (see Figures, 3, 2, 8, 
and 11 respectively). These changes are produced at first by the in- 
troduction and then by the growth of graduality and of fluency in the 
movements of the respective chance waves. The growth of the degree 
of correlation between items (or between their differences) as we go 
from the first basic series to Model I, ete. (see Table 3) corresponds to 
the changes in the graphic appearance of our series. 


TABLE 3 


Coefficient of correlation between: 










Model Terms First differences Second differences 
1 70.) 7 (2,2) 
—0.5 
0.0 
0.9876 


IV. EMPIRICAL EVIDENCE OF THE APPROXIMATE 
REGULARITY OF CHANCE WAVES 


Our first thesis, that is, the demonstration of the possibility of the 
appearance of undulatory processes of a more or less fluent character 
as the result of the summation of random causes, may be considered 


17 The term tendency is used here in a strict sense. To each equation of regres- 
sion (giving the value of the conditional mathematical expectation of a variable 
asa function of some other variable) there corresponds an approximate equation 
between the variables themselves. The closer to unity the absolute value of the 
coefficient of correlation lies, the greater is the probability that this functional 
relationship will be maintained within the limits of the desired accuracy; i.e., 
the stronger will be the tendency. 
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as practically proved. However, our second thesis, that is, the demon- 
stration of the approximate regularity of the waves, offers considerably 
greater difficulties. Again we shall begin with the inductive method. 
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Ficure 7.—The frequency distributions of the lengths of waves and half- 
waves: A, Business cycles of 12 countries, not including England (Mitchell); 
B, to By, .Aodels II, 1Va, IVb, and IVe respectively. 


In Figure 2 are plotted 1000 points of Model II; a conis-.usus line 
has been passed through them, which, because of the small scale, seems 
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to be a comparatively fluent curve. One can distinguish on the curve 
waves of different orders—even down to insignificant zigzags, of which 
a number are not apparent on the graph because of their minuteness. 
The maxima and minima having been listed, together with the length 
of their half-waves and amplitudes, we have found that, since an em- 
pirically descriptive point of view, in its very nature, permits only 
approximate solutions,'* it was legitimate to draw a boundary between 
waves and ripples: maxima and minima with amplitudes of ten units 
or less being discarded as ripples. The remaining maxima and minima 
are indicated by arrows in Figure 2. The distribution of the lengths 
of the 83 half-waves for Model II is given graphically in Figure 
7 (B,). Figure 7 includes the distribution (A) of the lengths of 93 
cycles of economic life for 12 countries outside of England, as given 
by Mitchell. The coefficient of variation for the latter is 47.0% as 
compared to 48.6% for Model II. Thus we find variation of the same 
degree in the two distributions. The distributions for Models IVa, IVb, 
and IVe are also shown in Figure 7. The average lengths of waves are 
9.23, 7.36 and 6.15, while the coefficients of variation are 38.2%, 32.7% 
and 29.2% respectively. In general appearance these last three dis- 
tributions are similar to the first two, although the last three have 
less variation, in spite of the fact that for Models IV, a, b, and ¢, the 
data are taken without discarding the ripples. Our models being based 
on some a priori schemes, it appears quite likely that some day it will 
be possible to calculate the mathematical expectation and variability of 
the distances between maxima and minima. In this respect, therefore, 
the chance waves in coherent series must be subject to some kind of 
regularity, the regularity of this type being observed even in the chaot- 
ic zigzags of purely random series.” 

Weare interested, however, in a different aspect of the problem. The 
attempt of Mitchell to deny the periodicity of business cycles is a result 
of his tendency to stick to a purely descriptive point of view. The 
means of description which he uses and which we tried to imitate for 
our models are far too crude. If we try to apply the same method to a 
sum of two or three sinusoids the result would be approximately the 
same. Those investigators of economic life are right who believe in 
their acumen and instinct and subscribe to at least an approximate 
correctness in the concept of the periodicity of business cycles. Let us 


18 Cf, E. Husserl, [deen zu einer reinen Phinomenologie und phénomenologischen 
Philosophie, Halle a.d.S., 1922, § 74: Deskriptive und exakte Wissenschaften, p. 
138-139. 

19 W. L. Thorp, Business Annals, Introduction by W. C. Mitchell, p. 58. 

20 Tbid. 


21 Cf. L. von. Bortkiewicz, Die Iterationen, 1917. 
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again examine Model II (Figure 2). In many places there are, appar- 
ently, large waves with massive outlines as well as smaller waves 
lying, as it were, over them; sometimes these are detached from them, 
sometimes they are almost completely merged into them. For example, 
at the beginning of Figure 2, three waves of nearly equal length are 
apparent, that is, from the first to the third minimum, from the third 
to the fifth, and from the fifth to the sixth. Upon these waves smaller 
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Figure 8.—o-o0-0 The first 120 even terms of Model II. Sum of the 
first five harmonics of Fourier series: y = 518.14 —20.98 cos (27t/240) +50.02 sin 
(2xt /240) +17.30 cos (2rt/120) —3.16 sin (27¢/120) —10.93 cos (27t/80) +35.66 
sin (27t/80)+17.18 cos (27t/60) —21.92 sin (27¢/60) —38.53 cos (27t/48) —3.65 
sin (27t/48). 
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Figure 9.—o-o0-o The deviations of Model II from the sum of the first five 
harmonics of Fourier series. 6th sinusoid: y =12.98 cos (27t/40) —51.50 
sin (2t/40). 





ones can be seen having also approximately equal dimensions. A careful 
examination of the graphs of our models will disclose to the reader a 
number of places where the approximate equality of the length of the 
waves is readily apparent. If we had a much shorter series, such as a 
series offered by the ordinary statistics of economic life with its small 
number of waves, we should be tempted to consider the sequence as 
strictly periodic, that is, as composed of a few regular harmonic fluc- 
tuations complicated by some insignificant casual fluctuations. For 
instance, let us consider two sections of Model II, lying one directly 
above the other in Figure 2, namely, the section from item 100 to 
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item 250 and the one from 600 to 750. The similarity between the waves 
in these sections is apparent. 

The accuracy of the above deduction is limited by the imperfection 
of a visual impression. To eliminate this shortcoming, let us analyze 
one or two sections of our models harmonically by means of Fourier’s 
analysis. This has been done for a section of 240 points of Model II 
and the 360 points of Model III. Because of the great fluency of these 
series it was sufficient to use only the even-numbered ordinates (i.e., 0, 
2,-- - 238, and 0, 2, - - - 358, respectively), thus saving some computa- 
tion. The results for the 120 points of Model II are shown in Figures 8, 
9 and 10, those for the 180 points of Model III in Figures 11 and 12. 
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Figure 10.—o-o0-0 The deviations of Model II from the sum of six harmonics. 
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First let us consider Model II. In Figure 8 the sum of the first five 
sinusoids of the Fourier series are shown, while in Figure 9 the devia- 
tions from that sum are shown together with the sixth sinusoid. It is 
known, of course, that practically any given curve can be represented 
by a sum of a series of sinusoids provided a large enough number of 
terms is taken. It is not for every empirical series, however, that we can 
obtain such a significant correspondence and such a sharply expressed 
periodicity with a comparatively small number of harmonics. The 
approximately regular waves which were apparent even in the crude 
series are much more distinct now when they are isolated by deducting 
the sum of the first five harmonics. Of course, we cannot assert that the 
rest of Model II would follow the same periodicity, but, for our pur- 
poses, it is sufficient that successive waves should maintain an approxi- 
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mate equality of length for six periods. This hardly can be considered 
to be a chance occurrence; the explanation of such an effect must be 
found in the mechanism of the connection of the random values. 

The deviations from the sum of six harmonics are plotted in Figure 
10 together with the corresponding fluent curves. These curves are 
obtained as interference waves of two sinusoids with equal amplitudes 
and approximately equal periods. In other words, such a curve can be 
represented as the product of two sinusoids or as a sinusoid with an 
amplitude also changing along a sinusoid. These bending sinusoids 
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Figure 11.—o-o-o The first 180 even terms of Model III. ----y; =554.8 
+31.79 cos (2rt/360) +3.40 sin (27t/360). —-—- yrr = yr — 58.82 cos (2xt/180) 
+46.63 sin (27t/180). yrit =yr1 — 75.36 cos (2xt/120) +0.61 sin (2t/120). 





separate on the graph the regions which place our empirical series in a 
definite regime.” Over a large part of the first region the regime is 
maintained for three or four periods with a correspondence that is 
much greater than could reasonably be expected between an analytical 
curve and a random series. At the beginning and end of a region the 
regime is broken. The point where a bending sinusoid cuts the axis of 
abscissas is the critical point. After this point a regime is replaced by 
another regime of the same type, but having different parameters. 
Throughout the greater part of the second region, as in the first, the 
regime is quite well sustained.” 

22 The term regime has been borrowed for the purposes of theoretical statistics 
from hydrography by N. 8. Tchetverikov. See his work: ‘‘Relation of the Price 
of Wheat to the Size of the Crop,”’ The Problems of Economic Conditions, Vol. 1, 
Issue 1, Moscow, 1925, p. 83. 

23 The parameters of a regime, 

y = A sin [(360°/L)(x — a)] sin [(360°/l)(z — b)] 
are easy to determine by means of graphical construction after a few trials. It 


is also possible to make corrections, using the method of least squares, but in 
our case we did not think it necessary. 
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If a result like the foregoing is not due to chance, a much better 
proof could be expected from an analysis of Model III for which the 
correlation between the elements is greater than for Model II. In Fig- 
ure 11 the even-numbered points from 0 to 358 of Model III are plotted 
together with the first harmonic of the Fourier series, the sum of 
the first two, and the sum of the first three sinusoids. Instead of the 
six sinusoids needed for Model II, only three are here necessary 
for our purposes. The deviations from these are shown in Figure 12. 
Three regions are apparent with a change of regimes at the critical 






























































Figure 12.—oooo Deviations of Model III from the sum of the first three 
harmonics. A B----C, Regime I: yy =136 sin [2x(¢—167)/960] sin [2x(t —39) 
/64]. D-----E, Regime II’: yzr’=58 sin [2r(t—94)/360] sin [2x(t—98)/36]. 
E——F....G, Regime II’’: yrr’’ =58 sin [2x(t —94)/360] sin [2x(¢ —170)/54.4]. 
H-..—..-K——L, Regime III: yrrr =182 sin [2x(t —222)/276] sin [27(t —250.6) 
/59.6]. B——E; y=yr+-yrr’. F——RK: y=yrr"' +111. 





points. In addition we find one more regularity: to the overlapping 
parts of the said regions corresponds every time the partial superposi- 
tion of the regimes, i.e., the algebraical addition of the respective curves. 

Let us try now to summarize our observations in the following ten- 
tative and hypothetical manner: 


The summation of random causes generates a cyclical series which 
tends to imitate for a number of cycles a harmonic series of a relatively 
small number of sine curves. After a more or less considerable number of 
periods every regime becomes disarranged, the transition to another regime 


occurring sometimes rather gradually, sometimes more or less abruptly, 
around certain critical points. 
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V. THE TENDENCY TO SINUSOIDAL FORM 


In addition to the tendencies towards graduality and fluency (that 
is towards linear and parabolic forms for small sections) we find a third 
tendency, namely, the tendency toward a sinusoidal form. 


Let yi, Yi+1, Yi+2, * * - be the ordinates of a sinusoid. Then it is always 
true that 
(2) A*y; = — Qi, 


where A*y;= (yi+2—Yis1) — (Yini1— yi), that is, the 7th second difference 
of the series. 

Conversely, it can easily be proved that the function defined by an 
equation of the form (2) in case 0<a<4 must be a sinusoid.* Now, if 
there is a high correlation between the second differences (A?y;) and 
the ordinates (y:+1) of a series, then equation (2) will be approximately 
true and there will exist a tendency toward a sinusoidal form in the 
series. The closer the correlation coefficient between A’y; and y;4:, de- 
noted by us by 7°, is to —1, the more pronounced (or strong) is the 
tendency to a sinusoidal form. 

A tendency toward either linear or parabolic forms cannot appear 
in a very large section of a coherent series because it would disrupt its 
cyclic character. The accumulation of deviations necessarily destroys 
every linear or parabolic regime even though the respective correlations 
are very high. After a regime is disrupted the new section will have a 
new, let us say a parabolic, regime (i.e., a regime of parabolas with 
different parameters). This process continues throughout the entire 
series, so that each coherent series of the type considered here is 
patched together out of a number of parabolaswith variable parameters 
whose variations generally cannot be foreseen. 

A sinusoidal regime is also bound to disrupt gradually, this being a 
property which distinguishes every tendency from an exact law. But 
under favorable conditions the sinusoidal tendency can be maintained 
over a number of waves without contradicting the basic property of a 
coherent series. In order to obtain a result of this kind it is necessary 
that the respective correlations be sufficiently high. But, as a matter of 
fact, r,°:® for Model II is approximately the same as for Model I 
(—0.315 and —0.316), while Model III with its great smoothness has 
an 7, less than that of Model IVa (—0.578 as compared to — 0.599). 
It seems, however, to be very probable that this criterion is insufficient 
just because we have to deal here not with one sinusoid but with a 
whole series of sinusoids having different periods. Equation (2), of 


24 The condition 0<a<é4 is always satisfied in our case since a=2 (1—1) 
where 7; is a correlation coefficient between the adjacent terms of the series (be- 
tween y; and y;41). See Appendix, Section 4. 
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course, is true only for a single sinusoid and cannot be applied to a sum 
of sinusoids. 

To find an instance more apt to illustrate the tendency in question, 
let us consider the differences of various orders for Model III, the series 
best adapted for such purposes. If a curve is represented by a sum of 
sinusoids, then the differences of all orders are sums of sinusoids having 
waves of the same periods as the curve. The higher the order of the 
difference, the more pronounced are the shorter periods, since the dif- 
ferencing process weights the shorter periods as against the longer ones. 
Thus, by applying the formulas of the Appendix, Section 1, we find 
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Figure 13.—oooo The fourth differences of Model III X10‘. --—-— Their 
relative ordinates, together with the sinusoid. 


that the coefficients of correlation, r,°, for Model III itself, and for 
its first, second, third, and fourth differences, are —0.5781, —0.7756, 
— 0.8462, —0.8830, and —0.9057, respectively. The following con- 
siderations will show us to what extent the simple sinusoidal regime is 
maintained at least over small portions of the last series. 

Let us determine the highest (or lowest) point of a typical wave (A 
or B, respectively, in Figure 14) as the apex of a second-degree parabola 
which passes through the three highest (or the three lowest) points of the 
wave. Then, let us draw a horizontal line bisecting the distance between 
the highest and lowest points of the wave. Further, let us denote the 
point where this horizontal line crosses the straight line joining the 
two points between which the horizontal line passes as C. This point 
divides AB into two quarter-waves, AC and BC. For each of these, let 
us make the following construction: Dividing the base line DC (D 
having the same abscissa as A) into six equal parts, we obtain seven 
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points corresponding to 0°, 15°, 30°, 45°, 60°, 75°, and 90°. At the five 
central points construct perpendiculars and extend them to the parab- 
ola fitted to the three empirical points (interpolated according to 
Newton’s formula). These perpendiculars are the ordinates of an em- 
pirical half-wave and, if we divide through by the maximum ordinate 
AD, we obtain the relative ordinates yis, y30, Ys, Yoo, aNd yz. If our 
wave is a sinusoid, these relative ordinates will equal the sines of 15°, 
30°, 45°, 60°, and 75°, respectively. The empirical relative ordinates for 
the 12 quarter-waves of A‘,,,, are shown by black dots around the 
regular sinusoid of Figure 13, while the relative ordinates of the first, 
second, etc., quarters of every empirical wave are shown on the first, 





Figure 14.—A Scheme for Calculation of the Relative Ordinates. 


second, etc., quarters of the sinusoid. The points can hardly be distin- 
guished from the curve. Thus the tendency to a sinusoidal form is 
shown rather distinctly. If we compute the arithmetic averages of the 
relative ordinates having the same abscissa (e.g., His = 1/12(yis® + ys 
+--+ +y:5°?)) and compare them with the corresponding sines (e.g., 
sin 15°), we shall see that the deviations are less than 4 in the second 
decimal place (see Table 4). The agreement is, therefore, close enough 

















TABLE 4 
-angl 
5 Ma ae 30° 45° 60° 75° 
Ja 0.258 0.496 0.703 0.863 0.964 
Sin a 0.259 0.500 0.707 0.866 0.966 





Deviations —0.001 —0.004 —0.004 —0.003 —0.002 
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to be considered as the clear manifestation of the tendency toward a 
sinusoidal form, and thus displays once more the ability of chance 
waves to simulate regular harmonic oscillations. 


VI. ON THE PSEUDO-PERIODIC CHARACTER OF THE EMPIRICAL 
CORRELATIONAL FUNCTION™ 


As a further illustration of the sinusoidal tendency, I shall consider 
here a chance series satisfying, to a rather high degree of approxima- 
tion, the equation 


(3) Az; — pAziz1 — G22 = 0, 


corresponding, if treated as a precise one, to the sum of two sinusoids. 
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FieurE 15.— 0000 The reduced empirical correlation function of Model 


IVe. — Sum of two sinusoids, separately for each of three intervals. ..... 
Sum of three sinusoids. 





Let us denote the series in question by the symbols 
p'11) p'12, ee Gas p64, 


the values of p’; (see Figure 15) being given by the equation 


as . yf = 
t= 128 Pty 


where p; is the empirical correlation coefficient between the terms (y;, 
yi+t) of the series made up by 128 items of Model IVe. As the values 
of p; have been calculated from very different numbers of items vary- 
ing from 117 (that is, 128—11) to 64 (that is, 128—64), the reduction 


25 Kugen Slutzky, ‘‘On the Standard Error of the Correlation Coefficient in 
the Case of Homogenous Coherent Chance Series” (in Russian, with English 


summary). Transactions of the Conjuncture Institute, Vol. 2, 1929, pp. 94-98, 
154. 











128 ECONOMETRICA 


by (4) has been thought useful in order to bring the respective standard 
deviations to approximate equality. 

Before going further, the following remarks will be made. Let yo, 
y1, °° + be astationary chance series. This implies that the mathemat- 
ical expectation, E(y;), is a constant, that the standard deviation, co, 
is a constant, and that the correlation coefficient, r;, between y; and 
yi+t, is a function of ¢ only. Then, putting, without loss of generality, 
E(y:) =0, we shall have o? = E(y,*) and r:= E(yiyis:)/o?. This being the 
theoretical correlation coefficient, let us suppose that 7r,=0 if t>w. 
Then the correlation coefficient, r’., between the empirical correlation 
coefficients, p, and p+, will be given by the equation 


@ 
z. TT ttu 


—O 


(5) Tu = T( pt Pru) = Soman pst 
2: r? 


this formula being approximately correct if it be supposed (1) that p; 
and p+, are calculated from the same number of values, 7; (2) that n 
is sufficiently large; and (3) that t>2w, n—t>w, and u>0.*6 

Let us suppose now that the values of r’,, calculated from (5) may 
be held to be approximately true for the series of the reduced correla- 
tion coefficients (p’11, p’12, - - « p’ss) defined above. Then we have to 
consider the following problem: 

The series given (p’:) being a chance series, there can exist no pe- 
riodicity in the strict sense of the word. Its cyclical character being, 
however, obvious (see Figure 15), it may be asked whether the law of 
its composition from simple harmonics cannot be detected when its 
correlational function is known. 

Let us try to solve this problem to the first approximation by sup- 
posing that our series can be duly approximated by the sum of two 
sinusoids with constant periods and varying amplitudes and phases. 
To this end, let us find the parameters of the regression equation which 
can be written in the form 


(6) Ato’. = pa’ p' ust + QP u+2 + €, 
e being the “error,”’ and p and q being determined by the method of 


least squares. If we denote the correlation coefficients between the 
pairs of values 


(A4p’u, A®p'u41), (A4p’u, p’ute), (A? putt, P’ut2) 


by riz, 71s, T23 Tespectively, then, using the formulae (43)—(44) (Ap- 
pendix, Section 1), we obtain 


26 Cf. Slutzky, loc. cit. in note 25, pp. 91-94. 





——_———— 
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A®r’_s A‘r’_» A?r’_, 
(7) Ne = —————; nis = ———; a = 


? ? C+ aos 
V/A Sp ’_4A4r tise V Agr ain V/A 4y rs 


where r’_, (=r’,) is the correlation coefficient defined by the equation 


(5). These values are 
ee = A omar 0.761 ,874,30, 


I 


r’_3 =r’s3 = — 0.618,465,96, 
r’_» = r’, = — 0.013,793,10, 
r’_, =r’; = — 0.689,655,17, 
whence, using (7), 
Ti. = 0.945,847, ms = 0.760,844, ros = — 0.919,999. 
Then, by the well-known formula of linear regression, we obtain 
p = — 1.419,386, gq = — 0.425,828, 


the multiple correlation coefficient, between A‘p, on the one hand, and 
A*pus1 and pu+2 on the other, being 71.23= 0.986. The correlation is thus 
very high and so it is quite reasonable to omit ¢ in (6) and to treat the 
resulting approximate equation according to the rules of the calculus 
of finite differences. We find thus that the solution of this equation is 
the sum of two sinusoids with the periods 


Ll, = 9.40, Ly, = 6.04. 


Let us, then, divide our series (p’11, p’12, - - - p’gs) into three parts, 
of 18 items each, and let us find, for each part separately, two sinus- 
oids with the periods L; =9, L2=6, these being the whole numbers near- 
est to the theoretical values just obtained. We find the results given 
in Table 5. 


TABLE 5 





Part I Part II Part III 


I, =9 L2=6 L,=9 L.=6 L,=9 L,=6 








Amplitude 0.19790 | 9.07820 || 0.12614 | 0.12527 || 0.29123 | 0.13340 
Phase 231°37’ 52°39’ 218°2’ 295°2’ || 270°52’ 2°33’ 


A glance at Fig. 15 shows that the theoretical curves fit the empirical 
points very satisfactorily and it seems fairly certain that, if we had 
included one or two sinusoids more, we could have obtained a quite 
satisfactory fit, even if treating our empirical series as a whole. This 
can be proved by the fact that the sum of three sinusoids 
z = 0.1893 sin [(360°/8.80)t — 47°3’| 
+ 0.1000 sin [(360°/7.14)¢ + 168°24’ | 
+ 0.0794 sin [(360°/5.87)t — 76°3’], 
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though found by rather a rough graphical estimate, fits our empirical 
curve in a fairly satisfactory manner.”’ 


VII. THE LAW OF THE SINUSOIDAL LIMIT 


Many tendencies dealt with rather empirically in the preceding dis- 
cussion will be more clearly understood, and their significance more 


fully appreciated, if we take into consideration the following proposi- 
tions.?8 


TueoreM A: (The Law of the Sinusoidal Limit) 


Let 71, y2, - : - be a chance series fulfilling the conditions, 
E(yi) =0, Ey?) = 0? = f(n), 
E(yiyi+t) 
———— = r= $(t, n), 
E(y;*) 


where n is a parameter specifying the series as a whole, and f(n) and 
g(t, n) are independent of 7. If, furthermore, the correlation coefficient, r1, 
between y; and yi41, satisfies the condition 


|n| S$e<1, (n— &), 
and the correlation coefficient between A®y; and yi+1, that is, pi, is such that 
lim p, = — 1, (n— o), 


then (1) € and n being taken arbitrarily small and s arbitrarily large, there 
will exist a number, no, such that for every n> no, the probability, that the 
absolute values of the deviations of yi, Yis1, + * * Yirs froma certain sinusoid 


will not exceed eco, will be >1—n; (2) the period of this sinusoid will be 
determined by the equation 


cos (27/L) = 1; 


(3) the number of the periods in the interval (7, i+s) will be arbitrarily 
large provided s and n be taken large enough. 


This proposition (for its proof see Appendix, Section 4) would be of 
no interest could we not give at least a single instance of a chance series 
satisfying the conditions of Theorem A. This is done by 


27 The above illustration seems to throw some light on the difficulties connect- 
ed with the idea of a correlation periodogram. Cf. Dinsmore Alter, “A Group 
or Correlation Periodogram,’’ etc., Monthly Weather Review, Vol. 55, No. 6, June, 
1927, pp. 263-266; Sir Gilbert Walker, “On Periodicity in Series of Related 
Terms,” Proc. Royal Soc., Ser. A, Vol. 181, No. A 818, 1931, pp. 518-532. 

28 KE. Slutsky, “Sur un théoréme limite relatif aux séries des quantités éven- 
tuelles,’’ Comptes Rendus, Paris, t. 185, seance du 4 Juli, 1927, p. 169. 
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THEOREM B: Let 2, 22, - - - be a random series fulfilling the condi- 
tions 


E(z;:) = 0, E(x.) = o,? = const., E(ax;) = 0, (¢ 9). 


Now, if we put 
er Re oh Spey EE me a Ra y= 
ay = 2,-) 4 a, O-d, 


and 
yi = Anz;™, 


then the series y1, y2, - - - will tend to obey the law of the sinusoidal limit, 
provided m and n be increasing indefinitely and m/n =constant (for the 
proof see Appendix, Section 4). 


Both propositions can be generalized to the case of a chance series 
practically coinciding, not with one sinusoid, but with the sum of a 
certain number of sinusoids.” In every case, however, the practical 
coincidence (and it is a very essential character of the series under 
consideration) does not extend itself to the series as a whole, the re- 
spective sinusoids of closest fit being different for different partial 
series. This is plainly evident for the chance series of Theorem B, for, 
s being arbitrarily large and n and m being sufficiently large, the values 
y; and yi: will be wholly independent of each other as soon as t>m 
+n-+1, whence it follows that the phases and the amplitudes of the 
sinusoids practically coincident with the partial series, y;, yis1, - - - 
Yirs, ANd Yistre, Yirtestty °° * Yittres, respectively, will also be inde- 
pendent of each other provided t>m+n-+1. 

The following considerations will show us the same problem from a 
somewhat different standpoint. Let us suppose a certain mechanism is 
being subjected to damped vibrations of a periodic character and to 
casual disturbances accumulating energy just sufficient to counter- 
balance the damping.*® Then the movement of the system could be 
regarded as consisting of the two parts: of the vibrations determined 
by the initial conditions at some given moment, and of the vibrations 
generated by the disturbances that have occurred since. As soon as the 
first part has been nearly extinguished by the damping process after 
due lapse of time, the actual vibrations will be reduced practically to 
the second part, that is, to the accumulated consequences of the chance 


22 V. Romanovsky, “‘Sur la loi sinusoidale limite,’”’ Rend. d. Circ. mat. di 
Palermo, Vol. 56, Fasc. 1, 1932, pp. 82-111; V. Romanovsky, “‘Sur une generali- 
sation de la loi sinusoidal limite,’’ Rend d. Circ. mat. di Palermo, Vol. 57, Fasc. 1, 
pp. 130-136; cf. Sir Gilbert Walker, op. cit., in note 27. 

30 Cf. G. Udney Yule, “On a Method of Investigating Periodicities in Dis- 
turbed Series with Special Reference to Wolfer’s Sunspot Numbers,” Phil. 
Trans. Roy. Soc. of London, Ser. A. Vol. 226, 1927, pp. 267-298. 
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causes. The latter, after a due time, being again reduced to a value 
not different practically from zero, the vibrations will consist of the 
disturbances accumulated during the second interval of time and so on. 
It is evident that the vibrations ultimately will have the character of 
a chance function, the described process being a particular instance of 
the summation of random causes. Should the disturbances be small 
enough, there would exist an arbitrarily large, but finite, number, Lo, 
such that the resulting process would be practically coincident, in 
every interval of the length, LS Zo, with a certain periodic (or nearly 
periodic) function, obeying thus the law of the sinusoidal limit. 

Analogous considerations may be applied to the motion of planet- 
ary, or star systems, the innumerable cosmic influences being consid- 
ered as casual disturbances. The paths of the planets, if regarded during 
billions of years, should be considered, therefore, as chance functions, 
but if we do not wish to go beyond thousands of years their approxi- 
mate representation must be taken as not casual. 

The chance functions of the type just considered appearing on the 
one end of the scale, and the random functions on the other, there 
evidently must exist all possible intermediate gradations between these 
extremes. The ability of the coherent chance series to simulate the 
periodic, or the nearly periodic, functions, seems thus to be definitely 
demonstrated. 

It remains for us to try to clear up theoretically the remarkable 
property of some specimens of chance series, which do not belong to 
the extreme classes of their type, of being approximately representable 
by a small number of sinusoids, over a shorter or longer interval. 

It is well known that every empirical series consisting of a finite 
number of terms (N =2n or 2n+1) can be represented precisely by a 
finite Fourier series, that is by the sum of a finite number (n) of sinu- 
soids. Further, it is plainly evident, the series under consideration being 
chance series and the coefficients of the Fourier expansion, 


yt = Ao + >, Ax cos (2rkt/N) + >> By sin (2rkt/N), 
1 1 


that is, the values Ao, Ai,:--An, and Bo, Bi,--- Ba, being linear 
functions of y1, y2, °°: Yn, that the variables A; and B;, will also be 
chance variables. Their mathematical expectations, standard devia- 
tions, and the correlation coefficients between them can be easily 
obtained.*! Denoting by R,’? the intensity of the kth harmonic, that is, 


3 E. Slutsky, ‘‘Alcuni applicazioni di coefficienti di Fourier al analizo di 
sequenze eventuali coherenti stazionarii,’’ Giorn. d. Istituto Iialiano degli Ai- 
tuart, Vol. 5, No. 4, 1934; see also E. Slutsky, “Sur l’extension de la theorie de 
periodogrammes aux suites des quantités dependentes.’’ Compte Rendus, t. 189, 
seance du 4 novembre, 1929, p. 722. 
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the square of its amplitude, we shall have 


R,? - A;? + 57, 
and 


N-1 
E(R,?) = (40,?/N) E +2>° r; cos (2nkt/¥) | 


N-1 


— (80,2/N?) >> tr; cos (2xkt/N), 


(8) 


whence, for the case of a random series, we obtain at once the formula 
of Schuster, 


(9) E(R;*) = 40,7/N, 
the probability distribution being the same in both cases, 
(10) P(R? > Z*) = exp [— Z?/E(R,*)]. 


Let us suppose the m intensities happening to have the largest values 
in some given case are those with the indices: a, 8, - - - w and let 


3(R.? > Re? — She R,”) rs ps’, 


s? being the square of the empirical standard deviation and p the co- 
efficient measuring the degree of approximation reached in the given 
case by means of m harmonics. By taking account of (8), (9), and (10), 
we see at once that, in the case of a random series, the indices a, 8, - - - u 
are able to assume any values with equal probability but that in the 
case of a coherent series those having the largest values of E(R;”) 
will be the most probable. As half of the sum of the intensities is equal 
to the square of the empirical standard deviation (Parceval’s theorem), 
it is but natural that the coherent chance series, in many cases at least, 
may be represented—the degree of approximation being the same—by 
a smaller number of harmonics than the random series. 

It can be proved further (under suppositions of a not very restrictive 
character) that the correlation coefficients between the intensities 
belonging to the same interval, as well as between those belonging to 
the adjacent intervals, are quantities of the order 1/N?, and that the 
standard deviation of the intensity, cp2, tends to be equal to its prob- 
able value, E(R,2). Whence it is evident that the indices of the har- 
monics which happen to be the most suited for the representation of 
the series in a certain interval must also be practically independent of 
the indices of the ‘‘best’’ harmonics in adjacent intervals, the length of 
these intervals being sufficiently large. The larger the probable value 
of the intensity the larger also must be the extent of its casual varia- 
tion. These are properties quite consistent with a considerable degree 
of regularity—as well as with the abrupt changes of the “‘regimes”’ de- 
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termined by studying the empirical series dealt with in the foregoing 
pages. 
APPENDIX 


MATHEMATICAL NOTES OF THE THEORY OF RANDOM WAVES 

1. Let xo, 21,---2:,-+-+ be a random series, that is, a series of 
chance values independent of each other. Let this be our basic series 
and let it be considered asa modelof incoherent series of random causes. 


Denoting by the symbol # the mathematical expectation, let us sup- 
pose that 


(1) E(x:) = 0, E(x;?) = o.? = const.; E(x,2;) = 0, (t¥ 9). 


From the basic incoherent series of causes let us construct a coherent 
series of “consequences,” - - - yi-2, Yi-1, Yi» °* +, by the scheme 


n—-1 
(2) v= Py Ax Li-k, 
k=0 


where the quantities A; are constants. Then, by using (1) and (2), it 
can easily be shown that 


n—1 
(4) E(y2) = 0,2 = 02? ), A;?, 
k=0 
(n—1)—t 
(5) E(yyi+e) =o,” >» AyAnst- 


+ k=0 


Since equations (4) and (5) do not depend on 7, the coefficient of 


correlation between y; and y;_:, that is, 7, is also independent of 7, and 
we have 
(n—-1)—-t 


Dd ArAusye 
k=0 
(6) 1S ea 


n—1 


2 Ai? 
k=0 
from which it immediately follows that 


(7) ro=ljpre=riyjre = 0, (¢ 27). 


The process of moving summation can be repeated. As before, let us 
take -- + 22, %:-1, 2; - + - as the basic series underlying the conditions 


8 Cf. Prof. Birger Meidell’s valuable investigation of the analogous cumula- 
tive processes in his paper, ‘Uber periodische und angenaherte Beharrungs- 
zustinde,”’ Skandinavisk Aktuarietidskrift, 1926, p. 172. 
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(1). Then on performing an s-fold moving summation we obtain the 
following successive consequence series: 


a—1 


n—1 
2) = = a, Ya; 4: 2,2) = bo oa; ps. ss 
k=0 k=0 
(8) 


a=—3 


2 = DY a2, .6-). 
k=0 


After the s-fold summation we have an expression of type (2) with 
yi:=2z;. Hence, if we take n=2 and a,‘ =1, it can easily be shown 
that 


(9) ¥i= 2, a Cie. 
k=0 

If we put 

(10) o(t) = ——exp (— 3#’), 


V 29 


we can, by the use of well-known transformations, obtain the approxi- 
mate expression (which we write for an even s) 


(11) 4 = A 26(—"), 
D being a coefficient, the value of which need not concern us here. 

It is very remarkable that a similar result will always be obtained 
for s sufficiently great, whatever be the weights used, provided it is 
supposed (1) that the weights are not negative, (2) that they remain 
constant at every given stage of the process, and (3) that the summa- 
tion does not tend to degenerate into a mere repetition of the same 
values, which would be the case should all a, but one tend to approach 
0; (the sum of the weights is supposed, without loss of generality, to 
be constant). 

To prove this, let us remark first that the result of the s-fold summa- 


tion given by (8) can evidently be obtained by a similar s-fold summa- 
tion with the weights 


po, pi, +++, Pra, ( =1,2,---,8), 





where 
(7) n—1 
5 OK 
pe = ; mM; = > a, , 
™; k=0 


if we multiply the resulting weights by the proportionality factor 
Mi:Mo +++ + Me. 

Now to prove our proposition we shall use the following analogy 
(kindly suggested to the author by Prof. A. Khinchin). 
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Let 2, Z2, - + + 2, be a set of random variables whose possible values 
are 0, 1, 2,---, n—1, the respective probabilities being po‘, pi, 


-+ + Daa”, (J=1, 2, - + - 8). Then it is easy to see that the probability 
of the equation 


(12) k=ateat---+2 


must be equal to the coefficient of z* in the expansion of 


(13) IL (po + pi@a + pea? +--+ + para), 

j=1 
On the other hand, it can be proved that the same coefficient, multiplied 
by m-mz2 - - - - ms, will be equal to the coefficient A, in the equation 


(2) obtained by an s-fold summation according to the scheme (8) with 
the weights 


mpo™, mpi, ae Miprai”, GQ = iL; 2, ns a 8). 
This is easily seen for s=2 and the result can be generalized by mathe- 


matical induction from s to s+1. 
This analogy leads us to the following considerations. Let us put 


n—1 
a; = E(z;) = Do kp, 


k=0 


nami 
(14) b; = E[(z; ee a;)?| = ze (k _ a;)*p,., 


k=0 
n—1 

c; = E[|z; — a;|"?] = | k — a; |*m,®, (9 > 2). 
k=0 


It is evident that b;=0 only if every (k—a;)?p,‘? =0 for k=0, 1, 2, 
- ++ (n—1), and that this is possible only when every p;‘” but one is 
equal to zero, the exceptional p being 1, in which case the values z;‘” 
are merely repetitions of the values x;,(7. 
This case being excluded, we shall have, on the average at least, 


(15) (8) b >e>O0; 
whence k ; 
[ Se) [a Dal 
(16) aeons i Sei socepmaes eles AE, 


8 g 99269 
| X».| 
1 


But this is the well known Liapounoff’s condition, under which the 
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probability distribution of the sum z:+22+ --- +2z,, that is, the dis- 
tribution of the coefficients A;, tends to the normal law.* 
Let us put, for instance, 


a? =a =---=a,49 =1, G=1,2,---,8). 
Then we obtain 


n—1 
mM; = zs a, =n, 
k=0 


(17) mim, +++ Mm, = n°, 
pe? = 1/n, 
for 
j=1,2,---,s, and k=0,1,---,n-—1; 
and 
n—1 

a; = E(e) = D kp = (n — 1)/2, 
(18) ta a 

b; = El(z; — a;)?| = (1/m)4 Dk na = (n? — 1)/12. 

k=0 
Whence 
(19) kyo = E(k) = zl = | = s(n — 1)/2, 
1 

and 
(20) o, = Vsb;j = Vs(n? — 1)/12. 


As s tends towards , the value of A, will thus approach a limit, which 
enables us to write, for s large but finite, the following approximate 
equations :# 


3% It is evident that, since Liapounoff’s theorem is a proposition about the 
limit properties of certain integrals and not of the individual ordinates, the 
above demonstration must be interpreted also in the same sense. For many 
cases, however, for example, in the case of the illustration below, the additional 
conditions are satisfied under which the values of the variables Az, themselves 
are tending toward the ordinates of the Gaussian curve. 

Cf. Liapounoff, ‘‘Nouvelle forme du théoréme sur la limite de probabilité,”’ 
Memoires de l Academie de science de St.-Petersbourg, serie 8, Vol. 12, No. 5. 

R. von Mises, Vorlesungen aus dem Gebiete der Angewandten Mathematik, Bd. 
I—Wahrscheinlichkeitsrechnung und ihre Anwendungen, 1931, p. 200-212. 

R. von Mises, ‘‘Generalizzazione di un teorema sulla probabilita della somma 
di un numero illimitato di variabili casuali,’’ Giornale dell’Istituto Tialiano degli 
Attuari, Anno 5, N4, p. 483-495. 

% This result coincides with that given in the first edition of this memoir in 
1927; it was supplied to the author by the courtesy of Prof. A. Khinchin who 
derived it by the application of the well-known Cauchy theorem to the evalua- 
tion of the coefficient of x* in the expansion of 

(1 tata tees + ar) 


I am sorry that the calculations are too long to be reproduced here. 
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(21) A, = n'\/6/xs(n?—1) exp {— 6(k — ko)*/s(n? — 1)}. 


For the general case, we shall give here the following illustration 
Let the weights for a set of successive summations be certain random 
numbers. For this purpose, let us choose consecutive groups of three 
numbers from the first basic series (Column 2, Table I, Appendix IT). 
For the first moving summation the weights will be ao =5, a, =4, 
ao) =7; for the second ao? =3, a; =0, a2 =3, ete. Performing the 
substitutions indicated by formula (8) we obtain the resulting weights 
corresponding to A, of formula (2), A, =a,.™, Az, Ap, - - - A,O, 
For each given s, we divide the weights by the largest A,“ to obtain 
the relative weights, A’, (see Table VIII, Appendix II, of the orig- 
inal paper, and Figure 5). The series of quantities A’, does not differ 
greatly from the Gaussian curve obtained by putting® 


(22) B’,2® = 1004 exp { — 3[(k — 9.26)/2.67]?}. 
2. The coefficients of correlation between the terms of a coherent 


series are, in many cases, easy to obtain by using formula (6). For a 
simple moving summation of n equally weighted items at a time, we 


have Ap=Ai=--- =A,-1=1. It is easy to see that 
oi) oe (|t| Sn) 
r, = 0, (|t| =n). 


From formulas (4), (5), (9) and the properties of é. we find for 
the s-fold moving summation of two terms, that is, (n=2), that 
(24) 0? = o2[1 + (Ci)? + (Ci)? +--+ + (Cla)? +1] = ACK, 
and 
(25) Ely) = o.*[(CiC, + Cas + + + CL) = oC 
Hence 

—_ ~~ i).-- tsa 
(26) r= C.4/C, = BOD: ETS. 
(s+1)(s +2)---(8+24 


Consider another case. Let us form, from a basic series, a coherent 
series by the scheme: 


3 Let us pass a second degree parabola through Ao’, A;’@%, A,’@%: another 
through A2’“, A3’@%, 4./(0; ete. Denote the area of this figure by S, its maxi- 
mum ordinate by yo, and the abscissa bisecting the area by ko. Then, in the 
Gaussian equation 

BY,O9 = [S/ov/2r] exp{ — 4[(k — ho)/e}*}, 
all of the parameters are known, since 
ko = 9.26, yo = S/or/2x = 1004, 
and hence 


o = S/yo/2x = 2.67 
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2ke 
(27) ¥i= D>; ri-26 [(k — ko)/o], 

k=0 
where ¢(t) is given by formula (10), D is a constant, and ky is a number 
large enough so that ¢(¢) can be neglected for || >ko/o. Then, from 
(6), the coefficient of correlation is 


Y: ol(& — ke)/e]o[(k — ke + 1)/o} 
(28) a 


2ko 


dX {elk — ko)/o}}? 


k=0 


If o is sufficiently large we can substitute integrals for the summa- 
tions in (28). Inserting z =k — ko, we then obtain the approximation for- 


mula 
400 2 t 2 
f exp |- i Z = =e 
o 


(29) ro ;e 2 
f exp |- se 
e o? 


g(t/ovV/2) 
$(0) 


Inasmuch as Model III is formed by the scheme of formula (27), 
with D=10', kj =48, and ¢=10, we can calculate the correlation func- 
tion by formula (29). The values for [¢(t/+/200)]/¢(0), (¢=0, 1, 2, 

-+ +), were calculated with the aid of Sheppard’s tables.** The symbol 
Rurrn, instead of rurrz, indicates that an approximate, and not an 
exact, formula was used in the calculation. 

Model IVa was obtained by a 12-fold moving summation of two 
items; therefore, its correlation function, rxzy.), is obtained by using 
formula (26), which, if we consider (11), gives Rurvae)=$(t//6)/¢(0). 
The discrepancies between the two results are rather small. The cor- 
respondence between rirys) and Rirys) is somewhat less, as is also that 
between rxrv-) and Rxury.). Both sets were computed by formula (45) 
(see next paragraph), but for the calculation of razvs) and rary.) the 
actual values of rizva) were used as the base, while for Ruzys) and 
Riurv.) the approximate values of Rurv.a, obtained by the Gaussian 
formula, were used. Even here the discrepancies are not very great 
when regarded from the same point of view (see Figure 6). 








exp (— {?/40?) = 


% Tables for Statisticians and Biometricians, ed. by K. Pearson, Cambridge, 
1914, Table II. 
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Finally, for Model II, corresponding to the scheme 


18 
(30) yi = 2 = D) A,@aiy, + 50, 
k=0 
Bo«l?-.. 61%... 2 b, 


the coefficients of correlation can be obtained directly from formula 
(6). It is worth noting that, even in this case, a good approximation, 


Rurn, can be obtained by the use of the Gaussian curve, the equation 
being 


(31) Rar) = exp [— 3(¢/5.954)?], 


where o=5.954 was obtained by equating the areas of the Gaussian 
curve and of the empirical curve, and the computations were carried 
through with the help of Simpson’s rule (see Figure 6). 

A few more words may be said about the correlational function for 
the weights, A’,“, of our example of the crossing of random weights 
(see Section 2 of the text, Appendix, Section 1, and Figure 6). The 
exact values of the coefficients of correlation (r;) were found by formula 
(6), while approximate values (R;) were obtained from the equation 


(32) R, = exp [— 3(t/3.727)?], 


which was obtained in the same manner as was equation (31). Both the 
exact and approximate values are given in Table 1 (see also Figure 6). 
Also, let us note that, from the equation of the Gaussian curve which 
approximates the weights, A’,“ (see formula (22) above), it is possi- 
ble to find an approximate expression for the coefficients of correlation 
by using formula (29). An expression analogous to (32) would be ob- 
tained, but instead of o=3.727, we would have o=3.776. The correla- 
tion coefficients are only slightly less accurate than those found from 
formula (32), the deviations are all of one sign, and none is greater 
than 0.009. 

Let us make one more observation. If a chance variable y;=ui+v;, 


where u; is a coherent series and v; is a random series, it is easy to 
show that 


(33) E(yyist) = E(umizs), 

(34) (Ey?) = o,? + o,?, 
luz ug 

(35) Ug U4 = = 


1 + (02/ou2) 
where E(u;) and E(v;) are taken equal to zero. 
If ru;,ui4e lies along the Gaussian curve, then 7y,,y,;,, will lie along 
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a similar curve with ordinates proportionally reduced, except that ro 
will, as formerly, equal unity; the chapeau de gendarme has taken on 
the spike of the budenovka (a Soviet military cap). It is to be expected 
that this figure and the analogous figures for the correlation function 
of the differences (formula (45) of the following paragraph) will be 
encountered in the investigation of empirical series.*” 

3. Let us now investigate the differences of various orders of the 
series y;, i.e., A*y:, A®y;, and their coefficients of correlation.** 
As before, let 


(36) E(y:) = 0; E(y.?) = o,? = constant; E(ywiz:)/o,? = ri, 


where r; is supposed to be independent of 7. Let us introduce the nota- 
tion 
(37) rye) = ryeyahy (a = 6); 
and, in particular, 
(38) 7 6a) == Paty Aus. 7 6% = Tay, .vest > 

By using the equality 

2a a a a a a a ae 

(39) Ci — Ca-xCo -— Ca—a—1)C1 se -b Ca-1Cr-1 —— CLC; 
it can be shown that 


ary,” — E[(Azy;)?| = E| (Cavite 3 Co-Wike- -- CO. Mites 


(40) — +e +(— 1)2Cty,)?] = (— 1)*A2r_,0,?. 
From (40), by using the equality, 


as Oe whe ol ee hi BO HO, 


we obtain 
(42) E[AryA*yixt] = (—)2Ae*r_ao,?, (a 2 8), 
and from this we have 

(—- 2a. 


In the same manner we obtain 


(43) 7 (a8) = 


(-— 1)*A°r:_. 
Ve 1)0" rn 

37 Cf. Figure 19 of Yule, ““‘Why Do We Sometimes Get Nonsense-Correla- 
tions: -- ,’’ loc. cit., p. 43. 


38 Cf, O. Anderson, “Uber ein neues Verfahren bei Anwendung der ‘Variate- 
Difference’ Methode,”’ Biometrika, Vol. 15, 1923, pp. 142 ff. 


(44) rye) = 
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and, as a special case of formula (43), we have 
A2er, 


A2¢7_, 


(45) (ora) = 





By this formula and by (26) the correlation coefficients for Models 
IVb and IVc have been computed. 


4. Let us now prove Theorem A (see Section VII above). The regres- 
sion coefficient of A*’y; on yi4; being 


E(A*y;-yiz1)/oy? = — 2(1 — rn), 
we obtain the approximate equation 
A*y; =- 2(1 — ri)yipt. 
Whence 
(46) yuna = Wnyinr — Yy 


the errors of both equations being evidently identical. If we denote 
this error by a2 and put 82:=a2/c,, we may apply the well-known for- 
mula of correlation theory and thus obtain 

(47) = E(B2?) = E(A*yi)(1 — pi?)/oy? = (1 — px”)(6 — 8 + 2r2). 
Now, under the suppositions of Theorem A, 


lim 6.2 = Dis 


nro 


whence, applying Tchebycheff’s theorem, we see that 6: has the sto- 
chastical limit H(@2)=0, (n>); that is, « and 7 being arbitrarily 
small, the probability 


P{|B2| >e} <2, 


provided n is sufficiently large. 
On the other hand, if we put 


Yizn = 2wvyini — Yi + a, 
Yi¢s = 2wYize — Yin + as, 


Yit+s = 2rYy i¢s—1 = tte=2 var 


and if we insert y:+2 in the second equation of this system, y:43 in the 
third, and so on, we obtain, after reduction, 


(48) Yits = Cini + Coy: + NT yg; 








oT 
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where 
(49) As = a0Bs + QB 5-1 ae oe f Qs—2B2, 
the values do, ai, - - - d,42, being determined by the conditions 
(50) { ao = re Qa = 2r., 
Oxy2 = ZWiGey1 — Ak. 


This equation is identical with 
(51) Yize = 2Yitr — Yi, 


that is, with (46) considered as a precise equation. The solution of 
(51) or (50) can be obtained easily. We find 


(52) y: = A cos (2rt/L) + B sin (22t/L), 
and 
(53) a. = C cos (2rk/L) + D sin (2rk/L), 


where we have put 
(54) cos (27/L) = 7, 


L being the period of the respective sinusoid. It is evident that, under 
the assumptions of Theorem A, (| | <<1), we shall have 


(55) L S 2xr/are cos } = H = constant. 


Two sinusoids must now be considered. The first, which will be 
denoted by S,, is determined by (51), or (52), and the initial points 
Yi, Yiu. It is evident that CiyisitCey; in (48) is the ordinate of Si 
which could be obtained in this form from (51) by successive substitu- 
tions. The deviation of the actual value of y;,, from S; is \,oy as given 
by (48) and (49), the coefficients a, being the ordinates of the second 
sinusoid (S2) determined by (50) or (53), and the initial values ay=1, 
a, =2r;. But, if we put, in (53), k=0, and then k=1, we obtain 


C=1, D=n/V1 — ri. 
Hence the amplitude of S: is 
JC? + D? = 1/V/1 — r? S$ 1/1 — * = K = constant. 
C=1, D=rn/V1 — ni. 
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Thus, taking into account that every a; in (49) has an upper limit 
<vC?+D*, (n—o©) and remembering the theorems of my Metron 
memoir®® we conclude that \, has the stochastical limit =0 and that, 
e and » being arbitrarily small and s arbitrarily large, the probability 
that the conditions 





Ne <6, As SG? S26, 


are simultaneously satisfied will be >1—7n provided n is sufficiently 
large. The formulas (54) and (55) complete the proof. 

To prove theorem B, we may proceed here as follows: It is seen by 
(43) and (45) that the correlation coefficient between y; and y+: is 


ysNaie ae 
(56) r= ryomm) = — ; 


A?™r_.n 
and the correlation coefficient between A*y; and y;4: is given by 


(= 1dr ngry 


(57) pi = yy (mt2,m) _ 
V/ A262) 742A? Tn 


d 


where, using (26) we must put 
2n 
Cut 


Tt => ——- 


(2n 
n 


On the other hand, r_; being equal to r:, it can easily be seen that 
2n a2 2m 2n 
(58) C, A2”r_im = >, (— 1)*Ce Ca—miz = Anim; 


k=0 


where Anim is the coefficient of x**™ in the expansion of (1+)? 
(1—2)*", Applying Cauchy’s theorem we have 


1 1+ 2)2"(1 — x)?" 
Aiea il 
ont 11 gntmt+l 


If we put x =e**, we obtain, after reduction, 


Anm = [(- r)narcetm/e] f cos” @ sin?” ¢ dd. 
0 


% E. Slutzky, “Uber Stochastische Asymptoten und Grenzwerte,’’ Metron, 
Vol. 5, N. 3, 1925, pp. 61-64. 
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Hence 
— 1)™2"*™].3---(2n —1)-1-:3---(Qm—-1 
(59) Anim _ f= Deerrnh 3 - - - nm — 1)-1-3- + @m — 1) 
1:2:3---(n+™m) 


Thus we obtain, by (58), 





(60) pe a (—1)"2"1-3 - +. (2m — 1) 
(n+1)(n+2)---(n+m) 
If we notice that 
Aart sy = APMP gt) — 2A** rin + A? inn; 
where, evidently, 
A?" 7 m4i1y = AP (m1); 


we get 
APPR aes = ZAR 7 cnet) A2™r_,, 


(61) (— 1)™2"1-3 - - - (2m — 1)(n — m) 
E (n+1)(n+2)---(n+m+1)_ 

so that, by (56), (57), (60), and (61), we obtain 

(62) rr = (n — m)/(n + m+ 1) 


and?° 





ss > + 1)(n + m+ 2) 
oni (2m + 3)(n + m + 1) 








(63) 


Now, it is evident that, n/m being constant, 


n/m —1 
mm <—— < 1 
n/m +1 
and 
p—— l, (n— ©), 


which proves Theorem B. 


CORRECTIONS OF BASIC DATA 


The tables of figures which contain the series used in the present 
investigation are to be found in the original paper (loc. cit., pp. 57-64). 
As the preparation of them has involved a great deal of time and labor 


40 To apply this formula in the case of No. V, we should notice that Model III 
is approximately equivalent to the series (y:) of Theorem B, with n =400. 
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and as it may be expected that someone will make use of them for the 
purpose of analogous studies, we give here correct readings for the 
errata found after the figures had been published. (Those relating to 
Table VI are immaterial and are omitted here.) 




















Column 
Table: a ae 
2 6 7 8 10 
I 300 —453 

418 —361 

637 332 

638 — 10 461 

639 1367 451 295 

807 255 

819 211 

820 496 —252 

821 2290 244 —488 

971 — 99 

972 263 — 98 

973 2134 165 —186 

III 23 — 4551 
72 —20219 
IX 9 0.0007 

11 0.0059 
13 0.0001 
14 0.0000 
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MR. KEYNES AND THE “CLASSICS”; 
A SUGGESTED INTERPRETATION! 


By J. R. Hicks 
I 


IT WILL BE ADMITTED by the least charitable reader that the entertain- 
ment value of Mr. Keynes’ General Theory of Employment is consider- 
ably enhanced by its satiric aspect. But it is also clear that many 
readers have been left very bewildered by this Dunciad. Even if they 
are convinced by Mr. Keynes’ arguments and humbly acknowledge 
themselves to have been ‘“‘classical economists” in the past, they find 
it hard to remember that they believed in their unregenerate days the 
things Mr. Keynes says they believed. And there are no doubt others 
who find their historic doubts a stumbling block, which prevents them 
from getting as much illumination from the positive theory as they 
might otherwise have got. 

One of the main reasons for this situation is undoubtedly to be found 
in the fact that Mr. Keynes takes as typical of ‘‘Classical economics”’ 
the later writings of Professor Pigou, particularly The Theory of Un- 
employment. Now The Theory of Unemployment is a fairly new book, 
and an exceedingly difficult book; so that it is safe to say that it has 
not yet made much impression on the ordinary teaching of economics. 
To most people its doctrines seem quite as strange and novel as the 
doctrines of Mr. Keynes himself; so that to be told that he has believed 
these things himself leaves the ordinary economist quite bewildered. 

For example, Professor Pigou’s theory runs, to a quite amazing ex- 
tent, in real terms. Not only is his theory a theory of real wages and 
unemployment; but numbers of problems which anyone else would 
have preferred to investigate in money terms are investigated by Pro- 
fessor Pigou in terms of ‘“‘wage-goods.”’ The ordinary classical econo- 
mist has no part in this tour de force. 

But if, on behalf of the ordinary classical economist, we declare that 
he would have preferred to investigate many of those problems in 
money terms, Mr. Keynes will reply that there is no classical theory of 
money wages and employment. It is quite true that such a theory 
cannot easily be found in the textbooks. But this is only because most 
of the textbooks were written at a time when general changes in money 
wages in a closed system did not present an important problem. There 
can be little doubt that most economists have thought that they had 

1 Based on a paper which was read at the Oxford meeting of the Econometric 
Society (September, 1936) and which called forth an interesting discussion. It 


has been modified subsequently, partly in the light of that discussion, and partly 
as a result of further discussion in Cambridge. 
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a pretty fair idea of what the relation between money wages and em- 
ployment actually was. 

In these circumstances, it seems worth while to try to construct a 
typical ‘‘classical” theory, built on an earlier and cruder model than 
Professor Pigou’s. If we can construct such a theory, and show that it 
does give results which have in fact been commonly taken for granted, 
but which do not agree with Mr. Keynes’ conclusions, then we shall 
at last have a satisfactory basis of comparison. We may hope to be 
able to isolate Mr. Keynes’ innovations, and so to discover what are 
the real issues in dispute. 

Since our purpose is comparison, I shall try to set out my typical 
classical theory in a form similar to that in which Mr. Keynes sets out 
his own theory; and I shall leave out of account all secondary com- 
plications which do not bear closely upon this special question in hand. 
Thus I assume that I am dealing with a short period in which the 
quantity of physical equipment of all kinds available can be taken as 
fixed. I assume homogeneous labour. I assume further that deprecia- 
tion can be neglected, so that the output of investment goods cor- 
responds to new investment. This is a dangerous simplification, but 
the important issues raised by Mr. Keynes in his chapter on user cost 
are irrelevant for our purposes. 

Let us begin by assuming that w, the rate of money wages per head, 
can be taken as given. 

Let x, y, be the outputs of investment goods and consumption goods 
respectively, and N., N,, be the numbers of men employed in produc- 
ing them. Since the amount of physical equipment specialised to each 
industry is given, x = f.(Nz) and y = f,(N,), where f:, fy, are given 
functions. 

Let M be the given quantity of money. 

It is desired to determine N, and Ny. 

First, the price-level of investment goods = their marginal cost = 
w(dN./dx). And the price-level of consumption goods = their mar- 
ginal cost = w(dN,/dy). 

Income earned in investment trades (value of investment, or simply 
Investment) = wr(dN,/dx). Call this I;. 

Income earned in consumption trades = wy(dN,/dy). 

Total Income = wx(dN./dx) + wy(dN,/dy). Call this I. 

I, is therefore a given function of Nz, I of Nz and N,. Once I and J, 
are determined, N, and N, can be determined. 

Now let us assume the “Cambridge Quantity equation”—that there 
is some definite relation between Income and the demand for money. 
Then, approximately, and apart from the fact that the demand for 
money may depend not only upon total Income, but also upon its dis- 
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tribution between people with relatively large and relatively small 
demands for balances, we can write 


M = KI. 


As soon as k is given, total Income is therefore determined. 

In order to determine J,, we need two equations. One tells us that 
the amount of investment (looked at as demand for capital) depends 
upon the rate of interest: 

Ie vee C(?). 
This is what becomes the marginal-efficiency-of-capital schedule in 
Mr. Keynes’ work. 

Further, Investment = Saving. And saving depends upon the rate 
of interest and, if you like, Income. .. J, = S(z, I). (Since, however, 
Income is already determined, we do not need to bother about insert- 
ing Income here unless we choose.) 

Taking them as a system, however, we have three fundamental 
equations, 


M=kI, I, =C(Q), I, = SG,D), 


to determine three unknowns, J, J,, 7. As we have found earlier, N- 
and N, can be determined from J and J,. Total employment, Nz + N,, 
is therefore determined. 

Let us consider some properties of this system. It follows directly 
from the first equation that as soon as k and M are given, J is com- 
pletely determined; that is to say, total income depends directly upon 
the quantity of money. Total employment, however, is not necessarily 
determined at once from income, since it will usually depend to some 
extent upon the proportion of income saved, and thus upon the way 
production is divided between investment and consumption-goods 
trades. (If it so happened that the elasticities of supply were the same 
in each of these trades, then a shifting of demand between them would 
produce compensating movements in N, and N,, and consequently no 
change in total employment.) 

An increase in the inducement to invest (i.e., a rightward movement 
of the schedule of the marginal efficiency of capital, which we have 
written as C(z)) will tend to raise the rate of interest, and so to affect 
saving. If the amount of saving rises, the amount of investment will 
rise too; labour will be employed more in the investment trades, less 
in the consumption trades; this will increase total employment if the 
elasticity of supply in the investment trades is greater than that in 
the consumption-goods trades—diminish it if vice versa. 

An increase in the supply of money will necessarily raise total in- 
come, for people will increase their spending and lending until incomes 
have risen sufficiently to restore k to its former level. The rise in income 
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will tend to increase employment, both in making consumption goods 
and in making investment goods. The total effect on employment 
depends upon the ratio between the expansions of these industries; 
and that depends upon the proportion of their increased incomes which 
people desire to save, which also governs the rate of interest. 

So far we have assumed the rate of money wages to be given; but so 
long as we assume that k is independent of the level of wages, there 
is no difficulty about this problem either. A rise in the rate of money 
wages will necessarily diminish employment and raise real wages. For 
an unchanged money income cannot continue to buy an unchanged 
quantity of goods at a higher price-level; and, unless the price-level 
rises, the prices of goods will not cover their marginal costs. There must 
therefore be a fall in employment; as employment falls, marginal costs 
in terms of labour will diminish and therefore real wages rise. (Since 
a change in money wages is always accompanied by a change in real 
wages in the same direction, if not in the same proportion, no harm 
will be done, and some advantage will perhaps be secured, if one pre- 
fers to work in terms of real wages. Naturally most “classical econo- 
mists’ have taken this line.) 

I think it will be agreed that we have here a quite reasonably con- 
sistent theory, and a theory which is also consistent with the pro- 
nouncements of a recognizable group of economists. Admittedly it 
follows from this theory that you may be able to increase employment 
by direct inflation; but whether or not you decide to favour that policy 
still depends upon your judgment about the probable reaction on 
wages, and also—in a national area—upon your views about the inter- 
national standard. { 

Historically, this theory descends from Ricardo, though it is not 
actually Ricardian; it is probably more or less the theory that was held 
by Marshall. But with Marshall it was already beginning to be quali- 
fied in important ways; his successors have qualified it still further. 
What Mr. Keynes has done is to lay enormous emphasis on the 
qualifications, so that they almost blot out the original theory. Let us 
follow out this process of development. 


II 


When a theory like the ‘‘classical” theory we have just described is 
applied to the analysis of industrial fluctuations, it gets into difficulties 
in several ways. It is evident that total money income experiences great 
variations in the course of a trade cycle, and the classical theory can 
only explain these by variations in M or in k, or, as a third and last 
alternative, by changes in distribution. 

(1) Variation in M is simplest and most obvious, and has been relied 
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on to a large extent. But the variations in M that are traceable during 
a trade cycle are variations that take place through the banks—they 
are variations in bank loans; if we are to rely on them it is urgently 
necessary for us to explain the connection between the supply of bank 
money and the rate of interest. This can be done roughly by thinking 
of banks as persons who are strongly inclined to pass on money by 
lending rather than spending it. Their action therefore tends at first to 
lower interest rates, and only afterwards, when the money passes into 
the hands of spenders, to raise prices and incomes. “‘The new currency, 
or the increase of currency, goes, not to private persons, but to the 
banking centers; and therefore, it increases the willingness of lenders 
to lend in the first instance, and lowers the rate of discount. But it 
afterwards raises prices; and therefore it tends to increase discount.’ 
This is superficially satisfactory; but if we endeavoured to give a more 
precise account of this process we should soon get into difficulties. 
What determines the amount of money needed to produce a given fall 
in the rate of interest? What determines the length of time for which 
the low rate will last? These are not easy questions to answer. * 

(2) In so far as we rely upon changes in k, we can also do well enough 
up to a point. Changes in k can be related to changes in confidence, and 
it is realistic to hold that the rising prices of a boom occur because 
optimism encourages a reduction in balances; the fa ling prices of a 
slump because pessimism and uncertainty dictate an increase. But as 
soon as we take this step it becomes natural to ask whether k has not 
abdicated its status as an independent variable, and has not become 
liable to be influenced by others among the variables in our funda- 
mental equations. 

(3) This last consideration is powerfully supported by another, of 
more purely theoretical character. On grounds of pure value theory, it 
is evident that the direct sacrifice made by a person who holds a stock 
of money is a sacrifice of interest; and it is hard to believe that the 
marginal principle does not operate at all in this field. As Lavington 
put it: “The quantity of resources which (an individual) holds in the 
form of money will be such that the unit of money which is just and 
only just worth while holding in this form yields him a return of con- 
venience and security equal to the yield of satisfaction derived from 
the marginal unit spent on consumables, and equal also to the net rate 
of interest.” The demand for money depends upon the rate of interest! 
The stage is set for Mr. Keynes. 


2 Marshall, Money, Credit, and Commerce, p. 257. 

3 Lavington, English Capital Market, 1921, p. 30. See also Pigou, ‘“‘The Ex- 
change-value of Legal-tender Money,” in Essays in Applied Economics, 1922, 
pp. 179-181. 
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As against the three equations of the classical theory, 
M=kI, I, =C(t), I, = 8G@,D), 
Mr. Keynes begins with three equations, 
M=L(t), I, =C(t), I, = S(). 


These differ from the classical equations in two ways. On the one 
hand, the demand for money is conceived as depending upon the rate 
of interest (Liquidity Preference). On the other hand, any possible in- 
fluence of the rate of interest on the amount saved out of a given in- 
come is neglected. Although it means that the third equation becomes 
the multiplier equation, which performs such queer tricks, neverthe- 
less this second amendment is a mere simplification, and ultimately 
insignificant.‘ It is the liquidity preference doctrine which is vital. 

For it is now the rate of interest, not income, which is determined 
by the quantity of money. The rate of interest set against the schedule 
of the marginal efficiency of capital determines the value of investment; 
that determines income by the multiplier. Then the volume of employ- 
ment (at given wage-rates) is determined by the value of investment 
and of income which is not saved but spent upon consumption goods. 

It is this system of equations which yields the startling conclusion, 
that an increase in the inducement to invest, or in the propensity to 
consume, will not tend to raise the rate of interest, but only to increase 
employment. In spite of this, however, and in spite of the fact that 
quite a large part of the argument runs in terms of this system, and 
this system alone, zt is not the General Theory. We may call it, if we 
like, Mr. Keynes’ special theory. The General Theory is something 
appreciably more orthodox. 

Like Lavington and Professor Pigou, Mr. Keynes does not in the 
end believe that the demand for money can be determined by one 
variable alone—not even the rate of interest. He lays more stress on it 
than they did, but neither for him nor for them can it be the only 
variable to be considered. The dependence of the demand for money 
on interest does not, in the end, do more than qualify the old de- 


‘ This can be readily seen if we consider the equations 
Me=klI, I, =C(t), I. = S(D), 


which embody Mr. Keynes’ second amendment without his first. The third 
equation is already the multiplier equation, but the multiplier is shorn of his 
wings. For since J still depends only on M, J, now depends only on M, and it 
is impossible to increase investment without increasing the willingness to save 
or the quantity of money. The system thus generated is therefore identical with 
that which, a few years ago, used to be called the “‘Treasury View.” But Liquid- 


ity Preference transports us from the ‘‘Treasury View’’ to the ‘‘General Theory 
of Employment.” 
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pendence on income. However much stress we lay upon the “specula- 
tive motive,” the “transactions” motive must always come in as well. 
Consequently we have for the General Theory 


M =L(I,1), Iz =C(t), Ie = S(D. 


With this revision, Mr. Keynes takes a big step back to Marshallian 
orthodoxy, and his theory becomes hard to distinguish from the revised 
and qualified Marshallian theories, which, as we have seen, are not 
new. Is there really any difference between them, or is the whole thing 
a sham fight? Let us have recourse to a diagram (Figure 1). 


-— 
—— me 








FiaurE 1 FIGurRE 2 


Against a given quantity of money, the first equation, M = L(/, 7), 
gives us a relation between Income (J) and the rate of interest (7). 
This can be drawn out as a curve (LL) which will slope upwards, since 
an increase in income tends to raise the demand for money, and an 
increase in the rate of interest tends to lower it. Further, the second 


~ two equations taken together give us another relation between Income 


and interest. (The marginal-efficiency-of-capital schedule determines 
the value of investment at any given rate of interest, and the multiplier 
tells us what level of income will be necessary to make savings equal 
to that value of investment.) The curve JS can therefore be drawn 
showing the relation between Income and interest which must be 
maintained in order to make saving equal to investment. 

Income and the rate of interest are now determined together at P, 
the point of intersection of the curves LL and IS. They are determined 
together; just as price and output are determined together in the 
modern theory of demand and supply. Indeed, Mr. Keynes’ innovation 
is closely parallel, in this respect, to the innovation of the marginalists. 
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The quantity theory tries to determine income without interest, just 
as the labour theory of value tried to determine price without output; 
each has to give place to a theory recognising a higher degree of inter- 
dependence. 

II 


But if this is the real ‘‘General Theory,” how does Mr. Keynes come 
to make his remarks about an increase in the inducement to invest not 
raising the rate of interest? It would appear from our diagram that a 
rise in the marginal-efficiency-of-capital schedule must raise the curve 
IS; and, therefore, although it will raise Income and employment, it 
will also raise the rate of interest. 

This brings us to what, from many points of view, is the most im- 
portant thing in Mr. Keynes’ book. It is not only possible to show 
that a given supply of money determines a certain relation between 
Income and interest (which we have expressed by the curve LL); it is 
also possible to say something about the shape of the curve. It will 
probably tend to be nearly horizontal on the left, and nearly vertical 
on the right. This is because there is (1) some minimum below which 
the rate of interest is unlikely to go, and (though Mr. Keynes does not 
stress this) there is (2) a maximum to the level of income which can 
possibly be financed with a given amount of money. If we like we can 
think of the curve as approaching these limits asymptotically (Fig- 
ure 2). 

Therefore, if the curve JS lies well to the right (either because of a 
strong inducement to invest or a strong propensity to consume), P 
will lie upon that part of the curve which is decidedly upward sloping, 
and the classical theory will be a good approximation, needing no more 
than t’ 2 qualification which it has in fact received at the hands of the 
later Marshallians. An increase in the inducement to invest will raise 
the rate of interest, as in the classical theory, but it will also have some 
subsidiary effect in raising income, and therefore employment as well. 
(Mr. Keynes in 1936 is not the first Cambridge economist to have a 
temperate faith in Public Works.) But if the point P lies to the left 
of the LL curve, then the special form of Mr. Keynes’ theory becomes 
valid. A rise in the schedule of the marginal efficiency of capital only 
increases employment, and does not raise the rate of interest at all. 
We are completely out of touch with the classical world. 

The demonstration of this minimum is thus of central importance. 
Tt is so ‘important ‘that I shall Venture to paraphrase the proof, Setting 
it out in a rather different way from that adopted by Mr. Keynes.® 

If the costs of holding money can be neglected, it will always be 


5 Keynes, General Theory, pp. 201-202. 
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profitable to hold money rather than lend it out, if the rate of interest 
is not greater than zero. Consequently the rate of interest must always 
be positive. In an extreme case, the shortest short-term rate may per- 
haps be nearly zero. But if so, the long-term rate must lie above it, 
for the long rate has to allow for the risk that the short rate may rise 
during the currency of the loan, and it should be observed that the 
short rate can only rise, it cannot fall.* This does not only mean that 
the long rate must be a sort of average of the probable short rates over 
its duration, and that this average must lie above the current short 
rate. There is also the more important risk to be considered, that the 
lender on long term may desire to have cash before the agreed date of 
repayment, and then, if the short rate has risen meanwhile, he may 
be involved in a substantial capital loss. It is this last risk which pro- 
vides Mr. Keynes’ “‘speculative motive”? and which ensures that the 
rate for loans of indefinite duration (which he always has in mind as 
the rate of interest) cannot fall very near zero.’ 

It should be observed that this minimum to the rate of interest ap- 
plies not only to one curve LL (drawn to correspond to a particular 
quantity of money) but to any such curve. If the supply of money is 
increased, the curve LL moves to the right (as the dotted curve in 
Figure 2), but the horizontal parts of the curve are almost the same. 
Therefore, again, it is this doldrum to the left of the diagram which 
upsets the classical theory. If IS lies to the right, then we can indeed 
increase employment by increasing the quantity of money; but if JS 
lies to the left, we cannot do so; merely monetary means will not force 
down the rate of interest any further. 

So the General Theory of Employment is the Economics of De- 
pression. 


6 It is just conceivable that people might become so used to the idea of very 
low short rates that they would not be much impressed by this risk; but it is 
very unlikely. For the short rate may rise, either because trade improves, and 
income expands; or because trade gets worse, and the desire for liquidity in- 
creases. I doubt whether a monetary system so elastic as to rule out both of these 
possibilities is really thinkable. 

7 Nevertheless something more than the “‘speculative motive” is needed to 
account for the system of interest rates. The shortest of all short rates must equal 
the relative valuation, at the margin, of money and such a bill; and the bill 
stands at a discount mainly because of the ‘“‘convenience and security”’ of hold- 
ing money—the inconvenience which may possibly be caused by not having 
cash immediately available. It is the chance that you may want to discount the 
bill which matters, not the chance that you will then have to discount it on un- 
favourable terms. The “precautionary motive,’’ not the ‘speculative motive,” 
is here dominant. But the prospective terms of rediscounting are vital, when it 
comes to the difference between short and long rates. 
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IV 


In order to elucidate the relation between Mr. Keynes and the 
‘Classics,’ we have invented a little apparatus. It does not appear 
that we have exhausted the uses of that apparatus, so let us conclude 
by giving it a little run on its own. 

With that apparatus at our disposal, we are no longer obliged to 
make certain simplifications which Mr. Keynes makes in his exposition. 
We can reinsert the missing 7 in the third equation, and allow for any 
possible effect of the rate of interest upon saving; and, what is much 
more important, we can call in question the sole dependence of invest- 
ment upon the rate of interest, which looks rather suspicious in the 
second equation. Mathematical elegance would suggest that we ought 
to have I and 7 in all three equations, if the theory is to be really 
General. Why not have them there like this: 


M=L(I,1), Ie=C(I,1), Iz = S(I,1)? 


Once we raise the question of Income in the second equation, it is 
clear that it has a very good claim to be inserted. Mr. Keynes is in 
fact only enabled to leave it out at all plausibly by his device of measur- 
ing everything in ‘“‘wage-units,” which means that he allows for changes 
in the marginal-efficiency-of-capital schedule when there is a change in 
the level of money wages, but that other changes in Income are deemed 
not to affect the curve, or at least not in the same immediate manner. 
But why draw this distinction? Surely there is every reason to suppose 
that an increase in the demand for consumers’ goods, arising from an 
increase in employment, will often directly stimulate an increase in 
investment, at least as soon as an expectation develops that the in- 
creased demand will continue. If this is so, we ought to include J in the 
second equation, though it must be confessed that the effect of J on 
the marginal efficiency of capital will be fitful and irregular. 

The Generalized General Theory can then be set out in this way. 
Assume first of all a given total money Income. Draw a curve CC 
showing the marginal efficiency of capital (in money terms) at that 
given Income; a curve SS showing the supply curve of saving at that 
given Income (Figure 3). Their intersection will determine the rate of 
interest which makes savings equal to investment at that level of in- 
come. This we may call the “investment rate.” 

If Income rises, the curve SS will move to the right; probably CC 
will move to the right too. If SS moves more than CC, the investment 
rate of interest will fall; if CC more than SS, it will rise. (How much it 
rises and falls, however, depends upon the elasticities of the CC and 
SS curves.) 

The JS curve (drawn on a separate diagram) now shows the relation 
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between Income and the corresponding investment rate of interest. 
It has to be confronted (as in our earlier constructions) with an LL 
curve showing the relation between Income and the “money”’ rate of 
interest; only we can now generalise our LL curve a little. Instead of 
assuming, as before, that the supply of money is given, we can assume 
that there is a given monetary system—that up to a point, but only 
up to a point, monetary authorities will prefer to create new money 
rather than allow interest rates to rise. Such a generalised LL curve 
will then slope upwards only gradually—the elasticity of the curve 
depending on the elasticity of the monetary system (in the ordinary 
monetary sense). 





Figure 3 


As before, Income and interest are determined where the JS and LL 
curves intersect—where the investment rate of interest equals the 
money rate. Any change in the inducement to invest or the propensity 
to consume will shift the JS curve; any change in liquidity preference 
or monetary policy will shift the LL curve. If, as the result of such a 
change, the investment rate is raised above the money rate, Income 
will tend to rise; in the opposite case, Income will tend to fall; the 
extent to which Income rises or falls depends on the elasticities of the 
curves.® 

® Since C(I, i) = S(I, i), gy 9S /ai — aC/ai 


di —S»- aS/al — aC/al 


The savings investment market will not be stable unless 0S/di + (— 0C/d2) 
is positive. I think we may assume that this condition is fulfilled. 

If 0S/d7 is positive, 9C/di negative, aS/aI and dC/al positive (the most prob- 
able state of affairs), we can say that the JS curve will be more elastic, the 











158 ECONOMETRICA 


When generalised in this way, Mr. Keynes’ theory begins to look 
very like Wicksell’s; this is of course hardly surprising.® There is in- 
deed one special case where it fits Wicksell’s construction absolutely. 
If there is “full employment” in the sense that any rise in Income 
immediately calls forth a rise in money wage rates; then it is possible 
that the CC and SS curves may be moved to the right to exactly the 
same extent, so that JS is horizontal. (I say possible, because it is not 
unlikely, in fact, that the rise in the wage level may create a presump- 
tion that wages will rise again later on; if so, CC will probably be 
shifted more than SS, so that JS will be upward sloping.) However 
that may be, if ZS is horizontal, we do have a perfectly Wicksellian 
construction; the investment rate becomes Wicksell’s natural rate, 
for in this case it may be thought of as determined by real causes; if 
there is a perfectly elastic monetary system, and the money rate is 
fixed below the natural rate, there is cumulative inflation; cumulative 
deflation if it is fixed above. 

This, however, is now seen to be only one special case; we can use 
our construction to harbour much wider possibilities. If there is a great 
deal of unemployment, it is very likely that dC/dI will be quite small; 
in that case IS can be relied upon to slope downwards. This is the sort 
of Slump Economics with which Mr. Keynes is largely concerned. But 
one cannot escape the impression that there may be other conditions 
when expectations are tinder, when a slight inflationary tendency 
lights them up very easily. Then 0C’/dI may be large and an increase 
in Income tend to raise the investment rate of interest. In these cir- 
cumstances, the situation is unstable at any given money rate; it is 
only an imperfectly elastic monetary system—a rising LL curve— 
that can prevent the situation getting out of hand altogether. 


These, then, are a few of the things we can get out of our skeleton 
apparatus. But even if it may claim to be a slight extension of Mr. 
Keynes’ similar skeleton, it remains a terribly rough and ready sort 
of affair. In particular, the concept of ‘Income’ is worked monstrously 
hard; most of our curves are not really determinate unless something 
is said about the distribution of Income as well as its magnitude. In- 
deed, what they express is something like a relation between the price- 
system and the system of interest rates; and you cannot get that into 
a curve. Further, all sorts of questions about depreciation have been 
neglected; and all sorts of questions about the timing of the processes 
under consideration. 


greater the elasticities of the CC and SS curves, and the larger is 0C/d/ relatively 
to dS/dI. When dC/aI > dS/al, the IS curve is upward sloping. 

® Cf. Keynes, General Theory, p. 242. 

10 Cf. Myrdal, “‘Gleichgewichtsbegriff,” in Beitrdge zur Geldtheorie, ed. Hayek. 
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The General Theory of Employment is a useful book; but it is neither 
the beginning nor the end of Dynamic Economics. 
J. R. Hicks 
Gonville and Caius College 
Cambridge 





MONOPOLY OVER TIME! 


By GERHARD TINTNER 


THE GREATEST progress in economic theory in recent years has doubt- 
less been made in the theory of monopoly. It is only necessary to 
mention the excellent work of Chamberlin and Mrs. Robinson on 
imperfect competition on the one hatd, and the consideration of 
monopoly over time by Evans and Roos on the other.? What is missing 
seems to be a link between the classical and the modern approach to 
monopoly. It is the goal of this paper to develop some tools and con- 
cepts which may prove useful not only in the very simplified cases 
which are here considered, but also for questions like bilateral monop- 
oly over time, imperfect competition over time, and so on. 

It is the aim of this paper to consider at the same time the classical 
Cournot case of simple monopoly and the question of monopoly over 
time in various aspects. It is of course clear that these cases in them- 
selves are rather exceptional and intrinsically of minor importance. 
Their significance, however, lies in the fact that their treatment enables 
one to develop concepts and notions which are very useful for the con- 
sideration of other more complicated and more significant types of mo- 
nopoly. The difference between the simple Cournot case® and the case 
of monopoly over time lies in the demand curve. In the Cournot case 
the demand depends only on the price, in the other case it depends 
also on the rate of change of price over time and possibly higher deriv- 
atives.t The economic significance of this latter situation lies in the 
fact that the previous prices influence the buyers’ reactions to the 
present price. This may have a very great importance, especially for 
goods that can be stored. The analysis of the problem of stocks, and of 
economic expectations and anticipations in general, is a very important 
one but it cannot be dealt with here. We simply assume in the Marshal- 


1 The author had the great pleasure of presenting the content of parts of this 
paper before discussion groups of the Economics Departments of Harvard Uni- 
versity and the University of Chicago. He is much indebted to Professors J. A. 
Schumpeter and W. Leontieff at Harvard and H. Schultz and F. Knight at 
Chicago for valuable advice and criticism; also to Mr. M. Friedmann (Chicago), 
Mr. M. Millikan (Yale), and Mr. J. Ripley (Yale) for their kindness in cor- 
recting the English manuscript. 

2E. C. Chamberlin, The Theory of Monopolistic Competition, Cambridge, 
Mass., 1933; J. Robinson, The Economics of Imperfect Competition, London, 1933; 
G. C. Evans, Mathematical Introduction to Economics, New York, 1930; C. F. 
Roos, Dynamic Economics, Bloomington, Ind., 1934. 

8 A. Cournot, Researches into the Mathematical Principles of the Theory of Wealth, 
New York, 1927, p. 56 ff. 

4 G. C. Evans, op. cit., p. 143 ff.; C. F. Roos, op. cit., p. 63 ff. 
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lian fashion’ that the reactions of the buyers are pictured in the de- 
mand curve or surface. 

There is, however, the possibility of linking up these ideas with 
utility theory by constructing a dynamic utility function. The utility 
is supposed to depend not only on the quantities possessed and, through 
the budget equation, on the existing prices (in equilibrium), but also 
on the expected prices. The expectation of prices will largely depend 
on the price tendencies. Thus the derivatives of prices with respect to 
time enter as parameters into the utility functions of the individuals 
and also into the demand functions herefrom derived. This reasoning 
links up the problems of monopoly over time with the very important 
and general questions of expectations, economic horizon, and the réle 
of time in economic life in general.® 

Wearegoing to treatand compare the three following cases of monop- 
oly: (a) the Cournot case, in which the demand depends only on the 
price at the given moment; (b) the Evans case, in which the demand 
depends on the existing price and the rate of change of the price; (c) 
the generalized case, in which the quantity demanded depends on the 
existing price, on the rate of change of price, and also on the higher 
derivatives of the price with respect to time.’ This however is not the 
most general case conceivable, since demand functions involving in- 
tegrals have been treated by Evans and Roos. The most general case 
would be a functional.* The results will be formulated: (1) in terms of 
profits, (2) in terms of revenue, and (8) in terms of demand. Our treat- 
ment requires reformulation of the classical theory of simple monopoly. 

The following are the symbols we are going to use in our discussion: 
a denotes the profit, R the total revenue, C the total costs, p the price 
and D the quantity demanded, so that 


(1) r=R-C, 

i.e., the profit is the difference between revenue and costs. 

(2) Rk = pD, 

i.e., the revenue equals the price per unit times the quantity. Hence 
(3) «=pD-C. 


5 A. Marshall, Principles of Economics, 8th Ed., London, 1930, p. 92 ff. 

6 P. N. Rosenstein-Rodan, “The Réle of Time in Economic Theory,” 
Economica, new series, Vol. I, p. 77 ff.; O. Morgenstern, ‘‘Das Zeitmoment in 
der Wertlehre,” Zeitschrift fuer Nationaloekonomie, Vol. V, p. 433 ff.; J. M. 
Keynes, The General Theory of Employment, Interest and Money, London, 1936. 

7q@. C. Evans, op. cit., p. 154 ff. 

8 C. F. Roos, op. cit., p. 14 ff. 
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In the Courno? case of simple monopoly the problem consists in mak- 
ing a maximum. The monopolist tries to make his profit as big as 
possible by varying the price. This is expressed by 


(4) dr 0 
dp rie 
or, from (1), 
qa da 
(5) ——-—=0. 
.dp dp 
Since 
aC @ ‘aD 
(6) — = — — ; 
dp dD dp 
equation (5) can be written in the form 
dk dC dD 
(7) —-——=0, 
dp aD dp 
or, from (2), as 
(8) D+ dD dC dD Fe 
Pip dD dp 


We note that (4) expresses the condition for a maximum in the Cournot 
case in terms of profits, (7) in terms of revenue, and (8) in terms of 
demand. 

We want now to treat the problem of monopoly over time in a simi- 
lar manner. In the Evans case the quantity demanded depends not 
only on the existing price but also on the rate of change of price p’: 


(9) D = D(p, p’). 


This relation between demand, D, and rate of change of price, p’, is 
by no means a simple one. For instance, a rising tendency of price 
may lead people to expect the price rise to continue or to expect that 
it may end soon. In the first case it would lead to an increased, in the 
latter to a decreased, demand. There is, however, reason to believe that 
the first case will be more frequent.® 

By (1) the profit can also be considered as a function of p and p’: 


(10) x = r(p, p’). 


9G. C. Evans, op. cit., p. 143. See also R. H. Whitman, ‘“‘The Problem of Sta- 
tistical Demand Techniques for Producers’ Goods: An Application to Steel,”’ 
Journal of Political Economy, Vol. 42, p. 577 ff. 
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The problem is to make the integral 


t 


(11) n= f 'x(p, p')dt, 


0 


between two given points in time, f) and 4, a maximum. 
This is a problem of the calculus of variations. The necessary but not 


sufficient condition for a maximum is that the Euler equation is satis- 
fied : 


(12) — = eG 


In our case the variable ¢, or time, does not enter explicitly in the func- 
tion x. That means that we assume the form of the demand surface 
constant over time. We therefore can give a first integral of the Euler 
equation in the following form: 


Or 


13 a gg 
(13) eee 





ns 
where 7, the constant of integration, is easily seen to be the value of 
a, or the profit, which would be made in the case of the simple Cournot 
monopoly. It is the integral of equation (4) as well as the result which 
would be obtained from (12) or (13) if the profit were independent of 
the rate of change of price, that is dx/dp’ =0. Equation (13) expresses 
the solution of the problem of monopoly over time in terms of profits. 
In order to express it in terms of revenue we must again use equa- 
tion (1). This gives us 


aR dC aD 
si yh Bs, 
dp’ dD ap’ 





To express our solution in terms of demand we use equation (2) and get 


(15) ( aD dC —) 
me P op’ dD dap’ ee 





This is the solution of monopoly over time in the simplest case. It 
is neccessary to add that, if the actual form of the demand surface is 
given, we can determine p and p’ and, therefore all our variables, as 
functions of the time. The solution of (12) will then describe the most 
rational behaviour of the monopolist over time. Since (12) is a differ- 
ential equation of the second degree, its solution contains two arbitrary 
constants. These can be determined by fixing the value of p for the 
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times ¢) and ¢, or by two other conditions. The problem is then entirely 
determinate. 

The more general case of monopoly over time is analogous to the 
case just considered. The difference consists only in the fact that the 
quantity demanded, D, depends not only on the rate of change of price, 
p’, but also on the higher derivatives of the price with respect to time: 


(16) D= D(p, p’, a; eo ins ). 
The Euler equation has the form 


Or d Or d? On d® Or 
(17) —-— ee ee ae oe a oss ee, 


op dt dp’ ad? 6p” a bp’”’ 





and its first integral, analogous to (13), is 








i i Or x ad Or dad? On ) 
rm op’ °.dt dp” dP ap” 
(18) i: if On és d On ) 
P ap”’ dt op’”’ 


On 
+2"(- Gti) beam. 
Op 


This solves the problem in terms of: profits. The sclution in terms of 
revenue is similar to (14): 


. i (= dC =) + d ( oR dC aD ) 

- ack eek ak See ee he Saat ated 

: dp’ dD dp’ dt\dp’’ dD dp” 
=( oR dC aD ) S | 
dt?\ap'"" dD dap’” 


oy +¢( (2-2 
ap" dD ap" 














d ( oR dC aD ) ] 
ie: t op?! dD ap’’’ 
f; mf = ac ay. |+ ” 
Pp ap!” dD 7 P 29s 
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and the solution in terms of demand, analogous to (15), is 
dC\ aD]. a dC\ aD 
ete Teall al aaa 
d? dC\ aD 
“Bland | 
go + pf -[(p-F)—— | 
dD) ap" 
d dC\ aD 
+$le-S)2]--} 
ak dC\ aD 
Ht (-B)B} pees 


The solution will give the price and its derivatives as functions of the 
time. If the demand surface (16) depends on the first m derivatives 
as well as on the price itself, (17) is a differential equation of degree 
m-+1 and we need m+1 conditions for the determinate solution. 

In order to discuss and compare these results, we wish to transform 
them and to express them in terms of logarithmic derivatives. These 
have the advantage that they are pure numbers of dimension zero 
and therefore invariant with respect to a change in the scale. Since 
the scales, in our case the units of the quantities and of money, are 
arbitrary and have no economic significance, this seems to be of some 
advantage. In accordance with the usual procedure, the logarithmic de- 
rivative of any quantity with respect to price will be {called elasticity.!° 

Let us now proceed to reformulate the results already reached for 
the case in which the solution is expressed in terms of profits. We get 
for the Cournot case, from (4), 





——~ 








d log x 
(21) = 0 
d log p 





This shows that the elasticity of profits must necessarily be zero if the 
profit is to be as large as possible. 
In the Evans case we get, from (13), 
dlogr «7-7 


22 = 
(22) d log p’ vy 





This shows that the elasticity of profits with respect to the rate of 
change of price, p’, varies inversely proportionally to the profit itself. 


10 A, Marshall, op. cit., p. 102 ff. p. 838 ff. 
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Equation (22) represents a curve in the d log 7/0 log p’, x plane which 
indicates the relation between the elasticity of profits with respect to 
rate of change of price, d log 7/d log p’, and the profit itself, 7, which 
must be fulfilled at each point in time in order that the integral (11) 
should have a maximum. The hyperbola has two branches, the asymp- 
totes are the lines 0 logr/d log p’=1and 7r=0. If the profit is independ- 
ent of the rate of change of the price, p’, then the left-hand side of 
equation (22) is zero, and we get the simple Cournot case, the solution 
of equation (21). 

In the general case, the solution is, of course, more complicated. We 
get, from (18), 


0 log x 0 log r 0 log r 





dlogp’ dlogp’’ dadlogp’” 





(23) + aI Se eee | 
T dt ap’ = dt® ap’”’ 
p”’ d On T — 7 
+7 - eS oe . . | a *“ . = —_—_—* 
T dt Op rs 


The first series of terms is not difficult to interpret. It is the sum of 
the elasticities of profit with respect to p’, p’’, and so on. But the 
expressions in brackets are very difficult to explain. They are, how- 
ever, first and higher order derivatives with respect to the time of the 
partial differential quotients of profit with respect to p’’, p’’’, and so on. 
The right-hand side of the equation is the same as in (22). If the profit 
is independent of the time derivatives of the price, the left-hand side 
becomes zero and we get once more the solution of the simple Cournot 
case. The formal analogies are, however, greater between the Evans 
case and the Cournot case than between the latter and the general case. 

We now proceed to give the solution in terms of revenues. In the 
simple Cournot case we get, from (7), 


dlogR 1 dC dlogD 
d log p p aD dlogp 





(24) 


This formula presents some interesting new formulations. The expres- 
sion d log R/d log p is nothing else than the elasticity of revenue with 
respect to price. This expression is not to be confused with the marginal 
revenue" or any magnitude derived from it. Marginal revenue means 
the change in the total revenue if the quantity is the independent 
variable rather than the price. The expression d log D/d log p is of 
course the elasticity of demand. The remainder on the right-hand side 


1 J. Robinson, op. cit., p. 51 ff. 
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equals (1/p) (dC/dD) and means marginal costs divided by price; 
or marginal costs not for the unit of quantity but for the amount the 
unit of money will buy. The similarity to the weighted marginal utility 
(ophelimité ponderée)® is very striking. So the meaning of this formula 
is: The elasticity of revenue with respect to price must be equal to the 
weighted marginal costs multiplied by the elasticity of demand, or: 
At the monopoly point, the ratio of the elasticity of revenue to the 
elasticity of demand must be the same as the ratio of the marginal 
costs to the price. 

In the Evans case we get, from (14), 
dlogR «r— 7, 1 dC dlogD 
0 log p’ R p dD 2 log p’ 
The discussion of this formula runs as follows: The left-hand side of 
expression (25) is the elasticity of revenue with respect to the rate of 
change of price, p’. The first expression on the right-hand side is in- 
versely proportional to the total revenue, R. The second expression is 
the weighted marginal costs multiplied by the partial elasticity of 
demand with respect to the rate of change of price. The analogy with 
formula (24) is very striking, if we disregard the first term on the right- 
hand side. These are the conditions which must hold true at every 
moment of time for the magnitudes involved, in order that the integral 
(11) (the profit over a period of time, I1) should be a maximum. 

In the general case the conditions are a little more complicated. We 
get, from (19), the solution in terms of revenue: 


0 log R 0 log R 0 log R 
dlog p’ dlogp’’ dlogp’”’ 


Fe — dC = 
R dt\ap"” dD ap” 


(25) 














(26) +2(s5-See)- | 
di?\dap’"’ dD ap’”’ 
a d / OR dC aD 
el ae aaa | 
xr—m 1 dC /dlogD d log D 0 log D 
x R Dp dD (; log p’ dOlogp’’ 2 log p’”’ t -). 


The interpretation of this somewhat more involved equation is not 
so easy. The first series of terms on the left-hand side, however, is the 
sum of the elasticities of the revenue with respect to the first and the 


12 V, Pareto, Manuel d’Economie Politique, Paris, 1909, p. 159 ff. 
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higher time derivatives of the price. The first term on the right-hand 
side is the same inversely proportional function of R as before. The 
rest are the weighted marginal costs multiplied by the sum of the par- 
tial elasticities with respect to the time derivatives of the price. The 
second series of terms on the left-hand side are derivatives with respect 
to the time of the partial derivatives of revenue with respect to p’’, p’”’, 
and so on. 

The next step is the formulation of our results in terms of demand. 


From equation (8), this leads, in the Cournot case, to the well-known 
formula :% 


d log D 
an dlogD | P 
d log p dC 
mm” 
The elasticity of demand must equal the ratio of the price to the dif- 
ference between marginal costs and price. This result can be reformu- 


lated in a slightly different manner: 
d log D R 


d log p a oF 
dD 

This formula means: At the monopoly point, the elasticity of demand 
equals the ratio between the revenue and the difference between two 
magnitudes. The first is the quantity demanded multiplied by the 
marginal costs. It represents the amount of money which would be 
paid by the consumers if, under free competition, the equilibrium were 
established at the same point. Under free competition the price equals 
the marginal costs. This expression does not, in contrast to the concept 
of consumers’ rent, involve a comparison of utilities of different in- 
dividuals.“ The hypothesis is that the quantity which is produced 
under monopoly should be the same as that produced under free com- 
petition. The second quantity in the formula is again the revenue 
realised by the monopolist. 


The formulation in the Evans case is very similar. We get, from (15): 


(28) 


0 log D 5 VO 


(29) Se ees 
d log p’ dC * 
Dip- —) 
dD 


18 L, Amoroso, ‘‘La Curva Statica di Offerta,” Giornale degli Economisti, 1930, 
p. 11 ff. See also A. P. Lerner, ‘‘The Concept of Monopoly and the Measurement 
of Monopoly Power,” Review of Economic Studies, Vol. I, p. 161 ff. 


14 Cf. L. Robbins, An Essay on the Nature and Significance of Economic Science, 
2nd Ed., London, 1935, p. 139 ff. 
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and this means: The partial elasticity of demand with respect to the 
rate of change of price must equal the difference between the profit 
actually realised and the profit which the monopoly would yield in the 
simple Cournot case, divided by the difference between price and mar- 
ginal costs multiplied by the quantity actually sold. Analogously to 
(28) this can be expressed as follows: 
(30) —e~ e— pants es 

ae) ee 

dD 

The partial elasticity of demand with respect to the rate of change of 
the price must equal the following quantity: The difference between 
the profit actually realised and the profit in the Cournot case, divided 
by the difference between the revenue actually realised and the amount 
of money which the consumers would pay, if this were an equilibrium 
point under conditions of free competition. We get an expression in 
terms of marginal costs: 


0 log D <— Xo 
oo Blogy’ 1 dy 
P5(-25) 
p dD 


The partial elasticity of demand with respect to the rate of change 
of the price equals the difference between the profit actually made 
and the profit which would be made in the Cournot case, divided by 
the revenue multiplied by one minus the weighted marginal costs. 
If we try to express these results for the general case the situation is 
somewhat more complicated. We get, from (20): 
0 log D 0 log D 0 log D 


dlog p’ dlogp’’ dlogp’”’ 


{ d I( a) | 
. dtl? ~ ad) ap” 


(32) a dC\ aD 
te oe-.- 
dt? dD / ap 
ae ee ee 
* ‘ dc { att? ~ ap) ap’) 
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The first series of terms on the left-hand side represents the sum of the 
partial elasticities of demand with respect to the first and the higher 
time derivatives of the price. On the right-hand side we have the dif- 
ference between the profit actually realised and the profit in the Cour- 
not case. This quantity is divided by the difference between the price 
and the marginal costs multiplied by the amount sold. The remaining 
terms are again time derivatives of the partial differential quotients 
of demand with respect to p’’, p’’’, and so on. 

In the present paper we have endeavored to consider three different 
cases of monopoly: (a) the Cournot case, (b) the Evans case, (c) the 
more generalised case. It is easy to see from the formulae developed 
that both the Cournot case and the Evans case are special solutions 
of the general case. 

We have examined the solutions or the conditions of maximum 
monopoly profit from three different points of view: (1) profits, (2) 
revenue, (3) demand. Our formulation is in terms of what we would 
be tempted to call economic parameters, i.e., magnitudes that have 
either a definite economic meaning attached to them from previous 
economic discussions or are formed analogously to them, elasticities 
of demand with respect to the price and the rate of change of the price, 
marginal costs, and weighted marginal costs. It was pointed out that 
in the Cournot case and in the Evans case the formulation was possible 
in those terms. In the general case however the solution was not so 
simple, and it is doubtful if much economic meaning can be attached 
to the results reached. The analogy between the formulations in the 
Cournot and in the Evans case is striking and gives some hope that, 
at least in the less complicated cases of monopoly over time, the treat- 
ment in economically significant terms may not be impossible. 

It should be mentioned that we have left second order conditions 
out of consideration. The question whether a maximum or a minimum 
will be realised is unimportant in the case of monopoly since, at worst, 
the monopolist would rather produce nothing at all than incur a loss. 
It is interesting, however, if treated from the point of view of utility 
theory. 

GERHARD TINTNER 

Cowles Commission for 

Research in Economics 
Colorado Springs, Colorado 


16 H. Hotelling, ‘‘Demand Functions with Limited Budgets,”” Econometrica, 
Vol. 3, Jan., 1935, p. 71 ff. 
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THE SENSITIVITY OF TAXES TO FLUCTUATIONS* 
OF TRADE 


By R. F. BRETHERTON 


I, GENERAL THEORY 


THE suBJECT of the sensitivity of the yield of various types of taxes 
to the movements of the trade cycle is of great practical importance; 
but it has been almost completely overlooked in the standard Eng- 
lish works on public finance'—perhaps because, until recently, the 
science of public finance has been built almost entirely upon a frame- 
work of theories of a static or evenly progressive economic system. It 
therefore seems worth while to outline a theory of the subject, and to 
try to obtain some simple statistical measurements. 

The first problem is to discover a satisfactory standard against 
which to measure the “cycle sensitivity” of taxes, which can be ap- 
plied at different times and in different countries. Since money income 
is the ultimate source from which all taxes must be paid, it seems de- 
sirable to measure fluctuations in the yield of particular taxes against 
fluctuations in the total of national social income,? wherever satis- 
factory figures for these are available. It is, of course, previously neces- 
sary to eliminate the effects upon the yield of alterations in the rates 
or basis of the tax, which have taken place during the period under re- 
view. We can then say that the cycle sensitivity of any tax, in any 
year, or in any phase of the trade cycle, is measured by the formula 

Percentage Change in Yield 


Percentage Change in National Social Income * 
This method eliminates from the result the effects of general price 
movements, and of the expansion or contraction of population; 
though of course it leaves untouched the effects of long-period changes 
of relative demand and of the distribution of wealth, in so far as 
these are independent of the trade cycle. Satisfactory elimination 


* Paper read at the meeting of the Econometric Society, Oxford, England, 
September, 1936. 

1 There is no explicit discussion of the subject in any of the standard English 
works; and in America, even so recent a book as C. L. King’s Public Finance, 
1935, makes no mention of it. There is much illustration of the effects of tax 
sensitivity in Dalton, Unbalanced Budgets, and in B. Thomas, Monetary Policy 
and Crises—A Study of the Swedish Experience. See also a brief discussion of the 
subject by H. Laufenburger in ‘“‘The Interaction of Taxation and Trade Fluctua- 
tions,’’ Index, May, 1935. 

2 National Social Income may be briefly defined as the “aggregate of individual 
and collective incomes, less incomes received by compulsory reductions from 
other incomes in return for no services or services not rendered in the year in 
question.”’ Bowley and Stamp, The National Income, 1924, p. 41. 
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of these trends, at least in recent years, does not appear to be pos- 
sible on the basis of the existing statistical material; nor is it certain 
that it is desirable, since the character of the long-period trends is 
likely to be closely connected with the character of the trade cycle. 
In the theoretical discussion which follows, such changes are assumed 
to be nonexistent, except where specific mention is made of them. 

As a starting point, we may consider the question of income taxes. 
A universal and strictly proportional income tax would clearly show 
unitary sensitivity, except in so far as the onset of a trade depression 
caused delays in collection or made it necessary to write off a larger 
proportion of assessments as uncollectable. There would, of course, be 
a lag in the timing of changes in tax yield and changes in the national 
income if the tax collected in one year was the result of assessments 
upon incomes earned in the previous year. A degressive income tax, 
with a low exemption limit and assessment below the standard rate on 
a range of income above it, would show a sensitivity slightly greater 
than 1; for unemployment, wage and salary cuts, and a loss of dividends 
to small investors would bring many incomes below the exemption 
limit in times of depression, which would come above it in prosperity. 
A fully progressive income tax would show a large positive sensi- 
tivity. This would be true even if personal incomes of every size were 
reduced proportionately in depression and increased proportionately 
in prosperity; for a general scaling down must reduce the amount of in- 
come assessable at high rates. It is, however, probable that in general 
the incomes of the very rich are in fact reduced by depressions and ex- 
panded by booms in a greater proportion than those of the moderately 
well to do*—though not, perhaps, always more than the average in- 
comes of wage earners, if the effects of unemployment are allowed for. 
This, of course, very much increases the sensitivity of a progressive in- 
come tax; for it makes it a function both of its scale of graduation and 
of the degree of relative redistribution of income in the varying phases 
of the trade cycle. 

Death duties are also likely to show a high degree of sensitivity. The 
numbers of estates which become liable to duty is not, indeed, a func- 
tion of the state of trade (except in so far as trade depressions drive 
millionaires, like Kreuger, to suicide) ; but their valuation is very much 
affected by the level of stock exchange prices, which certainly fluctu- 
ates much more than the national income. And, in so far as the duties 
are progressive, changes in their yield will be more than proportionate 


In Great Britain, the total of incomes between £2,000 and £6,000 fell by 
19.2% between 1929-30 and 1932-3; those between £6,000 and £50,000 by 
35.1%; and those above £50,000 by 48.5%. (Computed from super-tax statistics 
given in the 78th Report of the Board of Inland Revenue.) 
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to the changes in the total value of estates liable. But there is also an- 
other matter to be considered. The owners of large and very large 
fortunes are likely to have a greater proportion of their capital assets in 
the form of industrial equities, whose prices are more sensitive than 
those of gilt-edged securities or house property;* and this clearly in- 
creases the sensitivity of the yield. On the other hand, the prices of in- 
dustrials and of gilt-edged move at different times and often in dif- 
ferent directions. A rise in the prices of gilt-edged may take place 
while the trend of national income is still downwards, and industrials 
are still falling; and this would clearly reduce the sensitivity of death 
duties as a whole to the depression. There must also be considered the 
effects of long-period changes in the rate of interest and in general mor- 
tality; in the years since the War, these have tended to raise the im- 
portance of death duties as a source of revenue. 

The miscellaneous group of taxes upon transfer of property known 
collectively as the Stamp Duties must always be highly sensitive; for 
both the number of transfers of property and (where this is relevant to 
the amount of the tax, which is not always) the value of the property 
transferred, are likely to be greater in prosperity than in depression. In 
particular, an active Stock Exchange must show itself in an increase of 
the revenue from transfers of shares, as well as from the duty on the 
share capital of new issues. The timing of the fluctuations of such duties 
on the transfer of property is, however, likely to be in advance of changes 
in the national income. 

Taxes upon commodities must vary in sensitivity according to the 
type of commodity taxed, and according to the technical form of the 
tax. It is obvious that specific duties will show less sensitivity than 
those which are levied ad palorem, since they will not reflect directly 
changes in the price of the commodity. Against this, however, must be 
set the consideration that an unchanged rate of specific duty means a 
smaller percentage change in price to consumers if world prices alter, 
than does an unchanged rate of ad valorem duty. In the case of an ar- 
ticle for which consumers’ demand is very elastic, and remains elastic 
even though the position of the curve alters, this may be important in 
reducing the superiority of the specific duty as a method of maintain- 
ing a stable revenue. The types of commodity taxed may be divided in- 

4 In Great Britain, the total capital value of estates becoming liable to Estate 
Duty rose by 24.6% from 1922-3 to 1929-30, fell by 13.2% to 1931-2, and 
rose again by 14.6% to 1934-5. But the changes in the totals for great estates 
were larger than for small. For estates of less than £100,000, the changes were 
+31.0%, —8.4%, +10.6%; for estates of more than £100,000, +10.7%, 
—26.2%, +26.2%. Accidents of mortality among the very rich may have influ- 


enced these figures somewhat; but the greater sensitivity of large estates in the 
recent depression and recovery seems to be clear. 
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to two broad classes—viz., finished commodities, or raw materials en- 
tering into their manufacture, which are purchased by final consumers; 
and investment goods, or raw materials which are primarily important 
for their production. Since final consumption almost always varies less 
than the whole national income, we may expect taxes on consumption 
goods as a class to show a low sensitivity; and just the reverse will be 
true of investment goods. But it is important to make a subordinate 
distinction between goods for immediate consumption, and ‘‘consump- 
tion capital’; for experience shows® that, although the sales of even 
non-essential ‘‘immediates’”’ such as beer and tobacco do not change 
rapidly in the course of the cycle, sales of such things as furniture and 
clothes may show a sensitivity almost as high as that of machinery and 
other investment goods proper. Further, it is necessary to stress the 
point that taxes on goods, for which the secular trend of demand is 
steeply upwards, because of the spread of new habits, may show little 
sensitivity to depression though a good deal to recovery; people ac- 
quire motor cars mainly in prosperity, but do not readily surrender 
them in adversity. On the other side, a period of depression may cause a 
rapid fall, with no subsequent recovery, in the yield of a tax on an ar- 
ticle for which the secular trend of demand is downwards. Import and 
export duties in general may be expected to show greater sensitivity 
than excise duties on articles manufactured at home, because of the 
severity of trade-cycle influences upon international trade. Finally, it 
must be noticed that where import duties are protective or preferen- 
tial, their yield may be much affected by changes in the relation of 
national price structures and exchange rates, which are common, 
though in detail unpredictable, incidents of the trade cycle. An isolated 
depreciation of currency by taxing country will, by increasing the 
amount of protection afforded to home producers, usually diminish the 
yield of protective import duties; and if the depreciation is followed by 
some other countries, but not by all (as was the case with the deprecia- 
tion of sterling in 1931), the resultant redistribution of the sources of 
imports may affect the yield of duties of a preferential character. 


Il. THE SENSITIVITY OF BRITISH TAXES SINCE 1922 


Actual measurement of the sensitivity of taxes, even in one cycle, is 
not very easy. In the first place, no attempt can be made at present to 
eliminate the effects of long-period changes in relative demand and in 
the distribution of wealth, which are independent of the trade cycle. 
Second, no figures for the annual fluctuations of the national income 
are available for years before 1924; and those after that date are sub- 


5 Cf. Clark, ‘Strategic Factors in the Business Cycle.” 
® See League of Nations, World Economic Survey, 1983-4, pp. 230-1. 
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ject to an unknown, though probably small, margin of error.’ Third, 
there are serious difficulties involved in computing an index of tax 
yield, where the rate or basis of the tax has been altered several times 
during the period; and of the more important British taxes, only one, 
the duty on spirits, has remained substantially unchanged both in rate 
and basis from 1922 to 1936. In the rough calculations which follow, the 
rough and ready expedient has been usually adopted of deducting from 
or adding to, the “actual” yield, the Budget estimate and the subse- 
quent Treasury computation of the change of revenue caused by such 
alterations, in order to obtain the “hypothetical yield” of the tax at an 
unchanged rate throughout. In the case of income tax, sur-tax, and es- 
tate duties, a rough check in this method can be obtained, as far as 
changes of rate only are concerned, with the aid of the published sta- 
tistics of assessable income and of the value of estates liable to death- 
duty.’ On this latter basis, it is of course possible to calculate exactly 
the final products of the assessments made to those taxes; but because 
of the delays in assessment and collection, these do not correspond with 
the net annual receipts of revenue. It is recognized that where altera- 
tions in rates or bases of taxes have been numerous, or took place early 
in the period, the calculated ‘hypothetical yield” is subject to a con- 
siderable margin of error; but the results should be accurate enough to 
afford a general picture of the variations in behaviour of the receipts 
from the major British taxes during the period. 

Indices of the “hypothetical yields” of the ten most important taxes 
are given in Table I for the years from 1921-2 to 1935-6, a period 
which covers the whole of one trade cycle, measured from one point of 
minimum activity to another, and three years of recent recovery in ad- 
dition. In Table II the magnitude of the fluctuations of National Social 
Income and of the hypothetical yield of the various taxes is summa- 
rized for each phase of the cycle, an index of “‘cycle sensitivity” is com- 
puted, and the time relation of changes in tax yields to changes in na- 
tional social income is indicated. In the computation of sensitivity, the 
total fluctuation in tax yield is divided by the total fluctuation in na- 
tional social income in each phase; but periods do not necessarily cor- 
respond either in length or timing: for example, the yield of the En- 
tertainments Tax rose from a “low” of 93.1 in 1923-4 to a “high” of 
123.1 in 1930-1, while the National Social Income rose from its lowest 
of 95.5 in 1922-3 to its highest of 108.6 in 1929-30; but the sensitivity is 
computed on the basis of the total movement in each case. (30.0/13.1 
= 2.29.) 

7 The indices used are based, as regards the years from 1924-5, upon ma- 
terial, as yet unpublished, very kindly supplied by Mr. C. G. Clark; as regards 


the years 1922-3 and 1923-4, upon estimates worked out by the writer. 
8 Reports of the Board of Inland Revenue. 
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(1) The Income tax shows the surprisingly low sensitivity of 0.74 to 
the upswing of the cycle. This may be partly due to a statistical bias 
introduced by large payments of arrears in the early years, and by 
complications arising from the system of three-year averaging for as- 
sessment under Schedule D, which was in force until 1927. But it is 


TABLE II 
Summary or Tax SEnsITIvities, 1921-1935 





MovEMENT OF INDEX 
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Pa |AX | Ga P Al & = xq a 
National Social 
Income +13.1 |—16.3/4+15.4] 1.00}1.00)1.00 | 1922 | 1929 | 1932 
Income Tax + 9.71|-—27.0/+10.6} 0.74/1.66)0.69 | equal | equal |1 late 
Super-Tax 23 .5§| —45.7/+ 0.5) 1.79/2.80)0.003)1 late |2 late |2 late 
Estate Duty, 
1894 +17.2 |—42.1]...... ES 60).. <3. 1 early|1 early}1 early 


Stamp Duties |+48.0 | —56.8}/+44.8] 3.66/3.48/2.91 |1 early|1 early|1 early 
Entertain- 

ments Tax |+30.0 |— 3.9/+10.6) 2.29/0.24)0.69 |1 late |1 late |1 late 
Motor Vehicle 

Duties +86.8 |— 3.0/+37. 6.63/0.18)2.43 |1 early|1 late |1 early 
Tobacco Duties} +14.9 |— 1.8)+15. 1.14/0.11}1.00 |1 late |1 late |1 early 
Sugar Duties |+19.7 |—16.0}...... 1.49]0.98]..... 1 early|2 late |2 late 
Beer Duties + 1.6t/--20.9)4+ 5.2} 0.12/1.28/0.34 | equal | equal |1 late 
Spirit Duties |—15.6]||--26.1)+ 5.1]—1.19)1.60|0.33 | equal |1 early|2 late 





* Sensitivity Index = Movement of Index of Tax Yield, divided by movement 
of Index of National Social Income, in each phase of the cycle. 

+ Timing indicates the time relation in years of ‘turning points” of tax-yield 
to ‘turning points” of National Social Income. 

t 1929-30 taken to be highest. 

§ 1923-4 taken as 1st lowest, and 1931-2 as highest. 

|| 1928-9 taken to be highest. 


also probable that the yield of income tax was affected by a secular 
tendency towards a redistribution of income in favour of the less 
wealthy classes of the community, which was the result of social policy 
rather than the trade cycle. For the depression, however, the sensi- 
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tivity was 1.66, and for recovery 0.69; the full force of the depression 
showed itself a year late, and the timing of recovery was similarly de- 
layed. 

(2) Super-tax and Sur-tox shows curious vagaries owing to extraor- 
dinary administrative delays in assessment and collection, the nature 
of which is brought out by the figures in Table III.® These delays 
caused the payment of the tax on income received in the boom years of 
1919 and 1920 to be paid as much as four or five years later; and the 


TaB_eE III 
Super-Tax anp Sur-Tax, 1920-1934 





A a c . 

Actual [Net Tax Finally! pxcess (+) | overt | Index of 

YEAR Net D. a Pe or Defi- on Net Hypothet- 
Receipts wee | eee (—).} “a” | soak Wat 

P ment in Corre- fA y Tax Racal 

sponding Year | ° “ 0VeT BI Assessed eceipts 

Millions Millions Millions (1924-5 (1924-5 

of £ of £ of £ = 100) = 100) 

1920-1 55 .669* 71.085 —15.416 eee hls is ac<ce 
1921-2 61.351* 75.460 —14.104 111.1 96.0 
1922-3 63.910 63.947 — 0.037 93.9 102.3 
1923-4 61.747 66.833 — 5.086 98.2 aS 
1924-5 62.989 67.781 — 4.792 100.0 100.0 
1925-6 67.833 57.681 +10.152 100.2 127.1 
1926-7 66.295 57.064 + 9.231 99.1 132.4 
1927-8 60.053 55.073 + 4.980 95.7 118.6 
1928-9 56.214 56.125 + 0.089 97.5 TEL .4 
1929-30 56.624 59.691 — 3.367 103.7 112.2 
1930-1 67 .657 70.973 — 3.316 101.6 | 118.9 
1931-2 77.083 68 .342 + 8.741 88.1 120.2 
1932-3 60.310 55.186 + 5.126 69.4 86.8 
1933-4 52.395 48 .350 + 4.040 60.0 75.4 
1934-5 50.916 45.770 + 5.146 56.8 74.5 


* Including Southern Ireland. 

This table is designed to show the effects of administrative delays in assess- 
ment and collection upon the yields of Super-tax and Sur-tax. For example, 
Super-tax assessed for the year 1920-21 (on the incomes of 1919-20) ultimately 
amounted to 71.085 millions; but the actual receipts for that year amounted 
only to 55.669 millions. From 1925-6 to 1928-9, however, the actual receipts 
largely exceeded the amounts finally assessed, because of the payment of arrears. 


® Until 1928-9, ‘‘Super-tax”’ was assessed on the income of the previous year, 
and fell due for payment on January Ist of the (financial) year of assessment. 
By the Finance Act, 1927, ‘‘Sur-tax’’ was instead to be assessed on the income 
of the year of assessment, and paid on January Ist. of the succeeding year, the 
payment being termed a ‘‘delayed installment of Income-tax.”’ In practice, both 


assessment and payment are commonly much more “‘delayed’”’ than the law 
allows. 
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same cause explains the fact that the later “‘peak” of the yield was de- 
layed until the year 1931-2, when the depression was almost fully de- 
veloped. A glance at the index of the amounts of Super-tax and Sur- 
tax finally assessed (Table III), which is free from these complications, 
shows that the tax had a lower sensitivity to prosperity even than the 
Income tax; this is again probably attributable to the effects of a re- 
distribution of income independent of the trade cycle.!° For the down- 
swing of the cycle, the sensitivity was very high—2.80 in the case of 
annual receipts, and 2.88 in the case of tax ultimately assessed; and re- 
covery came very late and has so far been slight. 

(3) Estate Duty at first sight appears to behave in a random fashion; 
but when the effects of changes in general mortality have been elimi- 
nated by taking the hypothetical yield per estate (instead of all estates) 
as an index, it shows a distinct cyclical sensitivity, of 1.31 for the rise 
and 2.60 for the down-swing." The timing was one year in advance in 
each case. As in the case of Income and Super-tax, the sensitivity was 
probably distorted by changes ia the distribution of wealth. 

Thus all the three main direct taxes show a high cycle sensitivity. In 
1924-5 they provided between them 56% of the tax revenue; by 1934-5, 
in spite of numerous increases in their rates, the proportion had fallen 
to 49%. 

(4) Stamp Duties show a most perfect cyclical pattern, though as 
might be expected, they move a year in advance of the national in- 
come. With the exception of slight checks in 1923-4 and 1926-7, there 
was a steady rise to 1928-9 (sensitivity 3.66); an equally sharp fall to 
1931-2 (3.48); and a large recovery to 1935-6. (2.91). 

(5) Entertainments Tax appears to show considerable sensitivity to 
improving conditions, but very little to depression. It is levied upon a 
service for which the trend of demand is certainly upwards; and the 
cinema habit appears to be one which, once acquired, is not easily sur- 
rendered. There was a practically steady rise to 1930-31 (sensitivity 
2.29); a slight fall for three years (0.24); and a sharp recovery in 1934-5 
and 1935-6 (0.69). There was a lag of one year in the timing through- 
out. 


10 Of incomes accruing in 1924-5, and liable to Super-tax, 44.3% belongs to 
persons with incomes between £2,000 and £6,000, 48.7% to persons with in- 
comes between £6,000 and £75,000, and 7% to persons with incomes of over 
£75,000. In 1929-30 the percentages were 47.0, 46.4, and 6.6. Incomes below 
the level of £25,000 increased in number, and in total from £452 million to 
£491 millions; but the number of incomes above £25,000 decreased, and their 
total amounts fell from £109 millions to £102 millions. With progressive rates of 
assessment, this of course very much damped down the increase of yield. 

11 Though it is possible by this device to eliminate the effects of general mor- 
tality, the figures are still somewhat distorted by accidental coincidences of 
deaths among the very rich. 
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(6) Motor Vehicle Duties, even more than the Entertainments tax, 
were borne up on a wave of expanding demand, which was almost suf- 
ficient to obliterate the influence of the trade cycle. Sensitivity to the 
rise was 6.63; to the fall 0.18; and to recovery 2.43. There was a lag of 
one year at the peak, and an advance of one year at the depression. But 
though the movement was thus almost continuously upward, changes 
in the national income are fairly closely related with changes in the 
rate of growth of the yield of the duties, except in the one year 1930-1. 

(7) Tobacco Duties show a gently rising trend, with very low cycle 
sensitivity. The peak was reached in 1930-1 (sensitivity 1.14); and for 
the next four years the curve was almost level; there was then a mod- 
erate recovery in 1934-5, and a more considerable one in 1935-6. (Sen- 
sitivity, 1.00.) This is probably a very typical pattern for a final con- 
sumers’ good of this character. 

(8) Sugar and Molasses Duties. Here the repeated increases of the 
customs preference to Imperial sugar, combined with the expansion of 
the production of home-produced beet sugar, make it difficult to cal- 
culate the hypothetical yields with any reasonable accuracy; the fluc- 
tuations in the curve are mainly due to variations in the proportions 
coming from Imperial and foreign sources. The steady increase in the 
proportion of Imperial sugar was checked in 1930 and 1931 by an al- 
teration in the prices of sugar from foreign and Imperial sources; this 
was corrected later by the depreciation of the pound.” The curve of 
“actual” yield, with its fall from an index of 93.5 in 1925-6 to 57.3 in 
1934-5, gives some idea of the loss of revenue which has resulted from 
the policy of preference and of the instability which it has introduced 
into the yield of this tax; for the rates of duty on foreign sugar have 
remained unchanged since the Budget of 1924. 

(9) Beer Duties were certainly subject to a strong downward trend. 
On the whole, they show a slight positive sensitivity to 1929-30, a 
sensitivity of 1.28 to the depression, and one of 0.34 to recovery. 

(10) Spirit Duties, the rates of which remained unchanged through- 
out the period, show an even steeper downward trend, with apparently 
a low sensitivity to the trade cycle, apart from an acceleration of the 
rate of fall in 1931-2. They had shown no sensitivity to the recovery by 
1934-5; but there was a sharp rise in the following year. 

For most purposes, however, the sensitivity of particular taxes is less 
important than the average sensitivity of the whole system; the art of 


12 See Economist, Budget Supplement, 1935. Also the Reports of H. M. Com- 
missioner for Customs and Excise. The ratio of Empire to total retained im- 
ports of sugar was 22.5 in 1925-6, 38.0 in 1928-9, and 46.6 in 1929-30. It fell 
to 33.3 and 33.4 for the next two years, then rose to 43.6 and 51.6 for 1932-3 
and 1933-4. 
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successful budgeting consists in allowing extremes to cancel out. The 
ten taxes so far examined provided 93.5% of the total tax revenue of 
the British government in 1924-5; so they may be regarded as repre- 
sentative of the whole system as it was at that date. When taken to- 
gether, their yields showed a sensitivity of 0.69 to the upswing, from 
1921-2 to 1927-8; a considerably higher figure of 1.18 for the down- 
swing from that year to 1933-4 (though the decline was not really se- 
rious before 1931-2) ; and a low sensitivity of 0.53 to recovery to 1935-6. 
On the whole, this appears to be only a moderate degree of sensitivity; 
but it is worth considering how it was attained. Considerable relief 
came from the unevenness of the “timing” of fluctuations of particu- 
lar taxes; Stamp Duties and Estate Duty began to fall long before In- 
come tax and Super-tax had reached their peak, and had made an ap- 
preciable recovery before the taxes on income touched bottom. Had the 
years 1927 to 1929 been years of real trade boom, instead of merely 
moderate prosperity, this smoothing effect would probably have been 
much more noticeable. There was also a fortunate balancing of taxes 
such as Entertainments tax and Motor Vehicles Duties, in which the 
secular trend was steeply upwards and sensitivity to depression small, 
against others, like the Beer and Spirit Duties, in which the long-period 
trend was downwards, and sensitivity to depression considerable. The 
writer has not examined in detail the sensitivities of continental or 
American tax systems; but superficial inspection suggests that they 
showed much greater sensitivities than that of Great Britain; and this 
must certainly be partly responsible for the greater severity of budget 
difficulties in many of those counties since 1929. But even in Britain, 
the sensitivity of the tax system was large enough to cause serious 
trouble, because it was considerably greater than the sensitivity of ex- 
penditure. On the basis of unchanged rates, the hypothetical yield of 
these ten taxes fell from 90.6% of total tax revenue in 1927-8 to 72.3% 
in 1933-4; while expenditure by the central Government (other than 
that for the redemption of debt)"* rose slowly but fairly steadily from a 
first low point of £748 millions in 1923-4 to £781 millions in 1929-30; 
it then jumped sharply to £833 millions in 1932-3, fell to £770 millions 
in the following year and then began to rise again. In so far as it was 
not met by borrowing, the gap had to be filled, either by increases of 
rates, of by the invention of fresh taxes. Broadly speaking, about one 
half of the gap was met by increasing the rates of old taxes and the 
other half by developing new fields of taxation, mainly in the tariff. 


13 Exchequer Issues less New Sinking Fund. These figures exclude the deficit 
on the Unemployment Insurance Fund before 1932-3, and also all Capital Ex- 
penditure not chargeable against revenue. 
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III. SOME CONSIDERATIONS OF POLICY 

The theory and facts so far set out seem to make it necessary to add 
another canon or criterion of a tax system to the familiar list—namely, 
its cyclical sensitivity. But it is not altogether obvious that it is an evil 
to have a tax system which is highly sensitive to the trade cycle.The 
adherents of ‘orthodox principles” of public finance would indeed ar- 
gue that this must lead either to unbalanced budgets or to rapid alter- 
ations in the rates or basis of taxation; since both these are regarded 
as evils, the ideal situation is one in which the yield of existing taxes 
responds automatically to fluctuations of public expenditure. Now, 
since, on the whole, in a modern state with well-developed social 
services, public expenditure tends automatically to expand in bad 
times, if not to contract in good (quite apart from changes in the policy 
of expenditure, which may be induced by the cycle), the principle of 
stability of rates would dictate the selection of taxes which are inversely 
sensitive to the Trade Cycle—if, indeed, they can be found. Failing 
that, we should at least concentrate on taxes which show only a small 
positive sensitivity. In practice, this would mean large use of taxes 
either on articles of general consumption, or on goods and services for 
which the secular trend of demand is upwards. But the first expedient 
would conflict with almost any principle of equity, since it would in- 
crease the burdens on the poor at times when they were least able to 
bear them; and the second is of doubtful advantage froin the point of 
view of trade-cycle policy. When there is a general falling off of invest- 
ment, it is desirable to stimulate the development of new demands, 
rather than to retard them by heavy taxation. Thus the refusal of the 
British government to increase the Motor Vehicle Duties along with 
other taxes in 1931 was probably good policy, as was their actual 
reduction of them at an early stage in the recovery in 1934. But the 
hole in the Budget caused by the cycle sensitivity of other taxes was 
made good largely by the imposition of a tariff; this may have stimu- 
lated recovery in some directions, but it certainly increased both the 
relative and absolute burdens on the poor. There appears to be a 
necessary conflict between the canon of equity and the canon of stabil- 
ity. Some relief might perhaps be given by retaining the emphasis on 
the sensitive direct taxes, but by assessing them on the average of 
several years’ income, as was at one time partly done with the Income 
tax, and by “‘staggering”’ the dates of collection, as happens to some ex- 
tent already with Income tax and Sur-tax. In any case, careful attention 
should be paid to the timing of the fluctuations of various taxes. 

The adherents of less orthodox methods of budgeting in the trade 
cycle might at first thought believe that a highly sensitive tax system 
is not a bad thing, if only no attempt is made to meet the resultant def- 
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icits by additional taxation or to dispose of surpluses by reducing the 
rates. Let us meet our deficits by borrowing in depression, and use the 
surpluses of the boom to pay off the resultant debts; and there will be 
no need to alter the form or the rates of existing taxation at all. The 
more sensitive the tax system, the more easily can the State expand 
credit in depression and contract it in boom; and the more, too, will 
the amount of its revenue depend on the success of its own trade-cycle 
policy. But even if we accept this general view of the functions of the 
budget as an instrument of trade control, this particular argument 
seems to be too simple. To combat a depression which has already de- 
veloped, it may be desirable actually to reduce the rates of some forms 
of taxation; for the psychological effect of a reduction of rates is much 
greater than the mere knowledge that they will not be raised. Further, 
as was argued above, there may be a special case for giving the stim- 
ulus of a reduction of taxes to commodities and services of expanding 
demand, the yield of which is comparatively insensitive to the depres- 
sion. On the other hand, it may even be desirable to increase the rates 
of such direct taxes as fall mainly upon the rich; for in depression the 
State will be a more active spender and investor than wealthy private 
persons. Similarly, variations of rates of taxation may be a useful in- 
strument for the control of the upswing of the cycle; increased taxation 
of stock exchange transactions and of the products of new industries 
may steady the rate and balance the direction of new investment, 
while reductions of direct taxation may stimulate saving—supposing, 
of course, that this is admitted to be sometimes conducive to prosper- 
ity! Control of this kind in the upswing is rendered all the more neces- 
sary by the fact that, although the increase of public debt when pri- 
vate investment is stagnant in depression is necessarily expansionist in 
its effects (unless, indeed, it undermines public confidence), its repay- 
ment out of normal taxation when private investment is already active 
is not necessarily deflationary; it may, indeed, be just the reverse." 
Thus the old canon of stability of rates of taxation seems to have little 
place in a budgetary policy which is designed to control and offset the 
fluctuations of private business; but the cyclical seusitivity of the va- 
rious taxes would interact with such a policy at almost every point. 
R. F. BRETHERTON 
Wadham College 
Oxford, England 


14 For some discussion of this point, see Ropke, Crises and Cycles, pp. 158-9. 








REPORT OF THE CHICAGO MEETING, 
DECEMBER 28-30, 1936 


Tue AMERICAN winter meeting of the Econometric Society was held 
in Chicago on December 28, 29, and 30, 1936, in connection with the 
meetings of the other social science societies. All sessions were held at 
the Stevens Hotel. 

The meeting opened on Monday morning, December 28, at a joint 
session with the American Statistical Association and the Institute of 
Mathematical Statistics, under the chairmanship of Professor Irving 
Fisher of Yale University. The first paper presented was the Presiden- 
tial Address by Professor Harold Hotelling of Columbia University on 
“The General Welfare.’”’ Professor Hotelling, in this paper, examined 
and amended the classical theorem that free competition leads to a 
maximum of what may be called a component of the general welfare. 
Two independent components of the general welfare of a strictly eco- 
nomic character may be identified. One of these has to do with the 
distribution of wealth and income among different persons and classes; 
the other is the total of the goods and services constituting the national 
dividend. In addition there are other components of a character not 
strictly economic, such as personal freedom, civil liberties, good will, 
artistic appreciation, etc. Considering only the component concerned 
with the total national dividend, this paper presents as a modernized 
variant of the classical argument, taking full account of the relations 
among commodities in a manner impossible to non-mathematical clas- 
sical theory, the theorem that the social optimum requires that sales 
be at marginal cost, neither more nor less. This implies that excise, 
sales, and customs taxes are less efficient economically than income, 
inheritance, and land taxes, even without taking account of the higher 
cost of collection of the former group. The same theorem implies also 
what may seem a rather revolutionary proposition, that industries with 
high fixed costs, such as railroads and electric power plants, might well 
be subsidized to the extent of their fixed costs, on condition that only 
marginal costs be charged for their services and products. The argu- 
ment here is similar to that showing that free bridges are socially more 
economical than toll bridges. 

Professor E. J. Working of the University of Illinois gave a paper 
on “Some New Indexes of Agricultural Supplies and Carryover.” 

The final paper of the session was by Dr. Charles F. Roos, Cowles 
Commission for Research in Economics, on ‘‘New Indexes of Stock 
Prices and Yields and their Relation to the Theories of Capital and 
Savings.” Dr. Roos stated that an examination of the various indexes 
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of prewar stock-price movements showed that most of them were based 
on small samples and did not make proper adjustments for changes in 
capital structure. To meet the need for a reliable history of stock price 
movements, the Cowles Commission has computed and will publish in 
1937 extensive monthly indexes of (1) stock prices, (2) stock prices 
adjusted for reinvestment of dividends, (3) dividend payments, and 
(4) yields; and annual indexes of (5) earnings and (6) earnings-price 
ratios. All proper adjustments have been made for stock rights, stock 
dividends, and other changes in capital structure. These indexes have 
been computed for 69 industry groups. They include all common stocks 
in which transactions on the New York Stock Exchange have been re- 
ported during the years 1871-1917; for subsequent years they are 
based on the Standard Statistics indexes which include over 90 per cent 
of the total value of common stocks listed on the New York Stock 
Exchange as well as other leading issues. A comparison of the Cowles 
Commission indexes with other commonly used ones shows striking 
differences in location of maxima and minima and in general move- 
ments. 

The second session, on Monday afternoon, was devoted to Price 
Analyses, under the chairmanship of Professor Henry Schultz of the 
University of Chicago. The first paper, by Professor Holbrook Working 
of Stanford University, was on “The Elasticities of Demand for 
Wheat.” Professor Working pointed out that three calculations of the 
demand for wheat have received considerable attention. These may be 
summarized in terms of the coefficients of elasticity of demand stated 
by the authors in their calculations or implicit in their conclusions: 


Gregory King (1699)................ e= — .36, 
ie; Be. Rapes CRONE). og. ek sk e=—.ovl, 
G. F. Warren and F. A. Pearson (1928) e=—.71to —1.23. 


The coefficients based on the data of Warren and Pearson measure 
elasticity of the same “‘world”’ ‘“‘market’’ demand, but in terms of prices 
on Kansas farms and in the Berlin market respectively. The difference 
between the coefficients is almost exactly that to be expected merely 
from the difference between the average levels of price at these two 
points within the world market. It reflects a weakness of the coefficient 
of elasticity as a parameter for summarizing the characteristics of de- 
mand. All the foregoing coefficients reflect elasticity of a composite 
demand which includes demand for storage. Elasticity of demand for 
actual consumption is so small that even after years of effort devoted to 
refining the data, no trustworthy measurement has been obtainable. 
It is possible, however, to set upper limits with a precision that renders 
them useful: 
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For food in the United States................ —e<.008, 
For food and feed in the United Kingdom and 

Sie PGTOTIANNN 55). 6 NS a SS —e<.07, 
For food and feed in the “‘world”............. +e<, 10. 


The actual elasticities may be only small fractions of the upper limits 
given above. It is such elasticities of consumption demand as these 
which are pertinent to the economic theory of normal price. For mar- 
ket-price theory, coefficients reflecting a composite demand including 
demand for storage are applicable in principle; but in fact may be 
highly misleading. They rest on seriously inadequate assumptions with 
respect to the characteristics of demand for storage. 

The second paper was by Professor Lewis A. Maverick of the Uni- 
versity of California at Los Angeles, on ‘‘Reserve Prices, An Aspect of 
Dynamic Economics.” Professor Maverick summarized his remarks as 
follows: ‘“The Reserve Price below which the seller will not consent to 
sell and above which the buyer will not consent to buy is a phenomenon 
of the business cycle. Reserve prices, expressed in goods rather than in 
money, were just as real as an exhibition of the stubbornness of the 
groups of traders in the days before money as they are today. If the 
group is closely organized, we have the phenomena of monopoly. But 
even without organization there can be a concert of opinion. When the 
reserve prices of the two groups differ then there may be either of two 
results. If that of the buyers is higher than that of the sellers, we have 
business activity which may lead to recovery and prosperity. If that 
of the buyers is lower, we have business stagnation and depression. In 
the latter case it appears that we have overproduction. The period of 
overproduction will end when one or both of the opposing groups has 
made concessions from its reserve price so that trading can be resumed. 
There is a presumption of recurrence in the periods of overproduction 
even in the barter economy, since the groups will be under continuing 
temptation to attempt a stubborn policy and since both groups will be 
practically innocent of any understanding of what happened to them 
or their fathers in the last economic struggle. The introduction of 
money alters the recurring phenomena in several ways: it enlarges the 
market and increases the number of points at which purchase and sale 
take place. Money as a storehouse of value also introduces the phenom- 
enon of hoarding. Credit also increases the violence and probably the 
frequency of these phenomena.” 

The final paper of the session was by Dr. William R. Pabst of Am- 
herst College, on ‘‘Butter and Oleomargarine: a Study of Competing 
Commodities.”” Dr. Pabst suggested that the problems and interac- 
tions of economic phenomena which can be investigated by a considera- 
tion of many related commodities rather than independent ones are 
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worthy of considerable attention. In this study the prices of butter and 
of oleomargarine, the quantities of these commodities consumed in the 
United States, income per capita, and time are taken to be interrelated 
variables and their relationships are evaluated statistically. The equa- 
tions of relationship are in the form of statistical demand and supply 
curves in which prices and quantities are alternately chosen as the 
independent variables. The many possible combinations of these vari- 
ables provide a fruitful field for further research. The recent develop- 
ments in the use of indifference-curve analysis are found to be useful 
tools for the consideration of the equilibrium of two commodities in 
terms of their prices and quantities and for relating the influence of in- 
come. Since income is akin to the cyclical forces which affect the rela- 
tionships, the comparison of the total amount of money spent upon a 
commodity with total income appears to have possible ramifications in 
the investigation of cyclical phenomena. The interrelations of butter 
and oleomargarine are of practical interest in connection with the pres- 
ent demands for further protection of the butter industry through addi- 
tional taxation of oleomargarine. 

Later Monday afternoon a round-table discussion was conducted on 
“Uses and Limitations of Mathematical Analysis in Developing Eco- 
nomic Theory,” with Dr. Charles F. Roos in the chair. 

Professor Harold Hotelling of Columbia University pointed out that 
the existence of possible systems of indifference curves has been recog- 
nized for which the equations of general equilibrium have no solution, 
or have multiple solutions. In cases of multiple solutions it is important 
to recognize the difference between stable and unstable solutions. Nec- 
essary conditions for stability are that, for each person, the utility shall 
at the equilibrium point be a maximum subject to his budgetary con- 
straint—not a minimum or minimax. These conditions have been used 
by the speaker to derive conditions on demand functions (Econo- 
METRICA, January, 1935). But it would be interesting and valuable to 
have some examples of fairly simple utility functions for which the 
equations of general equilibrium have multiple solutions. For one 
thing, the possibility of a plurality of stable solutions needs to be veri- 
fied. For another thing, there is need of a more detailed study of the 
conditions giving rise to Giffen’s phenomenon—that is, an increase in 
the consumption of a commodity such as bread resulting from an in- 
crease in its price, on account of the poverty of users who are prevented 
by its high price from buying expensive substitutes. It may be sus- 
pected that where Giffen’s phenomenon exists there is another possible 
solution of the equations of equilibrium, in the neighborhood of which 
Giffen’s phenomenon does not exist. This leads to applications of the 
theory of maxima and minima in the large. 
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Professor Eugen Altschul of the University of Minnesota stated that 
economics was from the beginning an outspoken quantitative science. 
Logically the Lausanne School has only drawn conclusions implicitly 
present in the interdependent system of the Classical School. Mathe- 
matical analysis becomes even more necessary when the rigid assump- 
tions are dropped and uniquely determined relations are replaced by 
average relations, and when statistical analysis is used to aid theory. 
Professor Altschul doubted, however, whether specific dynamic prob- 
lems, in so far as they included more than variations in time, could be 
successfully analyzed by mathematics. He thought that it was possible 
to describe mathematically the relationships but not the actual de- 
velopments, when movements away from equilibrium created qualita- 
tively new arrangements of economic forces. 

Dr. Gerhard Tintner of the Cowles Commission for Research in 
Economics suggested that one of the most important uses of the 
mathematical method in economic theory was the possibility of re- 
placing old economic concepts which had some kind of metaphysical 
connotations. He mentioned especially the work of Hicks and Allen, 
who (in Economica, 1934) discarded utility theory entirely and reduced 
it to a system of indifference lines or rather indifference complexes in 
n-dimensional space. They also used the realistic and empirical concept 
of the elasticity of substitution instead of the old concept of marginal 
utility. He also referred to the remarkable work of a young Viennese 
mathematician, Dr. A. Wald, who has shown the conditions under 
which the Walrasian equations have one and only one solution. His 
proof (published in Ergebnisse eines mathematischen Kolloquiums, ed- 
ited by Karl Menger, 1935 and 1936), assumes, however, that the utili- 
ties derived from different commodities are independent. There is not 
yet a solution of the general case. 

Professor Harold T. Davis of Indiana University commented upon 
the historical phases of the application of mathematics to a physical or 
social science. Thus in astronomy the empirical investigations of Tycho 
Brahe on the motion of the planets was followed by the curve-fitting 
experiments of Kepler and finally by the a priori formulation of a gen- 
eral mathematical theory by Newton and his successors. In the same 
manner we may expect these three stages to occur in the historical de- 
velopment of econometrics. The first stage will be the collection of ade- 
quate data, the second stage the discovery of exact laws by statistical in- 
vestigations, and the third stage the formulation of a general mathemat- 
ical system. We shall probably differ widely in our opinions as to which 
stage the application of mathematics to economics has now reached. 

Emil Lederer of New School for Social Research emphasized one 
question, already put by Dr. Altschul: There is no doubt that mathe- 
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matical formulas can be used for symbolizing laws within static eco- 
nomics; and that the main relations within such a static system can be 
reduced to “‘laws” which lend themselves to mathematical formulation, 
if we represent the economic system in its market aspect. The question 
is as to dynamics. Certainly we can simplify the dynamic system also; 
but if we do it and if we can, then, express some of its “laws” in mathe- 
matical symbols, shall we not, by doing so, eliminate the problems at 
which we have to work? A harmoniously progressing dynamics could 
be—in some of its aspects—symbolized in mathematical formulas; but 
if we make the next step towards reality, inserting one of the elements 
working for typical and recurrent irregularities—what then? Secondly: 
is it helpful to represent a development, which in itself will be indeter- 
minate and which therefore will imply alternative solutions, in a for- 
mula which will give only one of the final results, that is, one of the 
equilibriums, that are possible? 

The session of Tuesday morning, December 29, was devoted to 
‘Applications of the Theory of Probability to Economic Problems,” 
with Professor Harold T. Davis of Indiana University in the chair. 

The first paper was on “Expectations and the Statistical Theory of 
Errors,” by Gerhard Tintner of the Cowles Commission for Research 
in Economics. The object of Dr. Tintner’s paper was to find a general 
connection between the economic theory of expectations and the statis- 
tical theory of errors. The starting point is a utility function which is 
defined as depending on “arrangements” of a factor x in the course of 
time, where x may be any economic phenomenon like price, demand, 
costs, etc. Denoting by x(z, j) the value of the factor at the point in 
time j, as expected at the point in time 7, it is easy to derive the maxi- 
mum conditions and the equilibrium values £(0, j) which will yield the 
maximum satisfaction. If, however, a small error is committed at the 
point in time h, and the value of z is not £(0, h) which would give maxi- 
mum utility but (0, h)+e,, where e, is a small error, the situation for 
the subsequent points in time is different. It is, however, possible to 
derive a new set of quantities x(h, 7) which will, in general, be different 
from the original (0, j) and will depend on the error e, which has been 
committed at the point h. The same general method holds true if new 
errors are committed at subsequent points k, m, etc. If all these errors 
are small, then the difference between the original and the maximum 
values of x, after the errors have been committed, will be linear com- 
binations of the errors. The loss of utility, however, will not be a 
linear but a quadratic form in the errors. Without any extensive em- 
pirical studies it seems very difficult to make assumptions about the 
distribution of the errors and the correlation between the subsequent er- 
rors. The argument is easily extended to the case of a continuous z, in 
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which case the utility becomes a functional of x. The linear equations, 
which in the discontinuous case yield the corrections for x, after the 
error has been committed, are replaced by integral equations. 

The second paper was by Messrs. Alfred Cowles 3rd and Herbert E. 
Jones of the Cowles Commission for Research in Economics on “Some 
a posteriori Probability Considerations of Stock Market Action.” The 
authors found that evidence of structure in common stock prices was 
disclosed by computing the ratio of sequences to reversals. A sequence 
occurs when a rise follows a rise or a decline a decline, and a reversal 
when a rise follows a decline or vice versa. The method used is more 
susceptible of interpretation in terms of probability than the tech- 
niques frequently resorted to. Units of time ccnsidered were 20 min- 
utes, 1 hour, 1 day, 1, 2, and 3 weeks, 1, 2, 3, - - -, 11 months, and 
1, 2, 3,---, 10 years. For all units of time from 20 minutes to 6 
months, with one exception, there was a significant excess of sequences 
over reversals, indicating a definite element of inertia in stock prices. 
The evidence of structure suggests the possibility of utilizing this 
knowledge in a practical way in forecasting. The success of such fore- 
casts depends not only on the ratio of sequences to reversals but also 
on the brokerage costs and the average change in stock prices during 
the interval considered. An extensive study, therefore, was made to 
compute the net gain to be expected from a practical application of 
this type of forecasting. The largest net gain apparently would occur 
when the forecasts were based on monthly data, the expected annual 
net profit then being about 9 per cent. This was based, however, on 
long-time averages. An investigation of the frequency distributions of 
the different factors gave the probability of obtaining various net gains 
or losses. The authors concluded that the ratio of sequences to re- 
versals in stock prices manifests significant structure, but this structure 
is not sufficiently pronounced or stable to provide a very satisfactory 
basis for successful speculation. 

The third paper, by Mr. William G. Madow of Columbia University, 
was on “Some Topics in the Theory of Curve Fitting including Pe- 
riodogram Analysis.” Periodogram theory, as developed by Schuster, 
Turner, Walker, and Fisher, has been concerned only with problems 
arising from the negation of the hypothesis that no period exists. This 
hypothesis is negatived by showing that a single period is too important 
for its importance to be accidental. It is possible, however, that situa- 
tions might occur in which the hypothesis must be rejected because 
several periods account for more of the variance than is expected if the 
null hypothesis is true, even though no single period possesses this 
property. Distributions by which such situations may be tested are 
derived analytically. They are, naturally, generalizations of those of 
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R. A. Fisher.! The Schuster periodogram is a special case of problems 
in analysis of variance and in curve fitting. The solution of the general 
problem for the analysis of variance, which includes the solution of the 
problem for curve fitting, yields the necessary distributions as sums of 
incomplete Dirichlet integrals, of which that obtained by R. A. Fisher 
is the simplest. Among the possible practical uses of the work is the 
fact that, to some extent, it makes graphs rigorously usable as statis- 
tical tools. 

The final paper of the session, “On the Concept of Transvariation 
and the Law of Comparative Judgment,” by Professor Corrado Gini, 
University of Rome, was read by title in the absence of the author. 
Professor Gini’s own abstract of his paper is as follows: 

‘“When two frequency curves overlap, we say that there is transgres- 
sive variation or transvariation between the two groups of quantities. In 
this case, if we take at random a quantity from one group and a quan- 
tity from the other, there is a certain probability that the difference 
between the two quantities will be contrary in sign to the difference be- 
tween the respective averages of the two groups. Such a probability has 
been called probability of transvariation. The intensity of transvariation, 
on the other hand, is given by the ratio between: (a) the sum of those 
differences (taken in their absolute values) which may be established 
between the quantities of the two groups, which are contrary in sign 
to that of the difference between the respective averages; and (b) the 
sum of all the differences (taken in their absolute values) that may be 
established between the quantities of the two groups. The probability 
and the intensity of transvariation are the constants of transvariation. 

“‘These definitions have been given in an article of mine? published in 
in 1916, of which a reproduction with some additions is in press.* In 
this article the theory of transvariation is developed, some relations 
between it and the theories of dispersion and correlation are indicated, 
and the practical importance of its applications is suggested. 

“Since then the theory has received further developments and appli- 
cations by some Italian statisticians. Castellano has especially studied 
the effect of sampling on the values of the constants of transvariation.‘ 
Boldrini has made interesting applications of the constants of trans- 


1 Proc. Roy. Soc. Lon., Vol. 125A, 1929, pp. 54-60. 

2 C. Gini, “Il concetto di transvariazione e la sue prime applicazioni,’’ Giornale 
degli Economisti e Rivista di Statistica, Roma, 1916. 

3 C, Gini, ‘‘Memorie di metodologia statistica,” Roma, Biblioteca del Metron, 
(in press). 

4 V. Castellano, ‘“Sullo scarto quadratico medio della probabilitaé di transvari- 
azione,”’ Metron, Vol. 11, No. 4, 1934. 
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variation directed to measure the degree of typicity of the secondary 
sexual characters.® 

“In my article, I pointed out that the constants of transvariation 
cannot generally be deduced from a knowledge of the averages and dis- 
persion of the two groups of quantities. As a matter of fact the constants 
of transvariation depend also upon the form of the two distributions. 
When, however, this form is known (as, for example, when both the dis- 
tributions are normal) it is possible to deduce the constants of trans- 
variation from a knowledge of the averages and dispersion of the two 
groups. The form of the distribution being known, other deductions 
are similarly possible: (a) from a constant of transvariation and the 
dispersion of the two groups, it is possible to deduce the difference 
between the averages; (b) from a constant of transvariation, the dif- 
ference between the averages, and the ratio between the dispersion of 
the two groups, it is possible to deduce the dispersion of the two groups; 
(c) if the dispersion of the two groups is moreover the same, it is also 
possible to deduce, from a constant of transvariation, the difference 
between the averages expressed in terms of the dispersion. 

“This is precisely the principle on which the law of comparative 
judgment of Thurstone® is based. Further relations of the said law with 
the theory of transvariation are expounded and illustrated in the paper 
here briefly summarized.” 

The Tuesday afternoon session was devoted to “Multiple Correla- 
tion of Correlated Variates.’’ Professor Harold Hotelling of Columbia 
University presided. The first paper was by Dr. Frederick V. Waugh 
of the United States Department of Agriculture, “On the Determi- 
nateness of Partial Regressions.” Dr. Waugh recalled that three recent 
studies by Ragnar Frisch have formulated and developed the notion of 


5 M. Boldrini, “Su aleune differenze sessuali secondarie nelle dimensioni del 
corpo umano alla nascita ed alle eta superiori,’”’ Archivio per l’Antropologia e 
lV Etnologia, Vol. 49, 1919; ‘‘I cadaveri degli sconosciuti—Ricerche demografiche 
ed antropologiche sul materiale della Morgue di Roma,” La Scuola Positiva, 
1920; ‘‘Gli studi statistici sul sesso: la proporzione dei sessi nelle nascite e i 
caratteri sessuali secondari,” Rassegna di studi sessuali, Vol. 1, 1921; ‘‘Differenze 
sessuali nei pesi del corpo e degli organi umani,’’ Rendiconti della Reale Accademia 
Nazionale dei Lincei, Classe di Scienze Fisiche, Matematiche e Naturali, Vol. 29, 
s.5, 2° sem., Fasc. 1-4, Roma, 1920; ‘‘Misure interne ed esterne di alcune ossa 
lunghe nell’uomo e nella donna,” zbid. Vol. 33, s.5, 2° sem., Fasc. 7-10, Roma, 
1924; Biometria. Problemi della vita della specie e degli individut, Padova, Cedam, 
1927 (pp. 233-53); Biometria e Antropometria, (Vol. 3 del Trattato Elementare di 
Statistica, diretto da C. Gini), Giuffré, Milano, 1934 (pp. 312-313). 

6 L. L. Thurstone, ‘‘A law of comparative judgment,” The Psychological Re- 
view, Vol. 34, No. 4, July 1927; ‘‘An experimental study of nationality Prefer- 
ences,” The Journal of General Psychology, Vol. 1, 1928. 
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“scatterances” as a test of the reliability of multiple regressions. The 
scatterance among n variables is 


L fe: : + tis 
(1) R={|1ra 1 +--+ fon 
Tri Tn2 1 


If variable number 7 is selected as dependent we are particularly 
concerned with the subscatterance among the remaining n—1 vari- 
ables. This subseatterance is the cofactor, R;;. If Rj; is significantly 
different from zero we can say that the scatter—or lack of correlation— 
in the subset is significant. In this case the reliability of the regression 
equation can be tested by the usual methods. 

This paper indicates that neither errors of sampling nor errors of 
computation (if proper checks are used) can account for an observed 
scatterance different from zero if the true scatterance in the universe 
is rigorously zero. Errors of observation, however, will always tend to 
raise the observed scatterance above its true value. We need, therefore, 
to test the observed scatterance to see if the observed value could be 
explained entirely by errors of observation. 

If the size of the errors of observation can be estimated accurately - 
each correlation coefficient in (1) can be corrected as follows: 

Mi; 
(2) rj = 
VM — ms"’V mj; _ m;;"" 





where m,; is the observed product moment and where m;;’’ is +he esti- 
mated standard deviation of the error of observation for the ith vari- 
able. The corrected scatterance and corrected subscatterances can be 
obtained by inserting the corrected correlations in (1), and calculating 
a corrected R’ and R;;’. If, when generous allowance is made for errors 
of observation, R;;’>0, the usual measures of reliability can be applied 
to the multiple regression of variable number 7 on the other variables. 

The second paper was ‘‘Confluence Analysis and the Standard-Error- 
of-Parameters Approach to the Problem of Demand for a Producers’ 
Good,” by Dr. Francis McIntyre of Stanford University. Dr. McIn- 
tyre summarized his paper as follows: 

“It has long been recognized by students of statistics that little re- 
liance may be placed upon the normality of the distribution of the ratio 
to its estimated standard error of a regression coefficient determined 
from time series. The Student distribution, with its assumption of nor- 
mality of the parent population, is of little assistance here, although 
Student’s ratio is frequently calculated, ‘as the best objective test 


194 ECONOMETRICA 


available.’ Ragnar Frisch has challenged this problem in his recent 
‘Confluence Analysis.’ He abandons standard errors entirely in favor 
of determinantal functions of the simple intercorrelations of the sev- 
eral variables. These he calls ‘scatterances.’ 

“A statistical analysis of factors affecting the price of refined copper 
in the United States has furnished an opportunity for the application 
of the scatterance technique. Space limitations prohibit even a sum- 
mary of the results, but the tentative conclusions may be generalized: 
The Frisch methods compel re-examination of the economic content of 
rejected variables, thus improving the quality of the ingredients fed 
into the correlation hopper. Further, they provide a test of the applica- 
bility to the data at hand of various statistical procedures, assisting 
for example in the decision whether to use a price index as a deflator or 
as an explicit variable. So far as this study has proceeded, the economic 
a priori hypotheses have been much better supported by the scat- 
terance results than by the Student ratios. Relatively simple modifica- 
tions of the familiar Doolittle solution of the normal equations will 
yield many of the scatterances Frisch requires, with much less effort 
than is involved in the method he suggests for their calculation.” 

The final paper of the session was by Dr. Milton Friedman of the 
National Resources Committee on “Testing the Significance of the 
Differences among a Group of Regression Equations.”’ This paper ap- 
plied the analysis of variance to the problem. N observations on two 
variables are assumed available. These observations are classified 
into k groups. A linear regression is computed for each group; it is the 
significance of the differences among these which is to be tested. The 
first step is to compute a general regression based on all of the observa- 
tions. The total sum of the squared deviations about this general re- 
gression, S*, is divided into a part attributable to the variation about 
the sample regressions and a part attributable to the variation between 
the regressions. This latter sum of squares is then further subdivided 
into two portions attributable, respectively, to differences in heights 
and to differences in slopes. This subdivision is accomplished through 
using the slope, B’, of a regression fitted to the deviations of the ob- 
servations from their group (or sample) means. The procedure for di- 
viding the total variation into its component parts is summarized in 
the following table. (In this table the sum of squares about the line 
with slope B’ is designated S’?; the corresponding sum for the regres- 
sion for the ith sample, S;?; and summation over all samples by >..) 
From the various sums of squares, independent estimates of the vari- 
ance of an individual observation are derived by dividing by the ap- 
propriate number of degrees of freedom. The test of the significance of 
the differences between regressions, between heights, or between slopes 
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ec Degrees of 
Source of Variation Freedom Sum of Squares 
Total about general regression N-2 S? 
Between sample regressions 2k—2 S?—> S83 
Between slopes k-1 S?—->)°S2 
Between heights k-1 S?—§’2 
About sample regressions N —2k Sz 


is then made by comparing the relevant variances with the variance 
about the sample regressions. Whether differences are significant can be 
determined from the tables of R. A. Fisher or by G. W. Snedecor.’ 

On Wednesday morning, December 30, a session was devoted to 
“Income,” with Dr. Charles F. Roos of the Cowles Commission pre- 
siding. The first paper was by Dr. Tord Palander of Stockholm on 
“The Definition of Production Functions for an Enterprise.” A pro- 
duction function expresses the amount of product as a function of the 
quantities of the factors of production, which are usually assumed to 
be individually variable and substitutable for each other. Dr. Palander 
stressed the practical importance of cases where (1) both “‘limitational’”’ 
and “substitutable” factors are used and where (2) the entrepreneurial 
unit comprises several “technical units.” A limitational factor can be 
either “‘product limitational,” a function of the quantity of product, 
or “factor limitational,” a function of the quantity of one (or several) 
factors used. One cannot speak of the marginal product of one sub- 
stitutable factor when limitational factors are also needed in the pro- 
duction, because then every change in output is accompanied by a 
simultaneous variation of the quantities of several factors. In the case 
of enterprises comprising several technical units, a mathematical de- 
scription of the conditions of production in each unit will require sev- 
eral production functions when there are limitational factors involved. 
If the units are properly defined, the functions can be determined 
empirically. The optimal choice of factors to be varied in order to bring 
about a certain variation of output depends both on the period avail- 
able for planning and on the period during which the new level of 
output is to be maintained. The methods propounded in the paper 
serve to clear the way for more realistic dynamic studies of the output 
policies of enterprises. 

The second paper was by Dr. Alexander Sachs of the Lehman Cor- 


7 After the presentation of the paper, it was pointed out by Professor S. S. 
Wilks that the same problem had been considered by B. L. Welch in an article 
entitled ‘‘Some Problems in the Analysis of Regression Among k Samples of Two 
Variables,” Biometrika, Vol. 27, 1935, pp. 145-60. 
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poration on “National Wealth, Income, and Debt, and Measures of 
Financial Soundness and Liquidity.” 

The third paper was by Professor Irving Fisher of Yale University, 
on “Income in Theory and Income Taxation in Practice.” Income had 
been defined by the speaker in The Nature of Capital and Income in 
1906 as services received. The bulk, in value, of services received is in 
money—dividends from stocks, interest from bonds, etc. In the pres- 
ent paper the subject is reviewed and extended by the use of mathe- 
matics. One object is to show the fallacies underlying our present in- 
come tax. Our income-tax laws make capital levies masquerade as 
income taxes. They therefore lend themselves to tax evasion and 
avoidance. We may reduce the problem of approximating the income of 
an individual to measuring the use or consumption of wealth—“real 
income’’—in terms of money. To do this we assume that most of the 
consumption services are equivalent to the money spent for them. The 
only exceptions worth attention are three: house shelter, house fur- 
nishings, and automobile. The problem therefore reduces to calculating 
these three discrepancies, each between a year’s use and its cost. If 
Smith buys a new automobile he pays more than the value of one 
year’s use and the cost-use discrepancy is negative. If he lives in his 
own house, fully paid for before the current year, the cost-use dis- 
crepancy for housing is positive. The tax schedule for an income tax 
thus calculated for ‘real income” will differ from the present tax 
schedule in several important particulars. 

The final session was held on Wednesday afternoon, under the chair- 
manship of Professor Harold Hotelling, Columbia University. The 
first paper, ‘‘Chinese Influences upon the Physiocrats,’”’ was by Pro- 
fessor Lewis A. Maverick of the University of California at Los An- 
geles. Dr. Maverick spoke of the effects on French thought of reports 
from a group of highly intellectual Jesuit missionaries sent to China 
under royal auspices during the period from 1685 to 1773. These re- 
ports reflected a sincere admiration for the civilization of China, and 
in addition they were edited by the Jesuits at home to influence the 
religious and political situation in Europe. Quesnay, dissatisfied with 
the treatment of agriculture in France, found glowing reports of the 
elevated position of agriculture in China. Seeking a government by in- 
dividuals less willful than his master, Louis XV, he read that China 
was governed by a group of mandarins selected by a rigorous process 
of successive examinations and daring even to criticize the emperor 
when he departed from the ancient and just laws of that empire. Seek- 
ing for a means whereby the divinely ordained natural order might be 
made effective, he wrote approximately one hundred pages in the 
Ephémérides on the subject of the Despotism of China, in which he 
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developed his theory of “legal despotism.” European scientists also 
considered the question of reconciling ancient population figures of 
China with the possibilities of world population growth after the tra- 
ditional date of Noah’s flood. In general, the effect of China upon 
philosophical and economic thinking in Europe paralleled its effects 
upon the arts. 

The second paper was by Dr. August Loesch of the University of 
Bonn, on ‘Population Cycles the Cause of Business Cycles.” Dr. 
Loesch showed that there are large cycles in the increase of the German 
population as a whole, and in the increase of labour supply in particu- 
lar. These fluctuations are not very much affected by economic events, 
their main cause being the great wars. Hence they may unhesitatingly 
be compared as an independent factor with the fluctuations of business 
activity. This comparison, which covers the period since 1860, shows a 
pretty close co-variation of the variations in the rate of increase of 
population and of production. The theoretical explanation of this fact 
is as follows: an increase in labour supply increases the demand for 
capital goods, especially for houses, factories, and machinery. This de- 
mand is more reliable and more important in value than the one 
depending upon technical innovations and is therefore more likely to 
bring about an upswing. Once this increase has continued for some suc- 
cessive years, and the industry of capital goods has adapted itself to 
it, its unexpected diminution leads to overproduction, which means 
depression. In this way most of the German business cycles can be ex- 
plained. 

The final paper was “A New Index of Unemployment,” by Dr. 
Alexander Sachs of the Lehman Corporation. 


ae Dickson H. LEAVENS 
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ATTENDANCE AT THE OXFORD MEETING, 
SEPTEMBER 25-29, 1936 


THE sIxtH European meeting of the Econometric Society was held at 
New College, Oxford, England, from September 25 to 29, 1936. A re- 
port of the proceedings will appear later in Econometrica. The follow- 
ing persons attended: Johan Akerman, Lund; R. G. D. Allen, London; 
Harold Barger, London; A. 8. J. Baster, Exeter; Dr. H. Bolza, Wiirz- 
burg; Miss M. Bowley, Oxford; R. F. Bretherton, Oxford; A. J. Brown, 
Oxford; E. H. Phelps Brown, Oxford; Dr. F. Burchardt, Oxford; Dr. 
A. Bijl, Amsterdam; D. G. Champernowne, Cambridge; W. A. Chud- 
nowski, Philadelphia and Oxford; Colin Clark, Cambridge; Miss Ruth 
Cohen, Oxford; W. de Langen, Holland; Dr. J. J. J. Dalmulder, Rotter- 
dam; Prof. G. del Vecchio, Bologna; V. Edelberg, London; C. Eisen- 
hart, Princeton and London; M. R. el Shanawany, London; Dr. M. J. 
Elsas, London; Prof. L. M. Fraser, Aberdeen; Prof. Ragnar Frisch, 
Oslo; R. Gibrat, Paris; T. Haavelmo, Oslo; R. L. Hall, Oxford; Dr. L. 
Hamburger, Scheveningen; R. F. Harrod, Oxford; J. R. Hicks, Cam- 
bridge; Ursula Hicks, Cambridge; C. J. Hitch, Oxford; Miss M. Joseph, 
Geneva; Dr. M. Kalecki, Warsaw; Dr. L. Lachman, London; Dr. A. P. 
Lerner, London; M. Landau, Cambridge; Prof. E. Lindahl, Géteborg; 
Dr. A. Léwe, Manchester; G. D. A. Macdougall, Leeds; Miss H. 
Makower, London; Dr. J. Marschak, Oxford; J. E. Meade, Oxford; 
Dr. H. Mendershausen, Geneva; G. R. Nair, London; U. 8. Nair, 
London; Dr. A. M. Neuman, London; Dr. J. Neyman, London; S. 
Nikodym, Warsaw; Dr. J. M. I. Reitsma, Holland; H. W. Robinson, 
London; Paul Rousseaux, Charleroi; Dr. J. Rutski, Vilna; G. L. S. 
Shackle, London; Dr. Hans Staehle, Geneva; J. Guha Thakurta, Lon- 
don; Dr. J. Tinbergen, Geneva; B. D. White, Oxford; O. Williams, 
London; K. Williams, London; J. Wisniewski, Warsaw; Dr. H. Zas- 
senhaus, London. 


ANNOUNCEMENT OF THE DENVER MEETING, 
JUNE 21-26, 1937 


A MEETING of the Econometric Society will be held at Denver, Colo- 
rado, during the week of June 21-26, 1937, in connection with the 
annual summer meeting of the American Association for the Advance- 
ment of Science. The program is being arranged by Dr. Charles F. 
Roos, 420 Lexington Avenue, New York City. 
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ANNOUNCEMENT OF THE SEVENTH EUROPEAN 
MEETING, NEAR GENEVA, 
SEPTEMBER 11-15, 1937 


THE SEVENTH EvropeAN MEETING of the Econometric Society will be 
held near Geneva, most likely at Faucille, September 11 to 15, 1937. 
The date has been chosen somewhat earlier than last year in order to 
enable some of our American members to attend the meeting. It is 
planned to organise colloquium lectures on: 


(1) Methods of measuring and eliminating changing seasonal com- 
ponents; 

(2) Methods of solving linear differential and difference equations; 

(3) Multiple Correlation of Time Series. 


There will also be reports read on subjects immediately related to 
Geneves* work, such as measurement of terms of trade, of recent de- 
velopmets in the study of food consumption, of interest rates, of in- 
dex numbers. There will probably also be some papers on other topics. 
Account will be taken, however, of the desire not to overburden the 
programme. Even more time than at previous meetings will be left for 
informal colloquia discussions. These have proved to be a great success. 
A full announcement will follow in the July issue of Econometrica. 

J. TINBERGEN 


REPORT OF THE COUNCIL 


THE Councit of the Econometric Society has elected the following 
officers for 1937: Harold Hotelling, President; Arthur L. Bowley, Vice- 
President; and Alfred Cowles 3rd, Secretary and Treasurer. 

The Council members elected by the Fellows for terms to expire in 
December, 1939 are Costantino Bresciani-Turroni, Irving Fisher, 
Charles F. Roos, and Joseph A. Schumpeter. Council members whose 
terms expire in December, 1937 are Ragnar Frisch, John Maynard 
Keynes, and F. Zeuthen. Those whose terms expire in December, 1938 
are Albert Aupetit, Arthur L. Bowley, and Wladyslaw Zawadzki. Ex 
officio Council members in 1937 are Harold Hotelling, President of the 
Society, and Alfred Cowles 3rd, Secretary and Treasurer. 

It was voted by the Council to define the term of office of the Editor 
of Econometrica to be four years, beginning January 1, 1937. Ragnar 
Frisch was elected Editor for this term. 

ALFRED COWLES 3RD 
Secretary 
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OBITUARY 


EconoMETRIcA records with deep regret that the deaths of the 
following members of the Econometric Society have occurred during 


the past year. 


M. Henry Le Chatelier 
75 rue Notre Dame des Champs 
Paris VI, France 


Dr. Dobroslav Krejei 
Masarykova Universita 

ul. Macku 68 

Brno-Briinn, Czechoslovakia 


Col. Malcolm C. Rorty 
Old Spout Farm 
Lusby, Calvert County 
Maryland 
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ANNUAL SURVEY OF ECONOMIC THEORY: 
THE RECENT CONTROVERSY ON THE 
THEORY OF CAPITAL 


By Nicuotas Ka.por 


THE LAST FEW YEARS have witnessed the emergence of a tremendous 
literature on the theory of capital and interest—stimulated, no doubt, 
by the urgency of finding the appropriate theoretical criteria fora 
policy designed to mitigate economic instability. A large part of this 
literature has been directly concerned with the question how far the 
concept of the “period of production” is relevant for an analysis of 
industrial fluctuations. Another part, digging deeper into the problem, 
dealt with the prima facie question how far traditional capital theory, 
formulated under the hypothesis of a stationary state, still retains its 
validity in essential features once this hypothesis is abandoned. These 
writings were mainly concerned with the problems of expectations, 
foresight, uncertainty. Finally, largely owing to the offensive launched 
by Professor F. H. Knight, there was a revival of the discussion on the 
fundamentals of capital theory itself, comparable in nature to the 
famous controversy between J. B. Clark and Béhm-Bawerk in the 
first decade of the century. In this controversy the problems intro- 
duced by dynamic changes were not so much in question as the legiti- 
macy of the “investment period” theory of capital even within the 
narrow framework of static assumptions. Professor Knight’s attack 
has been taken up and supported by other writers,? has been fre- 


1 The following articles by Professor Knight deal mainly with this question: 
“Capital Production, Time and the Rate of Return,” Economic Essays in 
Honour of Gustav Cassel, London, 1933, pp. 327-342; “Capital, Time and the 
Interest Rate,’’ Economica, August, 1934, p. 257; ‘‘Professor Hayek and the 
Theory of Investment,”’ Economic Journal, March, 1935, p. 77; “The Ricardian 
Theory of Production and Distribution,” The Canadian Journal of Economics 
and Political Science, February, 1935; ‘“‘The Theory of Investment Once More: 
Mr. Boulding and the Austrians,” Quarterly Journal of Economics, November, 
1935; ‘‘The Quantity of Capital and the Rate of Interest, Part I,” Journal of 
Political Economy, August, 1936; ‘Part II,” ibid., October, 1936. (The last of 
these appeared too late for consideration in the present article.) 

2 The following authors could be regarded as supporting Knight’s criticism in 
varying degrees: M. F. Joseph and K. Bode, ‘‘Bemerkungen zur Kapital und 
Zinstheorie,”’ Zeitschrift fiir Nationalékonomie, Vol. 6, June, 1935; H. S. Ellis, 
“Die Bedeutung der Produktionsperiode fiir die Krisentheorie,”’ Zetischrift fir 
Nationalékonomie, Vol. 6, 1935; Nurkse, ““The Schematic Representation of the 
Structure of Production,” Review of Economic Studies, June, 1935. 

The following articles, recently published, deal with more or less the same 
problems though they are not directly related to the issues of the present con- 
troversy: C. H. P. Gifford, ““The Concept of the Length of the Period of Pro- 
duction,’”’ Economic Journal, December, 1933, p. 611; ‘‘The Period of Production 


201 








202 ECONOMETRICA 


quently reiterated by Professor Knight himself, and, on the Austrian 
side, has been answered by Professor F. Machlup and Professor F. A. 
von Hayek.’ It is with this particular controversy that the present 
article will be concerned. 

The literature created by this discussion is already sufficient to fill 
volumes, and most of it makes very difficult and often tedious reading. 
Yet a perusal of the more recent publications does not suggest that 
much progress has been made towards mutual understanding. While 
Professor Knight’s position and those of other critics is not entirely 
acceptable in the view of the present writer, it appears that on the 


Austrian side none of his chief points have yet been fully understood 


or effectively answered. 

For this state of affairs, I think Professor Knight is partly respon- 
sible. A serious reading of his numerous articles on this particular sub- 
ject does not make it easy to discover the essential points of departure. 
He makes so many points that one is apt to get lost among them, not 
knowing how to distinguish between the primary and secondary, the 
important and the unimportant; while the conclusions are frequently 
clothed in paradoxical sentences which are intended to challenge the 


under Continuous Input and Point Output in an Unprogressive Community,’ 
Econometrica, Vol. 3, April, 1935, p. 199; K. E. Boulding, ‘“The Theory of a 
Single Investment,’”’ Quarterly Journal of Economics, Vol. 49, May, 1935, p. 475; 
“Time and Investment,’’ Hconomica, May, 1936, p. 196; J. Marschak, ‘‘A Note 
on the Period of Production,’”’ Economic Journal, Vol. 44, March, 1934, p. 146; 
J. Mareus Fleming, ‘‘The Period of Production and Derived Concepts,” The 
Review of Economic Studies, Vol. 3, October, 1935; A. Smithies, ‘The Austrian 
Theory of Capital in Relation to Partial Equilibrium Theory,” Quarterly Journal 
of Economics, Vol. 50, November, 1935; V. Edelberg, ‘‘Elements of Capital 
Theory, A Note,” Economica, August, 1936; Karl H. Stephans, ‘“‘Zur neureren 
Kapitaltheorie,’” Weltwirtschaftliches Archiv, January, 1935; “Zur Problematik 
der Zinstheorie,”’ Zeitschrift fiir Nationalékonomie, Vol. 7, 1936; Richard von Strigl, 
“Zeit und Produktion,” Zeitschrift fiir Nationalékonomie, Vol. 6, 1935; E. Schnei- 
der, ‘‘Das Zeitmoment in der Theorie der Produktion, I,’’ Jahrbiicher fiir 
Nationalékonomie und Statistik, 1935; ‘‘II,’”’ zbid., 1986; A. Mahr, “Das Zeit- 
moment in der Theorie des Produktivzinses,”’ Zeitschrift fiir Nationalékonomie, 
Vol. 7, 19386; Carl Iversen, ‘‘Die Probleme des festen Realkapitals,’’ Zeitschrift 
fiir Nationalékonomie, Vol. 7, 1936; O. Lange, “Interest in the Theory of Pro- 
duction,” Review of Economic Studies, Vol. 4, June, 1936; H. Gaitskell, ‘‘Notes 
on the Period of Production,” Zeitschrift fiir Nationalékonomie, Vol. 7, 1937. 

3 F. Machlup, ‘‘Professor Knight and the ‘Period of Production’,’’ Journal of 
Political Economy, Vol. 48, October, 1935, p. 577 (together with Professor 
Knight’s comment), and a further Rejoinder, ibid., December, 1935, p. 808; 
F. A. von Hayek, ‘‘The Mythology of Capital,” Quarterly Journal of Economics, 
Vol. 50, February, 1936, p. 199. Reference should also be made to another 
article by Professor Hayek, dealing with earlier criticisms and a further elucida- 
tion of his views, “On the Relationship Between Investment and Output,” 
Economic Journal, June, 1934, p. 207. 
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mind but without a sufficient indication of where to turn in order to 
uncover those mental processes which must have led up to them. 

The aim of the present article is to review the essential points in 
Professor Knight’s argument, to examine them in the light of other 
criticisms which have been put forward, and, finally, to analyse to 
what extent and in what respects they destroy the validity of tradi- 
tional theory. Since this reconstruction of Knight’s views has involved 
some “filling in” of gaps in the printed argument at certain stages, it 
is not necessarily a “correct” version of his views; it should be con- 
sidered as an interpretation rather than a summary; and it is possible 
that it will be repudiated by the author himself. 


II 


Professor Knight’s criticism of the ‘‘Austrian’”’ doctrine can, I think, 
be summarized under three headings: First, that it is impossible to 
distinguish between permanent and nonpermanent resources (or 
“original” and ‘‘produced” means of production) or between the serv- 
ices of those resources; Second, that it is irrelevant, and in many cases, 
impossible, to distinguish—analytically or physically—between ex- 
penditures incurred in “maintaining” resources and those incurred in 
“replacing” them; Third, that there is no necessary correlation be- 
tween the “‘period of production” and the quantity of capital. Among 
these, perhaps, the second is most open to criticism and at the same 
time, least important; whereas the third is certainly the most impor- 
tant and at the same time the most inadequately explained. But let 
us deal with each of these points in turn. 

1. Permanent versus Nonpermanent Resources——Here Professor 
Knight makes use of two separate arguments. In the first place he 
sharply distinguishes between the services of resources and the re- 
sources themselves (the actual physical objects from which the serv- 
ices flow). The former, in his view, cannot be thought of except as a 
rate of flow in time: like light or electricity (but unlike water) they 
flow, but cannot exist as a stock, or have their use transferred to any 
other period. Just as one cannot “bottle up” sunshine—except in the 
sense of transferring its energy into some other object, like oranges, 
which means ‘“‘consuming”’ it by creating value in that object—today’s 
labour hours cannot be deferred until tomorrow: they must be used 
immediately or lost. As regards the latter—pieces of land, labourers, 
and machines—no distinction can be drawn between permanent and 
nonpermanent resources, simply because permanent resources—apart 
from a few and insignificant exceptions—do not exist. It is essentially a 
fiction that there are “permanent” resources which exist without being 
maintained and whose services are therefore forthcoming at a rate inde- 
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pendent of their price. This fiction is admissible in static or stationary- 
state analysis, where it does not affect the immediate issues involved; 
but it is inadmissible to treat it as a relevant fact upon which a theory 
may be built. That it is fiction and not fact is shown by the reflection 
that neither land nor labour services would continue to flow (from the 
same resources) without the application of current services for their 
maintenance. No type of natural resources truly possesses “‘indestruct- 
ible powers”; the best that can be expected is that the flow of services 
can be kept up permanently by continued maintenance.‘ A piece of 
land can be kept permanently in good condition by careful husbandry; 
but its “consumption” (in the same sense that capital goods can be 
consumed) is certainly possible by reducing its value to nil through 
nonmaintenance. In fact some types of resources (such as sources of 
coal and oil) cannot be kept intact however much is spent on their 
maintenance, though how long they last and the amount of services 
yielded may be influenced by expenditures on their upkeep.§ 

The point is equally obvious in the case of labour. The services 
flowing from a labourer could not be forthcoming unless he is given 
food nor could he be replaced after his death unless children are ‘‘main- 
tained” until they reach the age when valuable services begin to 
flow from them (during their “construction period”). This way of 
looking at the matter would not sound so ridiculous but for the his- 
torical accident of the abolition of slavery. In a slave state, investment 
in human labour is in all respects identical with investment in ma- 
chinery. And even in the nonslave state there is a minimum price 
necessary to maintain the labourer, while the Malthusian theory of 
reproduction applies, in certain countries and periods, to a considerable 
extent. 

Even if the maintenance of labour does not proceed on strictly 
economic grounds in a world where everyone owns his own labour— 
since the preference for life over death cannot be expressed in marginal 
terms—maintained (and replaced) it must be; and therefore all re- 

4 The most important exception to this is sunshine which—given static weather 
conditions—flows at even rate without anything being done to the sun. But since 
neither sunshine nor the sun can be made subject to human property rights and 
thus market valuation, this exception is irrelevant. It might be argued also that 
sheer area (involving exposure to light and rainfall and power to support struc- 
ture) is an “‘original and indestructible power of the soil’’ in the Ricardian sense 
and the only one; but even here we must qualify that area may shrink in some 
cases (e.g., on river banks) without maintenance. 

5 Professor Knight would go further and say that such nonexhaustible re- 
sources can also be “‘maintained’”’ permanently by creating resources whose 
services provide a substitute for them. This view is justified, only in so far as 


perfect substitutes can be found (which is by no means always the case; not all 
uses of coal can be equally replaced by water power). 
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sources (i.e., all scarce objects, including human beings) must have 
some input or maintenance stream in order to have a permanent out- 
put stream (both of which are, of course, to some extent variable). No 
distinction can be drawn along this line; and the criticism urged against 
Professor Knight, that he regards capital as maintaining itself per- 
manently without maintenance expenditure, misses its point. From 
one standpoint all resources are ‘‘permanent’’—which merely implies 
that, if they are maintained, they are maintained; while from another 
standpoint, none are permanent—since none will remain unconsumed 
unless maintained. What matters is that no distinction can be drawn 
between permanent and nonpermanent resources, whichever stand- 
point is adopted.’ 

Professor Knight’s second argument in this connection refers to the 
analogous, but by no means identical, distinction between “original” 
and “produced” factors. Even if the distinction between permanent 
and nonpermanent resources is invalid, this latter distinction would 
still be valid, if it were true that the services of one set of resources— 
the ‘original factors’—produce another set of resources, the services 
of which—either by themselves, or with the aid of the services of the 
former—produce want-satisfying service flows. But there is no such 
one-way causation as is assumed by the Austrian theory. Resources 
are produced with the aid of the services of all kinds of resources; and 
it is even conceivable that the services of produced resources by them- 
selves alone and without any aid from the services of ‘‘nonproduced” 
resources, should produce an endless succession of further produced 
resources. (It is “conceivable,” but I think Professor Knight will admit 
that such an eventuality is not very likely.) 

I hope to show later on that the importance of this latter point has 
been rather exaggerated—at any rate if it still remains true that the 
services of “produced” resources always require the co-operation of 


6 Cf. Hayek, ‘““The Mythology of Capital,” op. cit., p. 214. ““The very concept 
of capital arises out of the fact that, where nonpermanent resources are used in 
production, provision for replacement of the resources used up in production 
must be made, if the same income is to be enjoyed continually, and that in con- 
sequence part of the gross produce has to be devoted to their production.” 
But are there any resources for which this is not true? 

7 Moreover, even if it were true that some resources are permanent (in the 
sense of requiring no maintenance) whilst others are not, this fact would not 
really be relevant from the point of view of capital theory. As will be shown 
below, “‘permanent resources” might very well be “capital goods,’”’ so long as 
they are augmentable in quantity; while there are various “nonpermanent 
goods” which are not part of capital (in the sense that they do not enter into the 
determination of the rate of interest) for the simple reason that their quantity 
cannot be augmented. In any case, the distinction between permanent and non- 
permanent goods cannot be used to demarcate capital from other resources. 
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the services of “nonproduced” resources in further production. Pro- 
fessor Knight is quite right in insisting, however, that it destroys 
Béhm-Bawerk’s concept of a “period of production.” If the services of 
produced resources become embodied in further resources (and so on, 
in endless succession) there is no definite time lag between the invest- 
ment of a “service unit’ and the corresponding emergence of another 
service unit which is instantaneously destroyed by consumption. The 
‘investment period” for certain services invested on a particular date 
(or, rather, for a small portion of those services) might be infinity. But 
this does not imply, in our view, that it is impossible to attribute an 
“average investment period” for the services embodied in a given 
stream of consumption goods. 

It might be argued that the services of the resources accruing at the 
present moment might be regarded as “‘original factors” as against the 
services of resources accruing at any subsequent moment. Such a dis- 
tinction, however, would be meaningless when applied to the time 
continuum of static equilibrium; and it is questionable whether the 
periods for which the services accruing at a single moment are invested, 
are in any way definite in the absence of stationary conditions. For 
the inputs of different dates jointly produce the outputs of different 
dates; and it is impossible to separate out the contribution to the out- 
put of different dates of the input of a single date.*:.® This is the chief 
objection against the concept of an “investment period of currently 
accruing services” (as against the investment period of the services 
embodied in a given stream of consumption goods) which Professor 
Hayek now regards as relevant.!°*Another (alternative) objection is 


8 It is only under the assumption of stationary conditions, where both the 
output stream and the input stream are constant over time, that an investment 
period can be imputed to the input of « particular date; since in this case, this 
period will equal the investment period of the services embodied in the capital 
goods. Cf. also p. 212. 

® This has already been stated by Wicksell, Lectures on Political Economy, 
English edition, Vol. I, London, 1934, p. 260. Wicksell was considering the 
analogous problem (or, rather, the same problem from the “other end,” so to 
speak) whether the amount of labour disinvested by the “‘annual use’”’ of a 
machine can be measured. ‘‘. . . fundamentally it is just as absurd to ask how 
much labour isinvested in either one or the other annual use as to try to find out 
what part of the pasture goes into wool and what part into mutton. It is only 
at the margin of production that these quantities can be differentiated and have a 
concrete significance attached to them.’”’ Assuming variability at the margin, 
it is possible of course to determine by how much the output of various dates 
can be increased by a marginal increment of the input of a single date. But this 
does not imply, as Machlup appears to believe (‘‘Professor Knight and the 
‘Period of Production’,” op. cit., p. 587) that it is possible to evaluate the con- 
tribution of the input of a given period to the output of different future periods. 

10 “The Mythology of Capital,” op. cit., pp. 206, 218-219. 
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that, in the absence of stationary conditions, this measure would be 
correlated with changes in the scale of new investment, rather than 
changes in the quantity of capital. It might easily remain constant 
while the quantity of capital is increasing if accumulation proceeds 
at a steady rate; while it could actually diminish if the rate of accumu- 
lation slowed down. 

2. Maintenance versus Replacement.—Professor Knight argues in the 
second place that the maintenance expenditure (which we have seen 
is necessary for all resources) cannot be distinguished from expenditure 
incurred to replace worn-out capital goods. The usual distinction be- 
tween replacement and maintenance is based on the idea that the 
former does (while the latter does not) bear a definite ratio to the 
service life of particular capital goods. This is best elucidated by an 
example. If the investment in a particular stock of houses is not main- 
tained—the amortization funds are not put aside year by year—the 
amount thus “‘released”’ will bear a mathematical relation to the serv- 
ice life of the houses (a relation varying with the rate of interest, but 
definite at any given rate). If, on the other hand, ‘‘maintenance ex- 
penditure”’ in the narrower sense is not incurred (the roof leakages are 
not stopped, etc.) the house may become immediately useless and the 
destruction in value caused thereby bears no relation to the amount 
“released.’’ Now, in the case of many capital goods no definite ‘‘re- 
placement”? ever occurs; the maintenance may consist only in the 
periodic replacement of “individual bits” ; but that type of replacement 
need bear no relation to the shortening of service life (or, rather, the 
reduction in the discounted value of future services) caused by a reduc- 
tion in maintenance expenditure. A railway locomotive, for example— 
apart from changes in knowledge, causing technical obsolescence—is 
never entirely replaced although every single part of it might be ex- 
changed in the course of time, as this becomes necessary. But the 
sum of such maintenance expenditures cannot be brought into any 
simple relation with the cost of the locomotive as a whole; and failure 
to incur such expenditure in any particular respect (e.g., the replace- 
ment of a piston) will not destroy part of the value of the locomotive; it 
will destroy its entire value." 


11 This, I believe, is also the reason for the view, which most people found so 
puzzling, that the “investment period’ of the services of resources must be either 
zero or infinity; i.e., zero for the services engaged in producing current output- 
streams (from existing capacity) and infinity for the services employed in creat- 
ing new “capacity.” It does not imply a denial that capacity requires main- 
tenance, but merely the view that no definite investment period can be attrib- 
uted to the services employed in such maintenance for the simple reason that 
such expenditure is the absolute condition of the “functioning” of the capacity 
rather than the cause of a definite prolongation of its service life. In the above 
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Moreover, if ‘‘replacement”’ occurs regularly and continuously—and 
we shall see presently Professor Knight’s reasons for regarding it as 
if it did—‘‘replacement expenditure” becomes undistinguishable from 
“maintenance expenditure” in the narrower sense; and, therefore, 
according to Professor Knight, the two should be lumped together, and 
not treated separately. I am not sure that even so, with a little mental 
effort, it would not be possible to forge a criterion for an analytical 
distinction, but I certainly do not think it would be worth the trouble. 
As we shall see later on, the essential point of the “Austrian” theory 
of capital does not really depend upon the validity of this distinction. 

3. The Optimal Length of the Investment Period.—None of the points 
mentioned so far affect the fundamental assumption of the Austrian 
theory: the law of roundaboutness. Now we come to the argument with 
which Professor Knight seeks to prove that this law, irrespective of 
whether it is true in reality or not, is irrelevant from the point of 
view of capital theory, for it cannot be shown that an increase in the 
quantity of capital in a community will necessarily imply the adoption 
of more ‘‘roundabout” processes.'* In order to show that this argument 
is independent of the previous objections, we shall assume for the 
present that ‘‘maintenance”’ does consist of periodic replacement of 
capital goods, as the Austrian theory apparently assumes, and that 
capital goods are exclusively produced by the services of other re- 
sources, i.e., labour. Let us revert therefore to the traditional situation 
exemplified by a world where only houses are produced and only labour 
is required to build (or replace) such houses. The only consumption 
good will then be the services flowing from houses, i.e., ‘““room-years”’; 
and we might assume the coexistence of different types of room-years. 
We shall defer for a moment the question how the ‘“‘degree of round- 


case of the locomotive, the labour engaged in building it remains invested for an 
infinite period, if the locomotive is kept in repair, but only for a very short 
period—perhaps a day—if the necessary repairs are not made good. Similarly 
with the labour engaged in making repairs. It is impossible to say by how much 
the service life of a locomotive is prolonged by the replacement of a worn-out 
piston. If it is not replaced, the future service life of the locomotive becomes zero, 
while if it is (and all other “pistons” are also replaced in the course of time) its 
lifetime might be infinity. 

22 Cf. especially ““The Theory of Investment Once More: Mr. Boulding and 
the Austrians,”’ op. cit., p. 59: “the process of amortization and replacement is 
precisely the continuance of an old life and not a new birth’; also “particularly 
with reference to increments of value, capital as capital, it seems truistical to 
say that if it is kept in existence there is no amortization and replacement but 
only continuous maintenance.” 

18 [ am indebted to Mr. Milton Friedman, of the National Resources Com- 
mittee, Washington, for helping me to understand Knight’s argument in this 
connection. 
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aboutness” is to be measured ; under these assumptions it will obviously 
vary with the lifetime of the houses. The famous Jevons-Béhm-Ba- 
werkian law is satisfied if we assume that for each particular type of 
house (i.e., a type of house is one which provides a given kind of 
room-year) it is always possible to increase service life in a given pro- 
portion by increasing the construction costs of the houses in a lesser 
proportion. 

We shall make two further assumptions, which, in my view, are 
also implicit in Knight’s analysis. The first is that there is perfect 
competition and constant returns to scale (i.e., the production function 
is homogeneous in the first degree). The second is that investors have 
static foresight regarding the future, which implies that they expect 
the continuance of the same prices in the future as are ruling at present. 

Under these assumptions the “optimum degree of durability,”’ i.e., 
the optimum length of service life of houses, will be the one which 
maximises the rate of return on a given quantity of investment. In 
case of resources, such as houses, which are assumed to be periodically 
replaced, it is not immediately clear how this rate of return is obtained. 
It will obviously depend on the building cost of the houses (on the 
price of labour) and on the price of room-years; but it will also depend 
on the way amortization is provided. The representative investor, 
in deciding upon the degree of durability he should adopt, will deduct 
from the expected annual (gross) income of the house a sum sufficient 
for its replacement when it falls due. The net return of the investment 
will thus depend on the annual amount of this deduction, i.e., the 
annual amortization quota. It is only when the relative costs of amorti- 
zation of the different types of houses are known that it is possible to 
determine the optimal length of service life. 

But the amount of this annual deduction, given the length of service 
life, will obviously depend on the rate of interest at which the amortiza- 
tion quotas are accumulated. The higher this rate the lower the annual 
sum required to secure a given “replacement fund” at the end of a 
definite period; and the higher, in consequence, the rate of return on 
the investment itself. Now the rate of interest at which the amortiza- 
tion quotas are accumulated can certainly not be higher than the rate 
of return on the investment, since this would imply the existence of an 
investment opportunity which is superior to the one in question, in 
which case that particular investment would never be adopted. For 
similar reasons, it cannot be lower than the rate of return, since this 
would imply that the amortization quotas are invested in an invest- 
ment opportunity which is inferior to the one in question, and the 
investor always has the choice of reinvesting his capital in the same 
uses in which it was originally invested. Consequently the two must be 
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equal to one another: and this condition makes the rate of return on a 
particular type of investment uniquely determinate. The real rate of 
return on a particular type of investment is therefore that rate which 
satisfies the condition that the rate at which the amortization quotas are 
accumulated is identical with the yield of the investment ttself.4 The 
optimum “degree of durability” is the one which maximises the rate 
of return, calculated in this manner. 

This can be elucidated by the following example. Let us assume that 
the same house (i.e., a house having the same number of rooms, of 
exactly the same type) can be built in three different degrees of dur- 
ability. The first costs 1000 units to build and lasts thirty years. The 
second costs 1100 units and lasts forty years. The third 1200 units 
and lasts fifty years. We shall calculate first the net yield of the three 
houses by assuming that the amortization quotas are accumulated at 
various “given” rates of interest, and second, we shall calculate the 
real rate of return for each type by assuming that the amortization 
quotas are accumulated at the same rate as the “‘net yield” itself. The 
following table shows the comparative rates of return under the two 
assumptions :— 








Rates of Interest Net Yield (per cent) of 
Used in ae 
Calculating Amortization Type I Type II Type III 
per cent 
2 4.8 5.0 5.0 
3 5.4 5.5 5.4 
4 5.7 5.8 5.5 
5 6.0 6.0 5.7 
6 6.2 6.2 5.8 
(7 6.4 6.3 6.0)* 
Real Rate of Return 6.35 6.2 5.9 


* At seven per cent none of the investments would be undertaken, since none 
would have a yield equal to that rate. 


14 The real rate of return, as defined above, is necessarily the same as the one 
which equates the sum of the discounted gross returns of a house (with no de- 
duction for amortization) with its costs of reproduction. It is identical therefore 
with Professor Fisher’s ‘rate of return over cost”? (The Theory of Interest, pp. 
155 ff.), Wicksell’s ‘‘real” or “natural” rate, and the ‘‘internal rate of return” 
of Mr. Boulding. (“The Theory of the Single Investment,” op. cit., p. 479.) But 
it is only under the assumption of constant (value) returns to scale (from the 
point of view of the individual investor) that the optimal mode of investment 
can be determined by the condition that the real rate of return is maximised. 
Under conditions of diminishing returns to scale the determination of the op- 
timal method of investment is more complicated and presupposes that the rate 
of interest is already known. 


18 This conclusion is true, irrespective of whether the output or input streams 
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It is easily seen that for each type of house the net yield will be at 
its maximum at the “real rate of return.” This is the return which the 
investment yields if the amortization quotas are reinvested in the same 
use as the one represented by the original investment. This in turn im- 
plies that the investment—after a certain lapse of time, at any rate—is 
so arranged that the amount of capital invested in a given use is kept at 
an (approximately) steady and even level over time; this means, in 
real terms, that the age distribution of houses of each type remains 
constant in successive periods of time. If individual houses last, e.g., 
30 years, a “house investment” will consist of a series of 30 houses, 
varying in age between 0 and 29 years, one of which is replaced every 
year. The gains from the investment of a certain amount of capital are 
therefore only maximised if the time quantity of the investment is 
stabilised: unless it pays to do the latter it does not pay to undertake 

we investment at all. Such a “staggering” of capital is thus an indis- 
pensable condition of a state of equilibrium.® 

There need be no difficulty in arranging a maintenance scheme 
of this type, at any rate under the idealized conditions assumed in the 
theory. ‘“Houses” may be big; (too big for the individual investor to 
buy a series of 30 houses), but, if not houses, at any rate the ownership 
titles in those houses are divisible: and so it ought to be possible for 
anybody to arrange his investment in such a way as to keep the amount 
of the investment per unit of time constant. To achieve this end may 
be considered, therefore, as one of the functions of the capital market.!” 
All that is necessary to assume is that the indivisibilities do not go so 
far as to prevent the coexistence of a sufficient number of houses of 
each type and age. 

This is the meaning of Professor Knight’s repeated assertions that 
capital goods ought to be treated as if they were permanently and 
continually maintained, that capital is perpetual or a “‘permanent 


are uniform over time (as assumed in the text) or not. Whatever the time 
shape of output and input streams, there is only one rate of interest, corre- 
sponding to any given constellation of outputs and inputs, which makes the 
discounted value of all outputs minus the sum of the discounted values of all 
inputs (including the initial input, or construction cost), for any given date, 
equal to zero. And since all possible constellations of the time shapes of output 
and input streams are given by the production function, there will be (normally) 
only one possible time constellation of inputs and outputs which makes this 
‘Gnternal”’ rate a maximum. Cf. also Knight, ‘“‘The Quantity of Capital and the 
Rate of Interest, Part I,” op. cit., p. 445. 

16 This has been stated by Wicksell and set out at length by Akerman, Real- 
kapital und Kapitalzins. Cf. also Wicksell, Real Capital and Interest, Lectures, I, 
pp. 258 ff. 

17 Moreover, it is sufficient to assume that this is possible for some investors, 
since they, through the workings of competition, can prevent the others from 
investing anything at all in that particular type of investment. 
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fund.” Investing in 30 houses, one of which falls due for replacement 
and is planned to be replaced every year ad infinitum, is the same thing 
as investing in a house which lasts forever, while a certain sum has to 
be paid out every year to keep it in repair. This sum can be looked 
upon as ‘‘maintenance cost”; it can also be looked upon as the con- 
tribution of the services of other resources needed to produce the room- 
year service which is instantaneously consumed.!* Thus every invest- 
ment should be regarded as the source of a certain output stream and 
the consumer of a certain input stream (both of which are, of course, 
to some extent variable), in addition to which it will have a certain 
“initial input” or construction cost. As Professor Knight has shown, 
in the case where these streams are constant over time, the relation 
of output value to input value determines the investment period (in 
his terminology, the turnover period!*).?° Since the annual net income 


18 This is also the meaning, I believe, underlying Knight’s statements that 
“maintenance is merely a detail of administration,”’ or that “capital is an in- 
tegrated, organic conception.’’ What it means is that, in a state of equilibrium, 
all capital, however durable or perishable are the individual capital goods of 
which it consists, must be regarded as a fund which is continuously maintained— 
it cannot be thought of otherwise—since its yield can only be maximised on this 
basis. 

19 “The Theory of Investment Once More,” op. cit., p. 55. According to Pro- 
fessor Knight, this turnover period has/only meaning)“‘provided it is taken as an 
accumulation period and not as a period of investment.” I confess I do not 
understand the meaning of this distinction, since in the context output value 
and input value represent permanent time streams, while input is regarded as 
“provision for maintenance or as payments for the other agencies co-operating 
with the particular capital good ... or as including elements of both” (ibid., 
p. 56). The ‘‘period”’ clearly cannot refer merely to the time during which the 
capital stock is accumulated (which is the sense in which the term “‘accumulation 
period” is generally used). 

20 If a is the value of the annual input, b the value of the annual output, 
t the average period sought, their relation will be given by the equation 


(1) a(l + 7)' = 6b. 


The rate of interest in question, however, is the investment’s “real rate of 
return,” which is given by the equation 


b-—a 
(2) i= 





C 
where C is the value of current services needed to produce (or reproduce) an 
“investment” capable of vielding an output stream b at an input stream a. 
Since the production of resources also takes a certain time, this construction 
cost will itself include an element of interest. This, however, causes no logical 
difficulty; for the construction cost (including interest) will still have a unique 
value if we impose the further condition that interest during construction must 
be identical with the interest earned on the investment itself. In other words, 
given the input of all dates (including the series of initial inputs, representing 
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of the investment is merely the difference between the two and since, 
under our assumptions (i.e., constant returns to scale), every unit of 
capital in that investment is assumed to earn interest at the same rate, 
the relation between output value and input value will also determine 
the relation between ‘‘construction cost” and “annual maintenance 
cost.’’ For investments which are continuously maintained at an even 
rate of time, the degree of roundaboutness can be measured by the 
ratio of the initial or construction cost to the annual maintenance 
cost (assuming that the expected future prices of productive services 
are the same as present prices) .”!2 The “law of roundaboutness” then 


“construction’’) and the outputs of all dates, the rate of return on the invest- 
ment will be uniquely determined. 

21 We use the expression “‘the degree of roundaboutness” rather than ‘‘the 
investment period,” since the ratio of construction cost to annual maintenance 
cost gives us an index to the period of investment, rather than the period itself. 
It will correspond to the average period (as defined above) only if the rate of 
interest is small and compound interest can therefore be neglected. Neglecting 
compound interest, the above equation (1) becomes 


a+ (a{l -- i] — ajt=b, 











from which t = : _ = 
ai 
b-—a 
But C= ; (from (2)); 
i C ob-a 
ee -= —=t, 
a ai 


This is also the definition of the “time spread of the investment” given by 
Mr. Boulding (‘Time and Investment,” op. cit., pp. 212-213) who appears to 
have reached it by a different route; and also of Mr. Smithies (‘The ‘Austrian’ 
Theory of Capital in Relation to Partial Equilibrium Theory,” op. cit., p. 81). 
Its merit is that it enables us to make use of the concept also in those cases 
where the lifetime of individual capital goo¢3 comprising the investment cannot 
be evaluated. 

In the case of our three types of house investments, the relation of annual 
output to annual input will be 225/100, 273/100, and 312.5/100 respectively, while 
the ratio of “initial cost” to “‘annual maintenance” cost will be (approximately) 
2000/100, 2800/100, and 3600/100. Since on account of compound interest 
the value of individual houses does not diminish at an even rate in time, the 
‘replacement cost” of a stock of houses with an average age equal to half their 
lifetime will not equal half their total cost of construction, but will be higher 
than this amount. This ratio will therefore only approximate to Bohm-Bawerk’s 
“average period of production” (=half the lifetime of the houses) when the rate 
of return is so small that compound interest becomes negligible. 

2 The “annual maintenance cost” of a resource (or good) includes the value 
of all services consumed in producing whatever is regarded as the output 
stream of that particular resource. It is determinate therefore only if the output 
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simply says that it is always possible to reduce annual maintenance 
cost by increasing initial construction cost, in producing a given per- 
manent output stream. 

Now, according to Professor Knight, this concept of the investment 
period, or ‘‘degree of roundaboutness,” is without significance for 
capital. theory; for “‘the average investment period and the quantity 
of capital may perfectly well be affected in opposite ways.’’* The argu- 
ment, if I rightly understand it, could be summarised as follows: The 
optimum degree of roundaboutness, on any single investment, is the 
one which maximises the rate of return on that investment. A change 
in the quantity of capital could only lead to a shift in the optimum 
degree of roundaboutness by affecting the relative rates of return on 
different degrees of durability. It is usually assumed that this will be 
the case because an increase in the supply of capital will lead to a fall 
in the rate of interest. But in the case of ‘continuous maintenance” 
the rate of return, on any single investment, will be independent of the 
rate of interest. It is only by assuming that the amortization quotas 
are accumulated at some ‘‘outside”’ rate of interest that this “internal 
rate” will be affected; in which case a given fall in the rate of interest 
would reduce the return from less ‘‘durable”’ investments to a greater 
extent. In the numerical example we have given above, the reduction 
in the interest rate to 4 per cent would make Type II houses more 
profitable than either of the other two types. But this method of cal- 
culation is obviously mistaken since it overlooks the fact that, by rein- 
vesting the amortization quotas in the same uses, a much higher net 
return is obtained than by reinvesting them at the current interest 


stream of the particular good is regarded as given. Since, however, the resources 
themselves can only be unequivocally defined by their output streams, this 
problem ought to cause no difficulty. To elucidate our concept by an example: 
if the output stream of certain boot-manufacturing machines is regarded as a 
certain quantity of machine services per unit of time (assuming that these 
services are capable of physical measurement, in terms of machine-service-hours, 
like labour-hours), the ‘“‘annual maintenance cost’”’ or ‘‘input value” of those 
machines will consist of the expenditures—in the form of upkeep and replace- 
ment—continuously incurred in securing a permanent flow of these services. 
If, on the other hand, not ‘quantity of machine-service-hours, per unit of time” 
but ‘‘quantity of boots per unit of time” is regarded as the output stream of 
those particular machines, “‘the annual maintenance cost” will include, in addi- 
tion to the above, also the cost of the services of the factors (labour, etc.) nor- 
mally regarded as co-operating with the machines in producing the boots. The 
ratio of construction to maintenance cost—which, perhaps, should more prop- 
erly be called the ratio of the initial input to the annual input flow, the former, 
as distinct from the latter, being a singular expenditure which is incurred only 
once, at the beginning of the investment—will of course be different in the two 
cases: but so will the “investment period,” if measured in any other manner. 
8 Thid., p. 45. 
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rate outside. It is not true, therefore, that a fall in the interest rate 
would make it profitable to shift to more durable houses. In the above 
example, the least durable house (Type I) has the highest real rate 
of return—6.35 per cent—and so long as the price of room service 
and the rate of wages remain the same, this is the type that will be 
preferred, irrespective of how much the rate of interest might fall. 

An increase in the quantity of capital, therefore, will not change the 
“degree of roundaboutness” involved on already existing investments; 
and there is no reason to suppose that this “degree of roundaboutness”’ 
will be higher on new investments than the average on already existing 
capital goods. What happens when the rate of interest falls is that 
investments whose real rate of return was lower than the previous 
interest rate become profitable. More houses will be built. But the 
houses which have only just become profitable on account of the lower 
rate of interest need not be ‘‘more durable houses” ; they may be houses 
with a different quality of room service. It is the relation between net 
return and cost of construction which must be lower. But the kind of 
houses which have a lower net return may very well have a lower ratio 
of construction cost to maintenance cost and thus a lower “‘period of 
production.” The two are not related to each other at all—durability, 
as Knight contends, is merely one of an “infinite number” of considera- 
tions that affect the net return of investments. 


Ilr 


Before we proceed to a criticism of this argument, we might attempt 
to piece together these various aspects and give a general picture of 
the world as Professor Knight sees it. It consists of a collection of re- 
sources, which, like heavenly bodies, emanate light and absorb light. 
All these resources have to be “‘maintained’’; i.e., they all absorb a 
quantity of services at every unit period which is the absolute con- 
dition of their continuing to radiate another stream of services, 
which is their “output.” No distinction can be made between mainte- 
nance and replacement, or even between production for immediate 
consumption and production for ‘“‘maintenance’”’—or future consump- 
tion—since all that we know is that during a certain period a certain 
quantity of all kinds of services have been “‘put in” (into each particu- 
lar “resource” or ‘‘factor”’) and a certain other quantity of services 
has been “‘put out.” It is impossible to say ‘Show much” of the input 
served to produce the immediate output, and how much served to 
maintain the resource itself. And since, in a well-organised competitive 
world, for each particular resource both input stream and output 
stream must be constant, per unit of time (if the ruling prices are 
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expected to remain in operation), the question itself is meaningless. 
Looked at in one way, all production is ‘‘instantaneous”—if the input 
stream is regarded as “‘producing” the output stream. If the resources 
themselves are regarded as producing the output stream, all input is 
to be regarded as producing output in an indefinite future. The output 
stream of all resources in so far as they do not directly consist of con- 
sumption service and in so far as they are not actually creating some 
additional resource—must therefore be input or ‘‘maintenance cost” 
for some other resources. Even consumption can be looked upon as 
the input of the resources called “‘labourers.’’ Not all consumption, 
of course. For on the one hand labourers’ consumption falls short of 
total consumption by the consumption of the owners of other resources 
—on the other hand, the labourers’ consumption must itself include the 
net return from the investment of owning themselves. This difference 
(property owners’ consumption plus the difference between labourers’ 
income and maintenance cost) can be regarded as the ‘“‘net return” 
from the whole system. It is precisely the extent to which all inputs 
fail to cancel out all outputs. 

In a growing system some of the service stream (of all types of 
resources) will also be engaged in producing further resources. To the 
extent that such services are obtained by reducing the input-stream 
of other resources—and this is the only way of obtaining them if a 
world of “full employment” is contemplated—these other resources, 
will, for the period of construction of the new resources, be ‘‘under- 
maintained’”’—their input stream will be temporarily reduced. Not 
all the resources ‘‘lent”’ will be repatriated, of course, at the end of the 
construction period. Some of them will permanently remain with the 
new resources, as their permanent input flow. This deficiency, however, 
will be more than offset by the output stream from the new resources, 
which directly or indirectly will also help to maintain the old ones.” 

As the quantity of capital is increasing, the rate of return falls, 
since this implies the adoption of progressively inferior investment 
opportunities. It is at the margin of investment that the rate of interest 


24 | believe this assumption underlies the whole of Knight’s analysis. When he 
mentions ‘‘perfect foresight’’ he uses this word in a different sense from the one 
in which Professor Hayek uses the term. Professor Knight, I believe, merely 
implies that the markets are sufficiently perfect to adjust themselves immediately 
to any given change—they are ‘“‘Walrasian” markets. It is “perfect foresight” 
only under the static assumption that no further changes occur in the future. 

2 The whole situation is analogous to the case of a hydroelectric plant, which 
lends part of its water power for the construction of another plant. Once the 
new plant is constructed, the old plant’s power will no longer be required except 
for “maintenance,” which is a small proportion of the construction cost and, 


if I rightly interpret Professor Knight, could easily be less than the additional 
net output of the new plant. 
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is determined; capital quantity itself is a “marginal concept.’’ Accumu- 
lation implies the conversion of current income into additional streams 
of permanent income; it implies an increase in “‘resources’’ in general, 
in the capacity to produce output streams, and in this sense every 
addition to the stock of capital should be considered as a permanent 
improvement. Accumulation requires abstinence (in the sense that 
abstaining from a part of the current product is the price of creating an 
additional output stream) but there is no “waiting period” involved 
in the maintenance of a given stock of resources,” and, since the serv- 
ices of all resources equally contribute to the creation and maintenance 
of each other, no definite meaning can be attached to the term of an 
investment period itself. This concept is in any case irrelevant; for 
even under the most favourable assumptions it could not be substanti- 
ated that an increase in capital will necessarily imply the adoption of 
“lengthier” processes. 

I am not sure whether this brief picture does justice to Professor 
Knight’s views. But if it is a correct interpretation of his theory, it 
fails to account for a number of factors which it is the fundamental 
task of a theory of capital to explain. In the first place, it does not ex- 
plain how the rate of return, on different investments, is kept at a level 
of equality. Under the conditions postulated, the rate of return should 
correspond in equilibrium to the current rate of interest not only on the 
marginal unit of investment, but on all units. It can be argued that 
‘{nframarginal” investments will earn rents which, in terms of money 
costs, will equalise this difference; but then the question still arises: 
why should “‘rents,’’ if they arose, not be eliminated by competition? 
In the second place (and this is closely linked up with the first) it 


26 Among Austrian theorists, the “waiting period’’ is sometimes measured by 
the extent to which current consumption has to be reduced (below some technical 
maximum) in order to permit the maintenance of the existing stock of capital, 
i.e., in order to secure the continuance of the same rate of consumption per- 
manently. Now it is perfectly true that at any time, given the technical com- 
position of the system, the rate of consumption could be stepped up a certain 
extent if all productive services were devoted to producing for immediate con- 
sumption—given the length of time for which the increased rate of consumption- 
output is supposed to last. But the extent to which this can be done will depend 
on the type of capital goods used as well as on their quantity; and it is quite 
possible that with an increase in capital, the possibility of expanding consump- 
tion by not maintaining capital goods should decrease rather than increase. In 
any case, the extent to which this can be done will certainly have no relation 
to the value of capital in terms of current income, except in those simple cases 
where the capital consists exclusively of circulating capital, physically homo- 
geneous with the final product. (E.g., if capital consisted of the stock of grain 
annually reinvested—in the form of seed and advances to labour—the quantity 
of consumption could be expanded in precisely the same ratio as the value of the 
capital stock in terms of the annual product.) 
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does not really explain why an increase in capital should lead to a fall 
in interest. To say that resort must be had to inferior investment 
opportunities does not in itself meet the problem. Diminishing returns 
necessarily presuppose the existence of some ‘‘fixed factor” as their 
cause; and there is no room for such “fixed factors” if we regard, as 
Professor Knight apparently regards, capital accumulation as an in- 
crease in the quantity of resources in general. In the last place, this 
theory contributes little to an explanation as to how interest as a dis- 
tributive share is determined, along with other distributive shares. The 
great merit of the Austrian capital theory—at any rate of Wicksell’s 
version of this theory—is that it explains the interrelation between 
wages and interest; and thus makes it possible to extend the general 
marginal productivity theory so as to include capital. So far as this 
problem is concerned, the critics of the traditional theory can hardly 
be said to have offered an alternative explanation. 

We shall attempt to demonstrate in the following that the crucial 
argument concerning the irrelevance of the “law of roundaboutness” 
ignores the all-important effect of a change in the quantity of capital 
on price relationships; and that an interpretation can be given to 
the theory which allows it to survive most oi the other criticisms that 
have been brought forward. Finally we shall endeavour to show that 
the “law of roundaboutness’”’ itself is merely a derivation fiom the 
general law of nonproportional returns; while the Austrian view of 
capital merely implies an attempt to measure the quantity of variable 
resources by the average productivity of the services of ‘‘fixed” re- 
sources, which is possible so long as the latter are homogeneous in 
kind and the composition of the final output stream can be considered 
as given. 


IV 


1. In the first place, let us go back for a moment to the question of 
the definition of resources. Here Professor Knight appears to have 
overlooked one distinction which survives the strictures levelled against 
the traditional classification. Even if all resources require to be main- 
tained and the services of all resources contribute to the production of 
new resources, it is still not true that all kinds of resources can be 
produced. It is not possible to produce ‘‘land’’; and, in a capitalist 
economy which no longer knows the institution of slavery, it is not 
even possible to “produce” labour. The quantity of labour, through a 
change in the birth rate, can certainly be increased, but to regard 
this quantity as being a function of saving or the rate of interest is 
turning an analogy into a falsehood. 

If the services of producible resources provided “perfect substi- 
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tutes’’?” for the services of the nonproducible resources this difference 
would not constitute a ‘‘relevant economic fact’’—the prices of the 
services of nonproducible resources would be entirely governed by the 
services of produced resources. In reality, however, the services of 
capital goods provide merely an imperfect substitute to services of 
labour; the one can be substituted against the other in any sort of pro- 
duction only at continuously increasing marginal rates of substitution. 
Thus even if the distinction between “permanent” and ‘‘nonperma- 
nent” resources or between “‘original” and ‘“‘produced”’ resources were 
untenable or irrelevant, there is still a distinction to be drawn between 
‘“‘producible” and “nonproducible” (or rather, “‘augmentable” and 
‘nonaugmentable’’ resources). 

Given this distinction, we must immediately make note of another 
factor, which in this paper has so far been left in the background: 
that in a position of equilibrium, assuming perfect competition, the 
value of producible resources must always correspond to their cost of 
reproduction (to the value of the quantity of services needed to produce 
another, ‘‘identical’’ resource). The value of nonproducible resources, on 
the other hand, need not conform to any such criterion simply because 
they have no costs of reproduction. 

Now, what Professor Knight’s own theory has not explained—or at 
any rate the present interpretation of his cheory has not explained so 
far—is the problem, how this correspondence between the value of 
producible resources and their costs of reproduction is achieved, or if 
achieved, how this correspondence is again re-established, once equilib- 
rium has been for any reason disturbed. A fall in the rate of interest, 
e.g., will raise the discounted value of all future income streams, and 
thus the present value of all resources whose ownership can be bought 
and sold (that is to say, all resources except labour). Moreover, if it 
is assumed that all resources are “‘continuously” maintained, it must 
raise the market value of all investments in the same proportion. If 
their value was previously equal to their costs of reproduction, they 
will now exceed these costs by the proportion which the fall in the 
rate of interest bears to the new rate of interest. How will this corre- 
spondence be re-established? 

2. In order to analyse the interrelation of different factors let us 
return to the simplest hypothetical situation, where the stock of capital 
consists of houses which are built exclusively by labour, while “room- 
years”’ represent the only kind of consumption good. In order to avoid 
monetary complications which are not relevant in the present discus- 


27 In the sense of their having infinite “elasticities of substitution’ with the 
services of the other resources, i.e., that this rate of substitution did not vary 
with the proportions in which they were combined. 
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sion, we might also assume that “room-years” serve as a numeraire 
in terms of which debts are contracted, wages are paid, and property 
is valued. In this society “savings” imply a desire to convert current 
income (‘“‘room-years’’) into “houses”—in other words, an increased 
desire for ‘“‘holding’’ houses. If this increased demand can be satisfied 
by an increased supply (when, e.g., unemployed labour is available 
for additional house building) there need be no change in the value of 
houses in consequence. But if all the labour is already engaged in 
building (or rather “replacing’’) houses, it is the value of houses that 
will rise (which is merely another way of saying that the rate of inter- 
est, in terms of room-years, will fall); and, as the value of houses rises, 
wages will rise. For the value of existing houses cannot be higher than 
their costs of reproduction; and a rise in costs of reproduction must 
imply a rise in wages. 

Alternatively one might say that saving first leads to a fall in the 
room-year rate of interest (which is “determined” in the annuity 
market), this creates the rise in the value of houses, which in turn in- 
creases wages. The rise in wages increases construction costs; but it 
will also reduce the value of houses (i.e., below their new level, which 
they reached after the fall in interest). For the rise in wages, by raising 
expected future wages, increases maintenance costs, relatively to gross 
incomes (input values relatively to output values) and thus reduces 
the ‘‘net incomes” on the basis of which capital values are calculated. 
Thus, while costs of construction rise, capital values fall, and “‘some- 
where in the middle” they again meet, thus bringing the movement 
to an end. In either case, it is the change in wages which brings the 
real rate of return on individual investments into equality with the 
rate of interest. 

It would seem to follow from this that in this society “savings” 
merely resulted in a transference of income from the capitalists to the 
labourers.?® There would be no increase in aggregate real income; and 
(save for changes in relative demand arising out of changes in distribu- 
tion) there would be no changes in composition. In particular, it is 
difficult to see how investment opportunities which were previously 
ultramarginal (which were previously not adopted because their real 
rate of return was lower than the prevailing interest rate) would, as 


28 This transference would not be temporary, but permanent, (even if ‘‘sav- 
ings’’ were temporary). For it would be financed, so to speak, out of two sources: 
first, the increase in the supply of capital, coming from the savers; second, the 
reduction in interest (in the return on investments) which the increase in the 
supply of capital creates (and which would thus be shared equally by all capi- 
talists). The reduction in the interest rate, following upon a given increase in 
capital, would be precisely such as would enable the same transference of real 
income per time unit permanently as the volume of savings (per time unit) 
which was originally responsible for it. 
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a result of savings, become inframarginal. For the rise in wages would 
have offset the effect of the reduction of interest; and in the new situa- 
tion, they would still be below the margin of profitability. Cont.aued 
capital accumulation under such circumstances would merely lead to 
the complete expropriation of the capitalists, by reducing the rate of 
interest to zero and making the value of annual labour input identical 
with the value of room-year output.”® 

3. But fortunately for the capitalists this will not be so—not even 
under our rigid assumptions. For the rise in wages in terms of house- 
room creates something which by itself tends to check the tendency 
of the level of wages to rise and the income from capital to fall. It 
necessarily increases the optimum degree of roundaboutness. 

Let us return to our numerical example of the three types of houses 
and see how their respective rates of return will be affected by varying 
increases in wages. Since the rise in wages must always be such as to 
equalise the rate of interest with the real rate of return, this will also 
show the level of wages corresponding to different rates of interest 
(represented by the italicised figures) :— 





Increase in Wages | Real Rate of Return (per cent) of 





(per cent) Type III 
0 5.9 
10 5.24 
20 4.68 
50 3.37 





We can see from this that not only does Type II become the most 
profitable investment if the increase in wages is 10 per cent, but the 
differences in profitability, expressed as a percentage, continuously 
increase with every increase in wages.*® Assuming that there is a con- 


29 This sounds rather like a rehabilitation of the classical theory of the Wages 
Fund—which in a sense it is meant to be. If conditions were postulated under 
which an increase in the supply of capital would not lead to an increase in 
aggregate real income (when, e.g., the technical coefficients between ‘‘capital’”’ 
and labour—the services of produced and nonproduced resources—are fixed 
and the quantity of labour is given) the supply of capital would determine—in 
a linear fashion—the rate of wages. There is no reason to assume that in such a 
society the rate of interest will be necessarily zero—it will be determined at the 
point where the demand for “annuities” (in exchange for current income) is 
equal to its supply. (The rate will be zero only if at any positive rate the demand 
for annuities exceeded the supply.) The rate of interest thus determined will 
determine the level of wages and the share of labour in the product. 

30 In the above example, the changes appear numerically slight (relatively to 
the changes in wage rates) but this is only because the maintenance costs, in 
the examples shown, were already very low in relation to the construction cost. 
Generally speaking, the numerical change in relative profitability for a given 
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tinuous range of alternatives and not merely three distinct types of 
durability there must be a shift in the optimum ratio of construction 
cost to maintenance cost (or input volume to output volume) as soon 
as the price of input units rises relatively to the price of output units. 
This shift can be thought of as being brought about (for the ‘‘repre- 
sentative enterprise’’) either by a reduction of present “‘output’’ with 
a view of increasing the future rate of output (the input stream remain- 
ing the same) or a reduction in present output with a view of reducing 
future rate of input; or, finally—since the input flow is subject to 
diminishing returns in terms of output flow—simply a reduction in 
the permanent rate of input which is followed by a less-than-propor- 
tionate reduction of the permanent rate of output. In all of these 
cases there will be a reduction in the permanent input flow per unit 
of output flow; which in turn will have three different consequences: 
In the first place, it damps down the fall in the value of investments, 
brought about by a rise in wages; since the increase in maintenance 
cost will no longer be proportionate to the increase in wages. In the 
second place, it increases the “costs of reproduction” of house invest- 
ments more than in proportion to the increase in wages (since main- 
tenance costs can only be reduced by increasing construction cost) 
and thus closes more rapidly the “‘gap” between the value of invest- 
ments and the costs of reproduction, caused by a given increase in the 
supply of capital. (In other words, it closes the gap with a smaller 
increase in wage rates than otherwise.) All this can also be expressed 
by saying that the existence of Type II houses as alternative to Type 
I houses prevents both the rate of.interest from falling, and the level 
of wages from rising, so much—following upon a given percentage 
increase in ‘‘free capital’—as they would have fallen, or risen, had 
Type II houses not been available as an alternative. In the third place, 
it creates an increase in the permanent supply of house room, which 
otherwise could not have taken place, as a result of a fall in the interest 
rate.*' If in the above example we further assumed that there was only 
a single kind of house room in existence (that given in the example) 


increase in wages will be greater, the higher is the ratio of maintenance cost to 
construction cost—(the influence on relative profitability of changes in ihe in- 
terest rate in the case of “discontinuous maintenance” will be per contra the 
more noticeable the lower is this ratio)—and greater the higher is the real rate 
of interest. With continued increases in wages, the differences generally increase 
in a diminishing proportion. 

31 Furthermore if we assume that the “degree of roundaboutness”’ for different 
types of room-years is different, the rise in wages will change their relative rates 
of return. For a given rise in wages will affect the rate of return all the more 
the higher is the ratio of annual maintenance cost to construction cost. The 
re-establishment of equilibrium (i.e., equalisation of the rates of return) will 
then require, in addition, a relative fall in the prices of the services of more 
“durable” resources and a relative expansion of their supply. 
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the change over to Type II investments from Type I investments will 
ultimately have increased the volume of available room-years in the 
ratio of 100(273-225) /225, i.e., by 20.88 per cent. This, divided by the 
quantitative increase in the investment period, which is involved in 
this change-over, should give the “marginal productivity of waiting”’ 
according to the Jevons’ formula, to which the rate of interest must 
correspond at the point where the two types of investments are equally 
profitable. 

Thus, given the available quantity of labour and the productivity 
function of capital (the extent to which maintenance cost per unit of 
output can be reduced by a minute increase in the ratio of construction 
cost over maintenance cost), the rate of interest determines the relative 
price of labour service and consumption service. This price ratio in 
turn determines the “average investment period,” i.e., the degree of 
roundaboutness which maximises the yield of investments. Alterna- 
tively, the increase in the supply of capital determines the extent to 
which the degree of roundaboutness will be changed by changing the 
ratio of the price of input units relatively to output units, which in 
turn determines the rate of interest, since in equilibrium the rate of 
interest must be equal to the “‘real rate of return” on investments. 

All this is merely a simplified and somewhat loose account of the 
Wicksellian version of the Austrian theory, first put forward in the 
Uber Wert, Kapital und Rente, and later in the Lectures on Political 
Economy,** and adapted to the case where all capital is “permanently 
and continuously” maintained. It differs from the Béhm-Bawerkian 
theory chiefly through the analysis that for the individual entrepeneur 
the optimal investment period is determined by the production func- 
tion and the existing price relationships (which are given to him); 
while the supply of capital ‘determines’ the investment period by 
determining the ratio of output prices to input prices (i.e., of a unit 
of consumption service to a unit of labour service).* 


2 The two types of investments become (approximately) equally profitable 
at a wage increase of 6 per cent at which both yield 5.8 per cent. At this rate the 
“compound investment period” (calculated according to the formula in footnote 
20 above) will be 14.73 years for Type I and 17.85 years for Type II. The net 
increase will therefore be 3.42 years and the “marginal productivity of waiting” 
20.8/3.42 =6.2 per cent, ie., approximately the same as the rate of interest. 
(An exact equality could only result if very small changes were contemplated.) 
Since, however, in these cases, the “investment period” (in terms of years) can 
only be evaluated if the rate of interest appropriate to the situation is already 
known, the concept of the “‘marginal productivity of waiting’? does not seem to 
be particularly helpful. 

% Cf. Lectures, Vol. I, Part II, Sect. D, ‘“‘An Alternative Treatment of the 
Problems of Interest and Distribution,’ also Appendix 21, ‘Real Capital and 
Interest.”’ Cf. also Wicksell’s Finanztheoretische Untersuchungen, pp. 22-41. 

4 Cf., e.g., Finanztheoretische Untersuchungen, p. 33 (my translation): “Given 
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Vv 


So far we have merely attempted to vindicate the traditional capital 
theory under the simple assumption that the capital of the world con- 
sists of houses produced exclusively by labour; that there is perfect 
competition, static foresight, and the absence of uncertainty. The real 
world—for the purpose of the present discussion—differs from this, 
apart from the last three assumptions, in three important respects: 
(i) that the maintenance of capital does not have the character of 
“replacement” of units at definite intervals but rather that of con- 
tinuous repairs; (ii) that the services of labour are not at all invested 
in capital but partly co-operate with the services of capital goods in 
producing consumption services, i.e., the labour force itself is divided, 
to use Wicksell’s expression, between ‘‘free’”’ and “invested” labour; 
(iii) that capital goods are not produced exclusively by the services 
of labour but also by the services of other capital goods, i.e., the serv- 
ices of capital goods themselves help to produce (or ‘“maintain’’) 
each other. How far do these facts modify our results? 

(i) The first of these points can be treated briefly. Whether “‘main- 
tenance expenditure” consists of definite replacement of physical units 
or merely of repairs, the ratio of initial cost to annual maintenance 
cost will still provide a measure of the ‘‘degree of roundaboutness”’ ; 
and so long as it is still possible to reduce the annual maintenance 
charge, of a given service stream, by increasing the initial construction 
cost, it will still be true that the price ratio between output units and 
input units will determine the optimum relation between construc- 
tion cost and maintenance cost, which, in turn, will determine the 
rate of interest. It will not be possible, of course, to associate a definite 
“investment period” with the input of any particular period; but this, 
as we have seen, is hardly legitimate in any case, unless the whole 
contribution of the input of a particular period accrues at some given 
date in the future (as, e.g., with the storage of wine), which is only 
true in certain specific cases. 

(ii) The second point is more serious. It affects our previous analysis 
in two ways: (a) In the first place, it is clear that if a part of the labour 
supply is co-operating with existing equipment in producing current 
output, simultaneously with savings a certain quantity of labour will 
be “released”’ for employment in new construction. If instead of houses 
we had taken the less unreal example of machines co-operating with 


the general postulate of Bohm-Bawerk’s theory [i.e., the law of roundaboutness | 
one would think at first that the capitalist always aimed at a steadily longer 
investment period of his capital—at any rate once the loss of interest during the 
transition period can be neglected. This, however, will by no means be the case; 


for any given level of wages, there is always an optimal length of the investment 
period.” 






ne 
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labour in producing bread, it would have been at once obvious that 
savings will not merely increase the demand for “holding” machines, 
but will also reduce the demand for bread. Corresponding to the in- 
crease in the demand for labour in machine-making, there will be a 
released demand for labour in the making of bread.* If machines are 
produced exclusively by labour, while “bread”’ is produced partly by 
labour and partly by machines, there would still be an increase in the 
aggregate demand for labour. But if “labour” and “machines” co- 
operate in the same way in producing new resources as in producing 
final output—and this is what Professor Knight’s first point really 
amounts to—there need be no net increase, as far as the creation of 
new capital goods is concerned, either in the demand for labour serv- 
ices or in the demand for machine services. There could thus be an 
increase in the number of machines even without a rise in wages. It 
would be wrong to conclude, however, that this would invalidate our 
previous conclusions. For once the new machines are in existence and 
“saving” correspondingly ceased, they will require some additional 
labour for their maintenance and operation which they can only get 
by reducing the quantity of labour employed in combination with the 
previously existing resources. This in turn (if machine services are 
merely an imperfect substitute for labour services) will increase the 
price of labour services, relatively to other services (which is merely 
another way of explaining that the relative increase in “other services” 
increased the relative scarcity of labour services), it will reduce the 
quantity of labour input per unit of bread output (by reducing either 
the labour embodied in, or the labour co-operating with, a unit of 
machine service, or both), which in turn implies an extension of the 
degree of roundaboutness and a fall in the rate of interest. It still 
remains true that it is the rise in wages, in terms of final output, which 
causes the fall in the rate of return; a fall which would be more severe 
if it were not possible to offset partly the effect of the rise in wages by 
extending the degree of roundaboutness. 

(b) This brings us to the next point in this connection: the question 
of durability. We have already mentioned earlier®* that the input 

35 The reason why this has been apparently overlooked (by the classics and in 
Wicksell’s treatment, cf. esp. Lectures, op. cit., pp. 148-149) is due to the as- 
sumption that what is saved is the product of past labour and not of current 
labour, so that the current demand for labour is independent of current con- 
sumption; depending only on the current supply of capital. (This is the meaning, 
e.g., of Mill’s statement that the “demand for commodities is not a demand for 
labour’”’). This again is true if (a) the unit of account is fixed in terms of the final 
product, so that changes in current consumption do not affect the profitability 
of investment via price expectations; (b) all labour is “invested labour’’—as, 
e.g., in the case of an agricultural community, whose labour requirements con- 


sist mainly in sowing seed for the following harvest. 
%& Cf. footnote 22 above. 
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stream (and thus the ratio of initial input to annual input) of resources 
will depend on how one defines the ‘‘output stream”’ of resources. In 
the example just given, either the ‘quantity of machine services per 
unit of time,” or the “‘quantity of bread per unit of time” can be re- 
garded as the output stream of the machines. In the first case the 
“input stream”’ will consist only of expenditures incurred in the upkeep 
and replacement of the machines (Wicksell’s “invested labour’’). In 
the second case it will include, in addition to the above, also the labour 
normally regarded as co-operating with the machines in producing the 
bread. According as the first view is taken or the second, we shall have 
two different measures of the “degree of roundaboutness.”’ Only the 
first of these can be regarded as an index of the durability of capital 
goods. But only the second will be necessarily correlated with the 
quantity of capital. 

It is only in so far as the proportion of invested labour to co-operat- 
ing labour remains constant when the aggregate quantity of capital 
changes that the degree of roundaboutness will necessarily increase 
in both senses. And although this follows from Wicksell’s analysis of 
the problem*’ there seems to be no reason that it should be the case 
if the possibility of a change in the character of the machines is taken 
into account.** An increase in the quantity of capital available might 
even lead to the introduction of less durable rather than more durable 
equipment, if only this equipment is more ‘‘automatic”’ (in the sense 


37 Cf. Lectures, Appendix 2, pp. 278 ff., esp. 287-288. 

38 Wicksell’s argument could be summarised as follows: Let us suppose that 
in the beginning the increase in capital only leads to an increase in the number 
of machines, of the same type as those already in use. This will imply that the 
amount of invested labour increases and the amount of “free” labour is re- 
duced; which in turn will necessarily raise wages and reduce the price of the 
services of machines. The rise in wages, as we have seen before, makes it profit- 
able to extend the lifetime of machines, which in turn will imply a reversal of 
this process: the amount of free labour will increase and the amount of invested 
labour will be reduced. On Wicksell’s assumption this must continue until both 
regain their former proportion. Meanwhile “‘the labourers lose part of, but not 
all of, their recent increases in wages and the capital goods regain part of, but 
not all, the value they have just lost.’’ (Ibid., p. 288.) 

It is quite possible, however, that as a result of the rise in wages, it becomes 
profitable to introduce not more durable but more automatic—and even less 
durable!—machines and in consequence there will be a further increase, rather 
than a reduction, in the amount of invested labour. It is often thought that 
machines which are both more efficient and less durable will be preferred irre- 
spective of the quantity of capital. That this is not the case, can best be eluci- 
dated by a simple example. Let us assume, e.g., that bread can be manufactured 
by two different processes. The first involves machines which require an initial 
expenditure of 1000 units of labour and an annual maintenance of expenditure 
of 10 units (per unit of bread, per year). These machines will need in addition 
50 units of labour to operate them. The second involves machines which require 
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of requiring less labour to operate it) than the previous equipment. It 
is not true therefore (except in the special case, like houses, where all 
the labour used is invested labour) that the increase in the quantity 
of capital will necessarily lead to an increase in ‘‘average durability,” 
or that it will lead to the making of ‘“‘goods of still greater durability in 
place of those produced before.’’*? It could imply the opposite of these 
things. It must necessarily increase the “degree of roundaboutness”’ 
involved in producing final output (if co-operating labour and invested 
labour are taken together); but this is not the same thing (except in 
the special case where the amount of co-operating labour is zero) as 
an increase in the average durability of capital goods. 

(iii) The last point—although it is the one most frequently empha- 
sised by other critics‘’—does not, in our view, affect the theory any 
more than it has already been affected by previous considerations. It 
is perfectly true that at no stage of the production process is labour 
exclusively employed—the services of different types of resources con- 
tribute to the “maintenance” (or production) of each other; the out- 
put stream of resource A might be the input stream of some other re- 
source B, whose output stream in turn forms part of the input of A. 
But this does not imply that this “circularity” in production is com- 
plete: this would only be the case if consumption itself could be re- 
garded as part of the system’s “input.” Now all ‘‘outputs’’ (of re- 
sources other than labour) which are not consumption services must be 
simultaneously inputs in some other resource. Similarly, all inputs, 
in so far as they do not consist of labour service, must be the outputs 
of some other resource. Therefore all outputs which are not consump- 
tion service and all inputs which are not labour service, exactly cancel 


an initial expenditure of 1500 units and an annual maintenance expenditure of 
40 units; but these machines being much more “automatic”? only require 10 
units of labour to operate them (all per unit of bread, per year). The ratio of 
initial cost to annual maintenance cost in the first sense will be 1000/10, 1500/40 
respectively, in the two cases. In the second sense, it will be 1000/60, and 
1500/50 respectively. Now, if the price of labour in terms of bread is unity, 
obviously the first of these methods is preferable to the second—since it will 
yield a return of 4 per cent while the second yields only 3 per cent. If, however, 
the price of labour rises, say by 50 per cent, the second method will become pref- 
erable to the first; since in that case, the yield on the first method will be re- 
duced to 0.5 per cent while the yield on the second only to 0.83 per cent. 

39 Machlup, ‘“‘Professor Knight and the ‘Period of Production’,” op. cit., p. 590; 
and Hayek, “The Mythology of Capital,” op. cit., p. 213. 

40 Cf. Joseph and Bode, “‘Bemerkungen zur Zinstheorie,”’ op. cit.; Nurkse, 
“The Schematic Representation of the Structure of Production,” op. cit. 

“| It is possible, of course, to regard that part of the labourers’ consumption 
which is necessary to maintain this productive capacity intact, as the “input” 
of labour as a factor of production. But only in a slave state would this magnitude 
have an economic significance. 
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each other out, if the input streams and output streams of individual 
resources are added together.” By defining the “net output” of re- 
sources as the volume of consumption we thereby also necessarily 
define their ‘‘net input’ as the quantity of labour.“* So long as the 
quantity of annual labour service remains constant with variations in 
the quantity of capital, and so long as the quantity of no other type 
of services remains constant, there will be a unique correlation between 
the rate of interest and the amount of labour input per unit of final 
output—or, if you like the rate of interest and the average investment 
period of the services of labour. For, as I hope to show in the next 
section, the ‘‘investment period” of a factor necessarily varies with 
its average productivity, once it is assumed that the factors themselves 
have a cost of production and not only the final products. 


VI 


For a proper understanding of the nature of capital and interest one 
ought to start by analysing the conditions of equilibrium in a society 
where all goods are capital goods, i.e., where ‘original’ or non-aug- 
mentable resources do not exist at all. It is rather unfortunate that, 
following Béhm-Bawerk and his school, we have been generally ac- 
customed to start with a more specialised set-up, with the picture of 
Robinson Crusoe engaged in net-making. This Crusoe-approach makes 
it unnecessarily difficult to single out features which are merely the 
property of a special case from the demonstration of general principles. 
Had the analysis started with the ‘general case’—by imagining a 
society where all resources are produced and the services of all resources 
co-operate in producing further resources—a great deal of the con- 
troversies concerning the theory of capital might not have arisen. As 
we shall see, it will be much easier to get back from this world to Bohm- 
Bawerk’s world than to make the journey in the opposite direction. 

Let us imagine, then, a society where “‘machines”’ and “‘slaves” are 
the only scarce resources, whose services are required equally for the 
production of each other and for the production of bread.“* The owners 


“ Cf. also the “analysis of interactions” in Fisher’s Theory of Interest, pp. 18-22. 

“8 This really follows from selecting “labour” as being distinct from other 
resources, in which case the input of all resources other than labour will consist 
of labour service. It would also be possible to regard some other factor—‘“‘land”’ 
—in the same way: in which case the input of all resources (including labour 
under this head) would consist exclusively of land service. The reason for re- 
garding “labour” as distinct, is twofold: (a) that it is the ownership of labour 
which is nonalienable and in consequence has no capital value; (b) that it is the 
quantity of labour service which can be regarded as a constant with respect to 
“saving.” Cf. also the next section, below. 

“4 T.e., there is a production function for machines, whose variables are ma- 
chine service and slave-labour service, a sim#!ar one for slaves, and yet another for 
bread. If we strictly adhered to the terms of our example, it should be added 
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of slaves and machines (the entrepreneurs) will, under these assump- 
tions, have essentially three degrees of freedom: (1) they can vary the 
proportions in which the services of machines and slaves are combined 
in the production of bread; (2) they can vary the proportions in which 
the machines and slaves themselves are produced, or reproduced; 
(3) they can decide how much of the ‘“‘net output” of any period 
(i.e., the quantity of bread production compatible with maintaining 
the stock of slaves and machines intact) should be set aside to increase 
the permanent stream of bread output in the future. 

Assuming perfect competition and constart returns to scale, the 
entrepreneurs will (individually) combine the two factors in such pro- 
portions as to maximise the output of a given outlay; and they will 
tend to produce the factors themselves in such proportions as would 
maximise the rate of return on a given investment (all in terms of 
“‘bread”’). Assuming that the law of diminishing productivity operates 
throughout (i.e., that there is an increasing marginal rate of substitu- 
tion between machine services and slave-labour services, in the pro- 
duction of bread, machines, and slaves) the problem will have a unique 
solution. Given the cost function of machines, slaves, and bread, there 
will be only one proportion between machines and slaves which will 
maximise the yield of capital: the proportion at which the value of both 
machines and slaves (calculated by discounting at the same rate their 
expected net income) is equal to their respective costs of reproduction.” 
It is this yield which in turn wi!l determine the rate of interest. (All 
this can also be expressed by saying that the yield on capital will be 
maximised when the real rates of return, on machine investments and 
slave investments, are equalised.) This rate will represent at the same 
time the system’s “maximum rate of growth’’: the rate at which the 
stock of resources would increase, per unit of time, if consumption is 
reduced to zero and the services of all productive resources were de- 
voted exclusively to their own production. 


that the services of machines and of slave labour are directly required only for 
the production of machines and of bread. Only “‘bread’’ is required for the pro- 
duction of slaves. But bread in turn represents a certain quantity of machine 
services plus labour services, combined; so that we can say that the services of 
both resources are needed for the production of both resources. 

45 If there is a relative increase in the number of machines, and a consequent 
fall in the yield of machine investments, this would not imply an equivalent 
fall in the yield of ‘‘capital’’—as it does in our own society—-since the fall in the 
yield of machines would be largely offset by the corresponding increase in the 
yield of slaves. But on account of the law of diminishing returns it could never 
be so offset entirely (and vice versa if there is a relative increase in the number 
of slaves). Thus there will be only one ratio of investment in the two factors 
which equalises the real rates of return on these two types of investment and 
this will necessarily be also the arrangement which maximises the return per 
unit of bread. 
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Thus both factors will yield a ‘‘net product’’—i.e., the specific pro- 
ductivity of their services will be greater than the costs of production 
of these services—and the rate of return merely denotes the size of this 
excess, per unit of time, as a percentage of the cost. Since this “real 
productivity,’ and thus the real rate of return, on any resource will 
depend upon the relative scarcity of the services of that resource, and 
since the proportions of the factors are variable, investment will tend 
to get distributed in such proportions as would equalize the rate of 
return on all lines of investment.“ Once this proportion is achieved, 
capital accumulation or decumulation (in the absence of a change in 
technical knowledge) will leave the rate of interest unaffected. How 
rapidly capital will be accumulated will depend, of course, on the rate 
at which people are willing to save at the given rate of interest; but no 
amount of capital accumulatior. could change this rate.*” 

In this society there will be two distinct “investment periods” which 
cannot be combined for the purposes of an average, since they are 
alternative ways of describing a single situation. We might either 
represent the entire bread output as the product of machines whose 
input consists of slave-labour service; or we might represent the entire 
bread output as the product of slaves whose input consists of machine 
service. The average investment period of the services of slave labour 
will depend on the ratio of the value of the entire labour input (of all 
machines) to that of the entire bread output. The average investment 
period of the services of machines will depend on the ratio of the value 
of the entire machine-service input (of all slaves)** to that of the 


46 It would necessarily be true therefore of a slave state that both capital and 
labour yield a positive rate of return, irrespective of the extent of accumulation 
(unless there is some third “‘fixed’’ factor, like land, in relation to which both 
become less productive, by an increase in their quantity). But it will normally 
be true even in a nonslave state that the rate of return will be positive on both 
“machines” and labour (though the latter, owing to the inalienability of the 
ownership of labour, can only be calculated on rather arbitrary criteria) although, 
of course, there will no longer be forces operative which tend to make them equal. 
But the rate of return, on one or the other, could fall to zero in ‘extreme cases’’: 
(1) when the quantity of labour has increased, by multiplication, to the extent 
that the marginal productivity of labour has been brought down to the labourers’ 
subsistence level (the ‘‘stationary state’’ of Ricardo and the classics); (2) when 
the quantity of material resources has increased, by accumulation, to the ex- 
tent that the marginal productivity of the services of capital goods has been 
brought down to the level of their ‘‘maintenance costs’’ (the stationary state of 
Professor Schumpeter). There seems to be no reason to assume that in the real 
world forces are operative which will inevitably draw the system either to the 
one or the other “extreme” of stationariness. 

47 If this rate is such that people are willing to save at that rate (and this de- 
sire, in the absence of a change in psychology, could only be strengthened by 
continued accumulation) our society would resemble the “expanding universe’’; 
it could never become stationary. 

48 The “machine-service input” of slave capital takes two different forms. (1) 
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entire bread output. Since both refer to the same bread output, an 
average between the two is completely meaningless. Both of these 
investment periods will, of course, remain unaffected by changes in 
the amount of capital. 

If we now assume that, for some reason, the number of slaves is 
“held constant,” when capital is accumulated, the increase in capital 
can only take the form of an increase in machines. Then the invest- 
ment period of labour will rise, and the real rate of return on ma- 
chines will fall. (Correspondingly, the investment period of machine 
services will fall, and the rate of return on slave labour will rise, but 
not to the same extent.) This “lengthening” of the investment period 
for slave labour can take various forms. (1) There might be an increase 
in the number of the same machines, and a substitution of machine 
services for labour services, in the production of bread; this will imply 
a reduction in the amount of co-operating labour, and an increase in 
the amount of invested labour, per unit of bread; (2) There might be 
an increase in the durability of machines, in which case the proportion 
of invested to co-operating labour can remain the same; (3) There 
might be a change in the “degree of automatism” of the machines 
(with or without a change in durability), in which case again the pro- 
portion of invested labour is increased and the proportion of co-operat- 
ing labour reduced. All three cases imply a reduction in current labour 
input, and an increase in “‘initial input,” per unit of bread output. 
If we now further assume that the slaves are liberated and in conse- 
quence only machines are regarded as “‘capital,’”’ the rate of interest 
will be determined by the yield of machines only; and we have then 
arrived at the Austrian theory of capital. 

It follows from this analysis that the Senior-Jevons-Béhm-Bawerkian 
law of roundaboutness is merely a roundabout way of expressing the 
law of nonproportional returns. Once it is realised that the only differ- 
ence between ‘‘produced” and ‘‘nonproduced” resources lies in the 
fact that the one can be augmented by economic disposition and the 
other cannot, it is clear that the ultimate reason why the rate of in- 
terest is falling with an increase in capital is precisely the same as the 
reason why rents are rising (or wages falling) with an increase in labour. 
A relative increase in the number of slaves, in the case where “land” 
and “‘slave labour’’ are the only scarce resources, could just as well be 
said to imply an increase in the “investment period” of the services 
of land, as a reduction of the marginal productivity of the services of 
labour; while the material content of the Austrian theory of capital 


The services of machines directly co-operate with labour in producing bread. 
(2) Bread is also required for the maintenance of labour (which must be deducted 
from the ‘‘net output’? of bread) and this maintenance bread also represents a 
certain quantity of machine service. (The same is true the other way round, of 
course.) 
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could be equally well expressed by saying that capital accumulation 
leads to a reduction in the marginal productivity of the services of 
those factors whose quantity can be augmented by such accumulation, 
as by saying that it increases the investment period of the services of 
those resources whose quantity remains constant. 

The purpose of the “investment period”’ approach is to reduce the 
production function to two variables, substituting “waiting” for the 
services of all produced (or variable) factors, with interest as the price 
of “waiting.” In this way—and only in this way—can capital as capital 
be treated as a factor of production, commensurate with ‘labour.’ 
This, however, can only be done so long as the services of the ‘‘fixed’”’ 
factors can themselves be regarded as homogeneous, or at any rate 
sufficiently homogeneous to leave their relative scarcity unaffected 
by changes in the amount of the services of other resources. In the 
above example machine services and labour services were the only 
scarce factors. This enables us, by regarding the quantity of labour as 
constant, to measure changes in the amount of machine services avail- 
able by changes in the “investment period” of the services of labour. 
Had we assumed three factors, say the services of machines, labour 
and land, among which only the services of machines could be increased 
in quantity by capital accumulation, neither the investment period 
of the services of land, nor the investment period of the services of 
labour would have afforded an unambiguous measure of the amount 
of machine capital. A combined ‘‘investment period” of the services 
or these “original” or rather constant resources, on the other hand, 
would have been possible only if the services of machines were as- 
sumed to be an “‘independent good”’ relatively to the services of land 
and labour, i.e., if the marginal productivity-ratio between land 
services and labour services depended only on the relative amounts of 
land service and labour service, but not on the quantity of machines.‘ 

Further consideration shows, moreover, that the same objection 
which can be brought up as regards the nonhomogeneity of the services 
of fixed resources also applies as to the nonhomogeneity of final prod- 
ucts. So far we have treated consumption goods—‘bread”’—as if 
they were a homogeneous entity, or if not homogeneous, at any rate 
something the composition of which can be regarded as given. It is 
obvious, however, that except in the special case where all consumption 
goods contain the services of fixed resources in the same proportions, 
an increase in the quantity of capital will lead to a change in the 
relative prices of different types of consumption goods, and thus to a 
change in the composition of the consumption stream. In that case it 


4° This defect of the Austrian capital theory was first pointed out by F. X. 
Weiss, ‘‘Produktions Umwege und Kapitalzins,’”’ Zeitschrift fiir Volkswirtschaft 
und Sozialpolitik, 1921. 
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will no longer be legitimate to speak of the degree of roundaboutness 
involved in producing a unit of “final output,” since we no longer have 
an unambiguous measure of that unit. Nor can one ascertain (once 
allowance is made for the “circularity” in production) the degree of 
roundaboutness for each kind of consumption good, taken separately. 
For the contribution of the services of produced resources are diffused 
between different industries; and this renders it impossible to impute 
a definite proportion of the aggregate stream of “‘labour’’ to a single 
kind of consumption good.*° 

So far we have conducted our analysis under purely static assump- 
tions, and found that even under these assumptions the investment- 
period concept leads into difficulties once allowance is made for the 
fact that both the relative prices of different kinds of labour (and 
land) and the relative prices of different kinds of consumption goods 
might change as a result of a change in the quantity of capital. It 
is not proposed here to examine the further difficulties that emerge 
once the static assumptions are, in one respect or another, relaxed; 
nor even to enquire how far the methods of “‘comparative statics’ are 
legitimate for dealing with problems of capital accumulation. There 
can be no doubt that for an analysis of dynamic problems—and espe- 
cially of the par excellence dynamic problem of the trade cycle—the in- 
vestment-period concept could hardly be of any use. At the same time 
we hope that we have succeeded in demonstrating that the real ob- 
jections against the ‘‘Austrian” capital theory relate to the measur- 
ability of the investment period, rather than to its relevance. It can be 
argued on many grounds (some of them emphasised by Knight, some 
already emphasised by earlier writers, such as Professor Fisher) that 
the “investment period” ceases to be a quantitatively measurable 
magnitude once one departs from the level of abstraction of Bohm- 
Bawerk’s and Wicksell’s writings. But this is a very different thing 
from maintaining—as Professor Knight maintained in various articles 
—that the investment-period concept is also wholly irrelevant, i.e., 
that even if conditions are postulated under which it can be measured, 
it will have no correlation with the quantity of capital and the rate of 
interest. In so far as it is possible to give an index to the “degree of 
roundaboutness,” it can also be shown that an increase in capital, if 
associated with a lower interest rate, will necessarily imply the adop- 


tion of more roundabout processes. ; 
NicHouas KaLpor 


London School of Economics 


50 It is only in cases where (as in our world of houses) the input stream of each 
single capital good consists exclusively of labour, or where the services of all 
capital goods are completely specific (i.e., they only contribute to the production 
of one final good) that the ‘investment periods” for individual commodities can 
be separately evaluated. 











ANNUAL SURVEY OF STATISTICAL TECHNIQUE: 
METHODS OF COMPUTING AND ELIMINATING 
CHANGING SEASONAL FLUCTUATIONS! 


By Horst MENDERSHAUSEN 


I. FROM THE MEASUREMENT OF THE “‘TYPICAL”’? SEASONAL 
MOVEMENT TO THE MEASUREMENT OF ITS VARIATIONS 


THE SEASONAL MOVEMENT of a series consists in a succession of rises 
and falls which repeat themselves year by year at nearly the same date, 
so that an annual periodicity appears distinctly and continually in the 
fluctuations of the phenomenon. This periodicity is in the last analysis 
to be ascribed to the annual meteorological cycle of the seasons, whose 
influence works through a number of social factors, e.g., the organiza- 
tion of society, the methods of production and transport, the habits of 
consumption, ete. 

It is often assumed that the seasonal movement has a perfectly 
regular annual periodicity. This assumption, however, implies that 
not only the weather factors are constant for corresponding moments 
of every year, but also that the other influencing elements above men- 
tioned do not change during the period studied. 

This implication does not correspond to reality. Though very regular, 
the meteorological cycle is far from being perfect, whether measured 
by temperature or the quantity and frequency of rainfall, etc. On the 
other hand the social organization, the technique, habits, and policy of 
production, without being radically overthrown from one year to the 
next, present some instability, due not only to their evolution but also 
to the business cycle and other social events, like wars and labour dis- 
putes. Consequently the measurement of a phenomenon which is in- 
fluenced by all these circumstances can hardly be based on the assump- 
tion that it recurs with perfect regularity year by year. 

It is true that in many cases a good approximation can be obtained 
by measurements which are based on the assumption that the seasonal 
movement is perfectly recurrent. But although in such cases it may 
be taken that the typical characteristics have successfully been deter- 
mined, a full measurement will have to consider not only these average 
features, but also the deviations from it. 

While the methods dealing with a stable seasonal normal have been 
developed to a stage where nothing of importance remains to be done, 
the measurement of variable seasonal movements is still in its begin- 
ings. 

1 The author would like to thank Miss Margaret F. W. Joseph and Dr. Hans 
Staehle, Geneva, for many useful ideas which have arisen out of discussions he 


has had with them on the subject of this paper, and for their assistance in the 
preparation of the English text. 
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Since the early days of business-cycle analysis by more refined sta- 
tistical methods, marked by Persons’ pioneer investigations, the ques- 
tion has arisen, whether seasonal fluctuations must be considered as 
normally stable or normally changing. At the outset the first point of 
view predominated. W. M. Persons? did not consider a variable sea- 
sonal movement at all. He put every deviation of a gross seasonal 
value* from its stable normal on a par with an error of observation.‘ 
‘“‘A seasonal movement is, by definition, a regular fluctuation occuring 
each year. There is disagreement among statisticians as to the logical 
possibility of securing indexes of seasonal variations that change each 
year.’”> But since the contributions of E. C. Snow (1923) and W. I. 
King (1924) a more realistic way of looking at this problem has spread,*® 
without, however, revolutionizing the practical procedure used in 
eliminating seasonal movements from time series. 

There is a curious contradiction between the increasing acceptance 
of the view that the seasonal movement is subject to variations, and 
statistical practice. The standard methods (e.g., Persons’, Bowley’s, 
and others) are still exclusively based on the stable normal. These 
methods give much attention to removing all ‘‘extreme” values from 
the series of the gross seasonal values, in order to obtain the “typical” 
seasonal component for each particular month. They work—quite 
logically—with the notions of median, extended median, central mean, 
etc., in their attempt to fix the “typical” seasonal movement and 
they do not carry the analysis further once this average has been 
secured. 

Apart from certain difficulties of a more material and transitory 
nature—such as the inconsistency of the time series available and the 

2 W. M. Persons, ‘Indices of Business Conditions,’ Review of Economic Sta- 
tistics, January, 1919. 

3 We mean by gross seasonal values the differences or ratios calculated between 
the original data and the non-seasonal (and non-accidental) component of the 
series, e.g., its 12-months moving average. We distinguish gross seasonal differences 


and gross seasonal indices according to the choice of differences or ratios for the 
representation of the seasonal movement. 

4 W. M. Persons, ‘‘Korrelation in Zeitreihen,” Handbuch der mathematischen 
Statistik, Leipzig-Berlin, 1930, p. 207. 

5 W. C. Clark in Persons and others, The Problem of Business Forecasting, 
Boston and New York, 1924, p. 108. 

See also W. L. Hart, ‘“‘The Method of Monthly Means for Determining Sea- 
sonal Variations,” Jour. Am. Stat. Assoc., Sept., 1922, p. 343. 

6 Some hesitation in the adoption of the principle of the variable seasonal nor- 
mal has still prevailed for a long time. Donner, e.g., is opposed to a normal which 
shows short-time fluctuations, while evolutive normals seem quite reasonable to 
him. See O. Donner, ‘Die Saisonschwankungen als Problem der Konjunktur- 


forschung,”’ Vierteljahrshefte zur Konjunturforschung, Sonderheft 6, Berlin, 1928, 
p. 56. 
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shortness of the periods they cover—two essential reasons for this 
divergence between the theoretical and the practical treatment of the 
question may be found in the following two considerations: 

(1) In general the variations of the seasonal movement, if we disre- 
gard cases where there is no clearly established seasonal movement at 
all, are not very important in comparison with its ‘typical’ values. 
The latter consequently provide a fairly good approximation to the 
true seasonal movement.’ 

As a general statement of facts this is certainly exact; but frequently 
very considerable variations occur. Thus, the German Institute for 
Business Cycle Research found it impossible to eliminate by the usual 
methods the seasonal components from German economic series during 
the year 1929 in consequence of the repercussions of the exceptional 
cold during the first months of this year.* O. Donner® gave up the con- 
struction of a seasonal normal for the unemployment of building 
workers, because the variations of this seasonal movement due to 
variations of winter temperature -were too violent. W. I. King!® men- 
tioned similar difficulties encountered by E. Sydenstricker and R. 
Britten in their analysis of the causes of influenza."' These quotations, 
to which others could easily be added, show that the seasonality fre- 
quently varies to an appreciable extent. 

(2) Speaking of Sydenstricker’s study, King stressed the interest 
of a seasonal index which takes the climatological conditions of every 
year into account. But he thought it impossible to obtain such an 
index because weather is not the only factor influencing the seasonal 
movement. “‘Manifestly,” he said, “the ideal index would be one 
which reflected accurately every shift in weather conditions. To ob- 
tain such an index appears, however, to be entirely impossible, for one 
cannot tell whether an exceptional rise or fall in any one year is due to 
the weather or to some other cause.”’? 

In this statement, King neglected the possibility of examining the 
influences of the most important factors of the variations by multiple 
correlation analysis. 

It seems therefore that there is no sufficient reason to hesitate in 


7 W. C. Clark, op. cit., p. 117. 

8 Vierteljahrshefte zur Konjunkturforschung, Part A, Aug. 21, 1929, p. 36. 

* 0. Donner, ‘‘Die Saisonschwankungen der wichtigsten Wirtschaftsvorginge 
in Deutschland seit 1924,” Vierteljahrshefte zur Konjunkturforschung, Sonderheft 
11, Berlin, 1928, p. 30-81. 

10 W. I. King, “‘An Improved Method for Measuring the Seasonal Factor,”’ 
Jour. Am. Stat. Assoc., Sept., 1924, p. 304. 

1 According to King these authors were the first to devise a method of ob- 
taining a variable seasonal normal. 

12 W. I. King, ibid. 





HORST MENDERSHAUSEN 237 


the development of methods which will permit the measurement of 
variable seasonal movements. 


II. MECHANICAL ANALYSIS OF THE VARIATIONS 
OR ANALYSIS OF THEIR CAUSALITY 

Two important groups may be distinguished among the methods 
which achieve this purpose: 

A. Methods which attempt to measure and to eliminate variable 
seasonal movements by purely mechanical procedures; 

B. Methods which attempt to arrive at variable seasonal normals 
on the basis of a causal explanation; once one or more important 
causal factors have been determined, it is their variation which ac- 
counts for the variation in the seasonal movement. 

Obviously, the general approach of the second group has greater 
value from a scientific viewpoint. It represents an essential advance 
over the first in that mere mechanical procedures are necessarily un- 
able to offer more than provisional or apparent solutions: science has 
attained its object only when a phenomenon is explained in terms of 
cause and effect. This is, of course, no criticism of the earlier writers 
since scientific development always passes through the stage of mechan- 
ical attempts at solutions, and consists in a slow process of elimination 
of such methods. 


A. Methods which Attempt to Measure and to Eliminate Variable 
Seasonal Movements by Purely Mechanical Procedures 


The two above groups are represented by very unequal numbers 
of writers. The former comprises many attempts which show a great 
variety of formal characteristics, while the second is made up of a 
few attempts only. For this reason the methods of the first group have 
been subdivided according to formal criteria, as follows: 

(1) Methods which allow for discontinuous changes in the seasonal 
movement; 

(2) Methods which allow for an evolutionary tendency (a trend) of 
the seasonal movement; 

(3) Methods which allow for short-run temporary changes of the 
seasonal movement. 

(1) Methods which allow for discontinuous changes of the seasonal 
movement. Attempts of this kind have been made by the Harvard 
Committee on Economic Research” and by the London and Cam- 
bridge Economic Service.'4 They led to a subdivision of the total series 

183 Review of Economic Statistics, 1925, No. 4. 

14 A. L. Bowley and K. C. Smith, ‘Seasonal Variations in Finance, Prices, and 


Industry,’’ London and Cambridge Economic Service, Special Memorandum 
No. 7, July, 1924, p. 15. 
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into several successive parts, to the establishment of a stable normal 
for each of these parts and finally to a comparison of these normals. 
From the methodological standpoint this procedure is not more inter- 
esting than any other determination of a stable normal. Its application 
must be limited to those cases where abrupt changes of the seasonal 
movement really occur in consequence of some abrupt transformation 
in the conditions of the phenomenon. 

In the cases of evolutionary or transitory changes of the seasonality 
this method is inzufficient. It has nevertheless frequently been applied 
to such cases with the inevitable result that the difference between the 
stable normals obtained is perfectly arbitrary and fictitious. 8. Kuz- 
nets, for example, in his most interesting book on seasonal variations 
in American industry and trade, makes large use of subdivisions yield- 
ing successive stable normals in order to characterize evolutionary 
transformations in seasonality (cf. his table XX XIII). In several cases 
the figures given in his book (e.g., his charts 50 and 51) permit of es- 
tablishing that there exists in reality neither an abrupt nor an evolu- 
tionary change of seasonal amplitude but only transitory variations. 
Examples of cases, where the difference of two successive stable nor- 
mals is fictitious are: receipts of sheep and lambs and of hogs at pri- 
mary markets, raw wool consumption, and steel ingot production 
(pp. 284 ff.). 

(2) Methods allowing for an evolutionary tendency (a trend) of sea- 
sonality. This group of methods may be divided into two sections: 

(a) Some authors maintain the notion of a stable seasonal normal, 
but they enlarge this concept by defining the stability as a constant 
ratio between the seasonal differences and the secular trend values of 
the original series. They suppose the seasonal differences to be propor- 
tional to the trend and eliminate their variation simply by taking their 
ratios to the corresponding trend ordinate. The methods of W. M. 
Persons,'* A. L. Bowley (methods: Bowley III and VI),!” G. R. 
Davies,!® R. E. Chaddock,!® H. D. Falkner,?° and L. W. Hall*! must 
be mentioned under this heading. 

Bowley III, Davies, Chaddock, Falkner, and Hall fit linear trends, 
Bowley VI and Persons exponential ones. Falkner and Hall eliminate 


15 §. Kuznets, Seasonal Variations in Industry and Trade, New York, 1933. 

16 W. M. Persons, Indices of Business Conditions, pp. 16 and 19 ff. 

17 Bowley and Smith, op. cit. 

18 G. R. Davies, Introduction to Economic Statistics, New York, 1922. 

19 R. E. Chaddock, Principles and Methods of Statistics, Boston, 1925. 

20H. D. Falkner, “On the Measurement of Seasonal Variations,” Jour. Am. 
Stat. Assoc., June, 1924, pp. 167 ff. 

21 L. W. Hall, ‘Seasonal Variation as a Relative of Secular Trend,” Jour. Am. 
Stat. Assoc., June, 1924, pp. 156 ff. 
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the trend before calculating the gross seasonal values, while the other 
methods do so in the last stage, the trend being eliminated from some 
kind of average seasonal values. We do not go here into the details of 
these methods. A convenient survey has been made of them by O. 
Donner.” 

(b) Other authors go straight on to a variable seasonal normal, as, 
e.g., E. C. Snow,” W. L. Crum,” F. L. Carmichael,” H. and F. Hotel- 
ling.** The shape of the trends they envisage is generally linear. They 
are no more fitted to the original data in their chronological order but 
to the series of gross seasonal values for each month. Snow fits these 
trends to the series of empirically given values for the same month in 
successive years, Crum to its link relatives or to the ratios of the em- 
pirically given values to the trend of the original series, and Carmichael 
to the first differences of the empirically given values. Each of these 
methods leads to 12 monthly trends, fitted to the data in a more or 
less developed stage. 

In Hotelling’s study we find trend parabolas of the second or higher 
degree, fitted to the values of the original series. Snow and Hotelling 
aim at removing by one single operation the trend as well as the pro- 
gressively changing seasonal movement from the data.?’ 

These methods may be utilized in cases where a trend is really 
present in the gross seasonal values. The whole question of trend elimi- 
nation is herewith opened. Much care is necessary in finding out wheth- 
er the evolutionary tendency is not only an apparent one. The meth- 
ods must be rejected in every case where the variation has equal 
chances to be evolutionary or transitory (perhaps periodic), and even 
if it is clearly evolutionary we must still establish whether the evolu- 
tionary factor might not better be represented by another independent 
variable than by the “factor time,” a fiction involved in the trend cal- 
culus. 


22), Donner, ‘‘Die Saisonschwankungen als Problem der Konjunkturfor- 
schung,”’ op. cit. 

23 E. C. Snow, “Trade Forecasting and Prices,” Journal of the Royal Statistical 
Association of London, March, 1923. 

24 W. L. Crum, “Progressive Variation in Seasonality,’ Jour. Am. Stat. Assoc., 
March, 1925, pp. 48 ff. 

2 F, L. Carmichael, ‘Methods of Computing Seasonal Indexes, Constant and 
Progressive,” Jour. Am. Stat. Assoc., Sept., 1927, pp. 339 ff. 

26 H. and F. Hotelling, ‘‘Causes of Birth Rate Fluctuations,’ Jour. Am. Stat. 
Assoc., June, 1931, pp. 135 ff. 

27 Professor Hotelling has suggested in a letter to the present writer that the 
method used by R. A. Fisher for the analysis of ‘The Influence of Rainfall on the 
Yield of Wheat at Rothamsted,” Philosophical Transactions of the Royal Society 
of London, Vol. 213 B, might be usefully applied to the problem of measuring 
variable seasonal movements. 
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(3) Methods allowing for short-term temporary changes of the seasonal 
movement. Several methods have been elaborated with a view to meas- 
uring transitory changes of the seasonal movement. The methods 
dealt with in this group are based on the assumption (most frequently 
tacit) that the seasonal movement itself or its variations show one 
or other of the characteristics enumerated in the following subdivi- 
sions. 

(a) The absolute deviations from the 12-months moving average 
for any given month may vary from one year to the next but their 
ratios to the 12-months moving average?® of the original series are as- 
sumed to remain constant. The method Bowley V?* and the method 
ascribed to F. R. Macaulay* aim like those mentioned in the previous 
section (2) (a) at maintaining a stable seasonal normal in that they give 
a special sense to the notion of stability. They conceive of it as a stable 
ratio between the seasonal deviations of the different months and the 
12-months moving average which represents, grosso modo, the trend and 
the cyclical component of the series. The seasonal deviations are per- 
mitted to vary to the extent to which variations of the 12-months 
moving average occur, so that the proportion between the two ele- 
ments remains constant. When such a proportionality really exists, 
these methods may be useful, though they do not reveal the size of this 
proportion. If not, they are not better than any other stable normal. 
The assumption cn which they are based has no particular a priori 
probability so that this latter case will not infrequently occur. 

The maintenance of such a scheme in cases where its basic conditions 
are not fulfilled gives rise to curious roundabout ways. This may be 
illustrated by the attempt made by O. Donner*! to construct a seasonal 
normal having the above special kind of stability for unemployment in 
Germany from 1924 to 1928. Donner states that the seasonal movement 
of this series does not show the desired proportionality and he therefore 
looks for another series describing the same phenomenon which is more 
suitable for the method. He finds such a series by making himself an 
ad hoc estimate of the number of employed persons. Donner constructs 
the stable normal for this employment series, eliminates the seasonal 
fluctuations from it, and subtracts month by month the non-seasonal 
number of employed from the total of workers in order to obtain the 

28 We do not distinguish here simple or centred 12-months moving averages. 


The latter are more correct, but the difference of the two methods is not consider- 
able. 


2° Bowley and Smith, op. cit. 

30 Federal Reserve Bulletin, Vol. 8, Dec., 1922, p. 1416.—Macaulay, however, 
does not accept the paternity (‘‘Meeting on the Measurement of Seasonal Vari- 
ations of May 22, 1925,” Jour. Am. Stat. Assoc., Nov., 1925, p. 434). 


8t O, Donner, “‘Die Saisonschwankungen der wichtigsten Wirtschaftsvorginge,” 
op. cit., p. 23. 
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nonseasonal number of unemployed. This latter series is finally sub- 
tracted from the empirically given number of unemployed and the 
result is a ‘‘variable seasonal normal” of unemployment. It may be 
questioned whether the maintenance of the scheme is worth all this 
trouble. 

(a’) The absolute deviations for corresponding months from a 
general average of the series may change from one year to the next in 
consequence alone of changes in the seasonal pattern, but the normal 
seasonal differences for the maximum and minimum values of the 
seasonal movement are constant. Such a case is considered by F. 
Divisia.?!* He proposes to compute a stable normal (average), not for 
the same month in successive years, but for the corresponding maxi- 
mum and minimum terms chosen by graphical inspection of the given 
data. The subtraction of these normal values from the corresponding 
original data furnishes a series of nonseasonal points. They are equal 
in number to the maxima and minima considered. The lines joining the 
nonseasonal points are finally smoothed freehand. 

This approach is a very rough one. Its basic assumptions are so 
limiting and the role of arbitrary decisions so important that it seems 
difficult to agree with Professor Divisia in preferring such a seasonal 
elimination to that obtained by a 12-months moving average. 

(b) The normal seasonal values of any given month may change in 
either direction and at variable rates from one year to the next, but 
the change is assumed to be a gradual one. Under this head falls a 
certain number of methods which consist in fitting moving averages, 
moving medians, or moving central averages, etc., to the gross seasonal 
values of the same month in the different years. The variations of the 
seasonal character of each month is assumed gradual enough to be 
realistically represented by such a smoothing of the gross seasonal 
values. 

Different methods of smoothing various kinds of gross seasonal 
values have been suggested: W. I. King* takes 9-years moving me- 
dians of the ratios between the original values and their trends; O. 
Gressens*® 5-years moving medians, while J. C. Clendenin™ prefers 


31a F’, Divisia, ‘‘Note sur le calcul de la variation saisonniére,’’ X XIII® session 
de l'Institut International de Statistique, Athens, 1936. 

This note came to my attention only after the proofs had been corrected. I 
am in complete agreement with Professor Divisia’s introductory remarks on the 
scientific solution to be aimed at in treating the problem of changing seasonal- 
ity, i.e., the necessity of its causal determination. 

32 W. I. King, op. cit. 

33 O, Gressens, ‘‘On the Measurement of Seasonal Variations,” Jour. Am. 
Stat. Assoc., June, 1925, pp. 203 ff. 

J, C. Clendenin, “‘Measurement of Variations in Seasonal Distribution,” 
Jour. Am. Stat. Assoc., June, 1927, pp. 213 ff. 
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freehand smoothing. H. M. Flinn® smooths the Personian link rela- 
tives by a 7-years moving central average, and A. Joy and W. Thomas** 
treat the ratios between the original values and their 12-months moving 
average by 5-years moving averages.*” F. R. Macaulay*® proposes an 
analogous but a little more complicated method. A first approximation 
of the variable seasonal normal is obtained by a manipulation similar 
to that advocated by Joy and Thomas, i.e., by a 9-years moving central 
average of the gross seasonal differences. The latter are calculated 
between the original values and those of a 43-term graduation. The 
definitive variable normal consists in the differences between the first 
approximation and its own 12-months moving average. 

The utility of this group of methods depends on the presence or 
absence of the supposed gradual character of the variations in the sea- 
sonal movement. 

(c) The seasonal movement may change in any way from one year 
to the next, but it is in itself assumed to be very gradual and to ap- 
proach a sine curve. Under this head fall the methods due to O. 
Anderson and R. Frisch. 

According to Anderson’s*® view the gross seasonal differences, cal- 
culated between the original series and its 12-months moving average 
may be conceived as being made up of two components: their mathe- 
matical expectations and accidental deviations. The genuine seasonal 
movement is formed by the series of the mathematical expectations. 
In order to obtain it the accidental deviations must be eliminated. 
Anderson smooths for this purpose the original series by weighted 
moving averages, whose length and weights must be determined by 
the “‘variate difference method.” By this method the smoothing effect 
of the moving average is intended to be made such as not to mitigate 
the genuine seasonal fluctuations. The latter is removed by a 12- 
months moving average from the series corrected for accidental in- 
fluences and is represented by the differences between this moving 
average and the corrected series. 


Anderson’s method postulates two formal features of the seasonal 
fluctuations: 


(a) The typical seasonal movement, i.e., the succession of the 


35 ‘Meeting on the Measurement of Seasonal Variations,” op. cit. 

3% A. Joy, and W. Thomas, “‘The Use of Moving Averages in the Measurement 
of Seasonal Variations,”’ Jour. Am. Stat. Assoc., Sept., 1928, pp. 241 ff. 

37 This method is used by the Federal Reserve Board and termed ‘‘moving”’ 
seasonal index.” 

38 F, R. Macaulay, The Smoothing of Time Series, New York, 1931, p. 130. 

89 QO. Anderson, Die Korrelationsrechnung in der Konjunkturforschung, Veréf- 
fentlichungen der Frankfurter Gesellschaft fir Konjunkturforschung, Heft 4, 
Bonn, 1929. See especially pp. 77 ff. 
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mathematical expectations, must be very gradual and approach a 
sine curve. The more it distinguishes itself from a gradual movement, 
the more the elimination of ‘‘accidental” deviations removes parts of 
the seasonal fluctuations. A. Wald*® has demonstrated that this danger 
is not only restricted to extreme cases where the seasonal movement 
consists of one large deviation in one sense and eleven small ones in 
the other (as, e.g., in the series of purchases of household articles in 
Austria), but even arises in cases where the seasonal movements are 
much more gradual. We believe that Wald is quite right in opposing 
the application of the “variate difference method” to original data and 
in limiting it to series from which the seasonal fluctuations have 
already been eliminated.“! All seasonal influences must indeed be 
eliminated, before Anderson’s method of eliminating accidental devia- 
tions can reasonably be applied. 

(8) Furthermore, Anderson’s method tacitly postulates that all 
variations of the seasonal movement affect the neighbouring original 
values in such a way that the curve of the seasonal differences does not 
become irregular. Indeed, all small peaks and troughs of the curve, 
though they may be due to an exceptionally cold winter or to similar 
essentially seasonal reasons, are systematically ironed out in the course 
of his elimination of accidental elements. This postulate therefore is in 
contradiction to reality. It is curious to see Anderson explicitly draw 
attention to the influence of such an obviously seasonal factor as 
winter temperature upon the prices of eggs in the United States and 
nevertheless eliminate the influence of its changes as an “accidental’’ 
one. Thus the mathematical expectations of the seasonal differences 
are not able to represent the true seasonal movement. 

R. Frisch has developed the following method of calculating variable 
seasonal indices.” 

He first considers the case of a monocephalic seasonal movement 
(one minimum and one maximum during the year). An unweighted 
moving average is selected such as to be about as long as the shortest 
distance between two estimated seasonal ‘‘normal points’ and not 


40 A, Wald, Berechnung und Ausschaltung von Saisonschwankungen, Beitrige 
zur Konjunkturforschung, Herausgegeben vom Oesterreichischen Institut fir 
Konjunkturforschung, Vol. 9, Vienna, 1936, pp. 35 ff. 

4 It is difficult to see why he exempts price series from his judgment and so 
approves the procedure of G. Tintner, Prices in the Trade Cycle, Vienna, 1935. 

“ Professor Frisch was kind enough to communicate to the present writer a 
brief outline of his method. This has frequently been used in his statistical semi- 
nar at Yale University in 1930 and subsequently in Oslo, but so far has not been 
published. 

48 The definition of these “‘normal points’ follows from the further steps in- 
volved in the method. See below. 
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so long as completely to annihilate the seasonal swings, e.g., a 5-months 
moving average. This moving average is applied to the original series 
and furnishes the smoothing I. This latter curve is again smoothed by 
a moving average of the same kind and length, smoothing II, which is 
again followed by smoothing III. Four distinct curves are thus ob- 
tained: the original curve and the three successive smoothings. If 
there are no strong cyclical fluctuations in the original series the three 
derived curves will intersect periodically at the same points: the “‘nor- 
mal points.”’ These points are very important. Frisch interpolates 
through them a curve which may be called the ‘normal curve.” The 
interpolation may be done by any process, also graphically. Then the 
deviations of any one of the successive smoothings from the “normal 
curve”’ are read off. If a very smooth seasonal index is desired, it is the 
deviations of the third smoothing from the “normal curve” that should 
be taken. These deviations are assumed representative of the seasonal 
fluctuetion, except for their amplitude which is damped. In order to 
derive the final values of the seasonal index the individual deviations 
must be “‘inflated” by multiplying them by an inflation factor: 


( sin ”) 
msin \/’ 


where \=xD/p; m represents the number of terms in the unweighted 
moving average; p is the period of a sine curve, determined for each 
moment as twice the time distance (¢.—#,) between the points of time 
t2 and t, where the normal points immediately before and after ¢ are 
situated; and D stands for the time distance between the observations 
which must be, and usually, of course are, equidistant. Thus the infla- 
tion factor changes in time, from one normal point range to the next. 
The final index of seasonal variation is variable and represented by a 
curve running continuously through time. 

In the case of bicephalic or polycephalic seasonal movements the 
method to be applied is analogous but somewhat more complicated. 

Some essential features of Frisch’s method are open to serious ob- 
jections: 

(a) With regard to the successive smoothings of the original curve 
and the representation of its seasonality by a very smooth sinusoidal 
fluctuation, the same criticism applies as above made against Ander- 
son’s method. Frisch’s method runs an even greater risk of modifying 
the shape of the observed seasonal movement. It does not only even 
out all small peaks and troughs, but manipulates the movement in 
such a way as to make it similar to a sine curve. If the real seasonal 
movement is not indeed sinusoidal (which seems to be a very rare case 
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in practice), the seasonal obtained by this method is as irrealistic as 
it is smooth. 

(8) The “normal curve” is based on a series of interpolations whose 
number is not only considerable but also too large in our opinion. For, 
if the three smoothings intersect really periodically in one point— 
which is not always the case, especially if cyclical fluctuations occeur— 
the intersection points coincide practically with points of a 12-months 
moving average, and this latter supplies us at the same time with 
numerous intermediate points. Why should these points be abandoned 
in favour of the values interpolated between the “normal points’? 
Certainly the 12-months moving average is no perfect representation 
of the cyclical plus the evolutive movement. It tends to damp the cyc- 
lical movement, to eliminate short-time cyclical fluctuations, and to 
displace turning points within the range of six months. But an inter- 
polation between the normal points does not guard against such mis- 
takes. It of course permits the introduction by freehand corrections of 
all particular movements which seem realistic to us. But if such free- 
hand corrections are desired they can as well be applied to the 12- 
months moving averages which have the comparative advantage of 
easier computation.“ 

(d) The changes of the normal seasonal values of the particular 
months are assumed to be functions of changes in the seasonal move- 
ment of the whole year, as regards its amplitude and (or) its shape. 
The year is either a calendar or a ‘‘moving”’ year. This assumption 
has been made in some recent approaches to the measurement of sea- 
sonal movements changing in the short run, first by S. Kuznets,® 
than by G. Griabner** and A. Wald.‘’ The great attention which has 
been given to some of these methods makes a more detailed analysis 
worth while. 

Kuznets starts from the necessity of establishing a changing seasonal 
normal. Since the gross seesonal values deviate from the stable normal, 
factors of correction must be looked for, allowing the normal to be 
brought into harmony with the seasonal swing of the original values 


44 Great caution is, of course, required in the use of 12-months moving aver- 
ages in the case of changing seasonal fluctuations and strong cyclical variations. 
They should either be corrected, cr replaced by the values obtained on the basis 
of an elimination of the changing seasonal fluctuations through allowance for 
the variation in their causal determinants. 

45 Kuznets, Seasonal Variations in Industry and Trade, op. cit.; Kuznets, 
“Seasonal Pattern and Seasonal Amplitude: Measurement of their Short-time 
Variations,” Jour. Am. Stat. Assoc., January, 1932, pp. 9 ff. 

46 G. Gribner, ‘‘Der ‘bewegliche’ Saisonindex,’’ Allgemeines Statistisches 
Archiv, Vol. 24, 1934, pp. 143 ff. 

47 Wald, op. cit. 
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during consecutive years. Kuznets proposes to modify the stable nor- 
mal in such a way that its amplitude corresponds for each year to the 
total amplitude of the observed gross seasonal values. Provided the 
shape of the seasonal curve is always the same, i.e., that the seasonal 
upswing as well as the downswing occur in all years during the same 
months and the proportions between the gross seasonal values of the 
particular months remain constant, a simple transformation of the 
normal amplitude furnishes the desired fit. The result aimed at con- 
sists of the stable normal plus a series of corrective factors, one for 
each calendar year. The corrective factor is a coefficient of linear 
regression of the gross seasonal amplitude on the normal amplitude: 


Za 
- Es 


and is termed ‘‘amplitude-ratio.”’ The d’s represent percentage devia- 
tions of the original data from the 12-months moving average and the 
s’s deviations of the normai seasonal index from 100. 

The “amplitude-ratio” equals +1, when the gross seasonal amplitude 
for the year considered coincides perfectly with the normal, so that 
every d equals its corresponding s. Always provided that the pattern 
of the seasonal movement is the same in all the years (and therefore 
also in the normal) b>-+1 means a supernormal gross amplitude and 
b<+1 a subnormal one. 

If the aim of the analysis is only a comparison of seasonal amplitudes 
for different years or between the gross amplitude of a given year and 
the normal one, the “‘amplitude-ratios” provide the definitive answer. 
But besides this, these measures may also be used for establishing a 
variable normal. On the tacit assumption that a certain value of b is 
also valid for each of the 12 particular pairs of d and s of a given year, 
Kuznets proposes to multiply each such s by b in order to obtain the 
normal for this year, and so on for every other year. Thus a special 
seasonal normal is obtained for each calendar year. 

Grabner endeavours to extend Kuznets’ method to the analysis of 
modifications in the shape of the seasonal normal. Kuznets himself 
has proposed to measure the degree of coincidence between the normal 
and the shape of the gross seasonal values by a coefficient of correlation 
between the d’s and s’s: 


b 
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where the c’s represent correction values, used for centring the 12 d’s 
on 100. Gribner utilizes this measure in order to fit the shape of the 
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stable normal to the shape of the gross seasonal curve of the year. He 
writes for the seasonal normal of a given month: 100+k4., where ka is 
calculated by the formula: 


ka = 3-1-1) (s-d+ =a). 


If the phenomenon shows at the same time variations of amplitude 
and of shape, Grabner first follows Kuznets in establishing seasonal 
values corrected for changes in amplitude (s’) and then calculates r 
and the ka,’s on the base of the s’-values.** The values of 100+ka, are 
then used to eliminate the seasonal fluctuation. 

The meaning of Grabner’s formula may be interpreted as follows: 
The variable part of the seasonal index (kz,) of a given month equals 
the difference between s (the stable normal) and s—d (deviation of 
the gross seasonal value from its stable normal), the latter being multi- 
plied by a factor which may vary between 0 and 2 according to the 
difference between r and +1.*° 

If r=+1, that is to say, if the proportion between d and s is the 
same for all the 12 months of the year: ka.=s. In the case of a perfectly 
constant shape of the seasonal movement, Grabner’s variable normal 
equals the corresponding value of the stable normal, whatever the 
difference between s and d may be. 

If r diminishes and approaches 0, the factor 1—r becomes more 
and more important and s—d exerts a growing influence on kas. If 
r=0, kas=d, that is to say the variable normal becomes equal to the 
corresponding gross seasonal value, whatever the stable normal (s) 
may be. 

If r becomes negative and approaches —1, the influence of s—d on 
kas grows further. If r=—1, ka=2d—s. Thus, if the gross seasonal 
values have signs opposite to those of the stable normal and are in 
some fixed proportion to its values, the variable normal will either 
equal 3d (in the case of the proportion: d/s = —1) or in general 2d+f(d), 
since —s is in this case a linear function of +d. 

Grabner stresses his intention not simply to replace the stable nor- 
mal (s) for certain months by the gross seasonal values (d), but to 
“reconstruct the average relationship” between the s’s and the d’s. 
It is true indeed that he does not replace s by d throughout, but it 
seems doubtful whether his method furnishes a more valuable result 
than would be obtained by such a procedure. 


48 The intelligibility of Grabner’s article is handicapped by several incorrect 
definitions and errors in the formulas (cf., e.g., p. 157 of the article). 
49 The small value of 1/12).d may be neglected. 
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Grabner’s method calls for serious criticism: 

(a) If the seasonal movement is completely revolutionized and the 
correlation between gross and normal seasonal values becomes nega- 
tive, Gribner’s method leads to “corrections” which are void of any 
sense. There is no reason why s should be replaced by 2d+/f(d), rather 
than by any other function of d. 

(8) If the correlation between gross and normal seasonal values 
becomes positive but low, Grabner replaces the stable normal by a 
variable one whose only justification consists in its fit to the gross 
seasonal values, and the goodness of this fit grows with the absence of 
correlation between stable normal and gross seasonal values of the 
year. This justification, however, is insufficient. It supposes that a 
deviation between the stable normal and the gross seasonal value of 
a given month has more seasonal significance, the higher is the positive 
correlation between these two values during the whole year; and less 
seasonal significance the lower this positive correlation. Such a hy- 
pothesis seems very doubtful. The difference s—d may represent a 
seasonal anomaly as well as an accidental deviation, whatever the 
average relation between the d’s and the s’s over the whole year. The 
degree of correlation between the gross and the normal seasonal move- 
ment over the year does not permit of judging the real character of 
the gross seasonal value of a certain month. Such a judgment is impossi- 
ble without knowledge of the changes in the causal factors of the sea- 
sonal swing. One may have this knowledge and apply it, but then 
Grabner’s formula becomes superfluous; or one may not have it and 
then Grabner provides nothing but a’ very artificial hypothesis. 

One objection may be made against the methods of both Kuznets 
and Grabner, with regard to the fact that their corrections of the 
stable normal are constant during the calendar year and may change 
abruptly between December and January. The analysed phenomena 
hardly justify such a procedure. It is difficult to see why the variations 
of the seasonal movement must be constant during a whole year. This 
seems to be a formal requirement without any real reason. And why 
should the calendar year represent the most favourable period for 
equal (or proportional) changes in the seasonal cycle? The calendar 
year frequently cuts up periods which are homogeneous from the stand- 
point of their seasonal situation, e.g., the winter season of the building 
industry, and which may be supposed to show similar changes in the 
seasonal influence. According to these methods one part of such a rel- 
atively homogeneous group of monthly values is separated from the 
other and corrected in a different way. Would it not be more reasonable 
to begin and to end the year—if a 12-months period is to be considered 
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at all as a convenient time unit—at a moment when the good seasonal 
situation normally supersedes the bad one and vice versa and when a 
transitory change in the seasonal movement is most likely to occur 
(e.g., for building, in spring and autumn)? 

On this point Wald’s method constitutes an improvement on Kuz- 
nets. He secks to obtain correction factors for each particular month 
of the series, by means of which the stable normal of the month can be 
brought into harmony with its gross seasonal value. 

The nature of his “new method” consists in a combination of Kuz- 
nets’ method with the well-known procedure of moving averages. This 
can clearly be seen from an analysis of the formula by means of which 
Wald calculates the value of the variable normal for a month k of the 
year 7: 


In this formula a,’ represents the stable seasonal normal of the month 
k, e.g., the central arithmetic mean of the gross seasonal differences*! 
for k within the range of years analysed (a:), corrected so as to render 
the algebraic sum of the 12 a; equal to 0. The stable normal (a;’) is 
multiplied by another factor (the right-hand part of the formula). If 
this latter equals +1, s;,=a;’, that is to say the variable normal equals 
the stable normal. If the factor diverges from +1, the two normals 
differ from each other. Now the factor on the right hand is a coefficient 
of linear regression of the gross seasonal differences on the normal seasonal 
differences of the year in the middle of which the month & is situated. 
This factor corresponds perfectly to Kuznets’ “amplitude-ratio,” if 
we replace the seasonal differences by seasonal indices and consider 
“moving” years instead of successive calendar years. The regression 
coefficient becomes equal to +1, if during the year considered each 
gross difference (¥;;) equals the corresponding normal difference 
(a;’). It is >++-1, when the mean product a’y is greater than the mean 


50 Wald himself does not explain the relation of his method to those of his 
predecessors. He appears to consider it rather as a completely new approach. 

5t The replacement of the gross seasonal indices proposed by Kuznets and 
Gribner, by gross seasonal differences is a priori neither good nor bad. The 
choice should depend on hypotheses concerning the nature of the seasonal phe- 
nomencn to be analysed. We cannot agree with the view that the validity of the 
notion of gross seasonal indices is bound up with the validity of the concept of 
the stable normal, an opinion which seems to be held by Wald (op. cit., p. 78). 
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square a’; it ison the contrary <-+1, when the relation between these 
two magnitudes is the reverse. If we suppose, with Wald, that the 
form of the seasonal curve remains constant for all years of the series, 
the first case will occur if each y is greater (in absolute value) than the 
corresponding a’, and the second case, if each a’ is greater than the 
corresponding y¥. Thus, provided that Wald’s hypothesis regarding 
the constancy of the shape of the seasonal curve holds true, the re- 
gression factor expresses the relation between the gross and the normal 
seasonal amplitude. If, however, the hypothesis is not fulfilled, the 
value of the regression factor cannot be regarded as expressing the 
relation between the amplitudes, and its utilization for the purpose of 
correcting the amplitude of the stable normal is therefore not justified. 
In this case the factor becomes a mere average of various increases, 
or of increases and decreases of the gross seasonal differences with 
respect to their normals. 

After having calculated the series of s;,, Wald proceeds to eliminate 
the seasonal movement of tie original data, by subtracting from each 
item the corresponding s;x.** If a periodical season-like movement is 
still found in the deviations of the residual series from the 12-months 
moving average of the original data, Wald applies a mechanical cor- 
rection of the s;:’s. The aim of this correction is to eliminate all season- 
like movements from the residual series. If the correction is successful, 
Wald obtains finally a series of normal seasonal differences, by means 
of which the original series can be reduced approximately to its 12- 
months moving average. The differences between the latter and the 
series resulting from Wald’s seasonal elimination are termed ‘“‘re- 
sidual fluctuations” and are regarded as representing the casual com- 
ponent. Wald considers the 12-months moving average as giving a 
satisfactory representation of the “trend and cycle’ component. He 
makes no attempt to improve the measurement of this component but 
tries only to separate the seasonal and the casual component of the 
analysed series. 

Wald’s method is very similar to that of Kuznets. The only essential 
difference seems to consist in the fact that Wald does not suppose 
changes of the seasonal movement to take place suddenly between 
the end of one calendar year and the beginning of the next, but as- 
sumes the changes to be gradual and “slow,” so that they can be neg- 
lected within any given range of 12 months. Thus the “jumping” 
correction factor of Kuznets is replaced by a “sliding” one in the case 
of Wald. 


8 The s;.’s have positive signs for the months of the seasonal upswing and 
negative signs for the months of the downswing. 
53 Wald, op. cit., p. 85. 
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After having indicated some of the essential features of the methods 
of Kuznets, Grdbner, and Wald, we may turn to a consideration of their 
general common line of approach. Are they useful for measuring changes 
in the seasonal movement? Do they improve the possibility of eliminat- 
ing variable seasonal movements? 

Let us consider first their measuring capacity. Kuznets’ “‘amplitude- 
ratio” and Wald’s regression coefficient are intended to measure 
changes in seasonal amplitude. But we have seen that these measures 
work satisfactorily only in the case of a constant seasonal shape. To 
suppose such a case to hold everywhere is hardly a very realistic hypoth- 
esis. Where there is considerable variation in the amplitude, changes 
of pattern are also likely to occur. It would be necessary to prove 
first, that the displacements of the gross seasonal values of the analysed 
series during a year all bear the same relation to the normal values 
(Kuznets), or that the displacement for a particular month k may be 
considered as an average highly typical of the displacements observed 
for the monthly values from k—6 to k+5 (Wald). Even if such an 
hypothesis were possible in cases where the seasonal fluctuations were 
influenced during 12 months and more by a constant cause (e.g., struc- 
tural changes, slow cyclical movements) it is certainly incompatible 
with any influences on the seasonal movement which are subject to 
rapid changes (e.g., temperature, rainfall, sudden cyclical movements). 
Thus the basic hypothesis underlying these methods seems to be a 
somewhat weak one. 

Kuznets and Gribner do indeed attempt to measure changes in 
the form of the seasonal curve by means of r. But this procedure too is 
based on very questionable assumptions. Every casual fluctuation is 
regarded as a deviation from the normal form. Grabner admits that r 
has a sense only if there are reasons for the change of the seasonal pat- 
tern. But even if such reasons were known, it is hard to conceive what 
interest a calculation of r would offe’ « ‘ong as the total absence of 
random fluctuations had not been piu ed. Moreover, r is not insensi- 
tive to changes in the seasonal amplitude which do not affect the gross 
seasonal values of the particular months in the same proportion. 

We may conclude that these measures are valid only in two extreme 
cases: (a) if the amplitude of the seasonal curve changes, but its form 

remains constant; (@) if the form changes either without accompanying 
changes in amplitude, or with exactly proportional changes in all the 
months of the year, and without any casual fluctuations. In other 
cases, neither the amplitude ratios of Kuznets and Wald, nor r, nor 
finally the two kinds of measures together express clearly the change 
which has occurred. It seems probable, that the great majority of 
practical cases will not be such that these measures may be justifiably 
applied. 
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The formal requirements for the validity of these measures corre- 
spond to the desire of their authors to find a purely mechanical mean of 
measuring changing seasonal movements. But if these authors would 
try to analyse the causes of the changes and the correlation between 
changing causes and changing seasonal movement they would surely 
realise the advantage of analysing changes of the particular gross 
seasonal values instead of those of amplitude and shape. The particular 
gross seasonal values, of course, represent elements of amplitude and 
form at the same time. After having determined the seasonal elements 
in these values, attention could be devoted to the question of changes 
in amplitude and form. Then and only then could the proposed coef- 
ficients of regression or correlation usefully be applied. All formal 
requirements of “‘constant form,’ ‘‘constant or proportionally inflated 
amplitude,” “slow change,” etc., could be dropped in such a determina- 
tion of a variable seasonal normal. 

From a practical standpoint the shortcomings of these methods 
reduce the significance of their results to such an extent that they 
offer no advantages over those obtained by much simpler procedures, 
as, for example, by simply measuring the gross seasonal values through 
a comparison of the empirical data with a 12-months moving average. 
Such a procedure would also provide us with a “variable normal.” 
This would indeed be a very crude method, resting on highly question- 
able hypotheses (e.g., the pure nonseasonal and noncasual character 
of the 12-months moving average, absence of casual fluctuations in 
the gross seasonal values, etc.). But its results can hardly be regarded 
as less significant than those obtained by the more complicated of our 
authors, so long as these cannot give a clear, realistic sense to the 
residual series, composed of the differences between the 12-months 
moving average on the one hand, and the result of a seasonal elimina- 
tion by means of their variable normals on the other. Such a test is not 
provided. Kuznets and Grabner have not considered the residual series 
at all. Wald indeed considers it, but only to the extent of establishing 
that it is “‘residual.” In correcting his seasonal measures (s;.) to give 
a more irregular aspect to the residual series, he admits tacitly the 
weakness of his method. He does not prove that the final residual series 
is free from seasonal and certain cyclical influences, so that it might 
be considered as representing casual fluctuations only. And in fact 
this is impossible, once certain of the irrealistic working hypotheses 
regarding the nature of the seasonal movement and of the 12-months 
moving average have been dropped. 

We thus come to the conclusion that the results of these methods in 
measuring variable seasonal movements. are no more significant than 
those obtainable by a much simpler mechanical method; and that the 
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proposed measures of changes in amplitude or pattern would be useful 
only after the variable seasonal had been exactly determined. For pur- 
poses of a provisional analysis the simple device would seem to be 
quite sufficient. If, however, a truly scientific analysis is aimed at, any 
mechanical procedure must of course be excluded. 

The shortcomings of these methods become apparent when they are 
used for the elimination of the seasonal movement. The elimination of 
a phenomenon depends on its measurement. It is not possible to elimi- 
nate anything accurately which has not been accurately measured. 
The above criticism must therefore be applied to the results of elimina- 
tion as well as to those of measurement of the seasonal movement. In 
addition, these methods involve certain practical disadvantages as 
compared with the crude method of the 12-months moving average: 
(a) They imply more calculation work; (8) while the elimination by 
means of a centred 12-months moving average may be carried up to 
the 7th term before the last given value (and after the first given 
value) of the analysed series, the elimination by means of Wald’s method 
cannot proceed further than to the 12th term before the last and after 
the first given value. The elimination by means of Kuznets’ and Grib- 
ner’s method must stop at a distance from the beginning and the end 
of the series, which varies according to the position in time: If the 
original data necessary to compute the 12-month’s moving average 
for a calendar year are just complete, the distance is at its minimum, 
i.e., 7 months, for the last December value and at its maximum (18 
months) for the preceding January value. Thus the seasonal elimina- 
tion cannot be extended to the extreme years, which often provide 
especial interest; moreover, extrapolation devices cannot furnish a 
substitute, without involving a further loss in significance. 

For these reasons it seems that the methods here described represent 
no real progress in the field of eliminating changing seasonal move- 
ments. 

While reading proofs, the writer made the acquaintance of a new 
method, proposed by R. Zaycoff.** This author attempts to give a 
generalization of Wald’s method: 

(1) Trend and cycle are not only represented by the 12-months 
moving average of the original series, but by this average plus an ex- 
pression allowing for changes in amplitude and pattern of the gross 
seasonal deviations. Thus the damping of the cyclical variation by the 
moving average can be corrected in a certain way. 


6 R. Zaycoff, “Uber die Zerlegung statistischer Zeitreihen in drei Komponen- 
ten,’’ Publications of the Statistical Institute for Economic Research, State Uni- 
versity of Sofia, 1936, No. 4. The article contains an application of Wald’s and 
Zaycofi’s methods on the series of wholesale prices for barley in Bulgaria. 
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(2) The seasonal component is constructed in such a way that it 
allows not only for “slow” changes in amplitude but also for changes 
in pattern. In calculating the stable seasonal normal Zaycoff tries to 
restrict the number of disregarded “extreme” values to an absolute 
minimum. 

Zaycoff’s working hypotheses seem somewhat more realistic than 
those of Wald, but the procedure remains mechanical and causal fac- 
tors are only mentioned by the way, so that the real meaning of the 
seasonal and the casual component finally separated is rather obscure. 
The amount of computation work required by this method seems to be 
enormous, and numerous extrapolations are necessary to avoid a con- 
siderable loss of empirical data at the two ends of the analysed series; 
but Zaycoff as well as Wald proceed by a very thorough mathematical 
reasoning. 


B. Methods which Attempt to Arrive at Variable Seasonal 
Normals on the Basis of a Causal Explanation 


We come now to the last group of methods designed for the anal- 
ysis of the causation of changing seasonal fluctuations. 

Here again an attempt has been made to reconcile the concept of 
the stable seasonal normal with the unstable reality. H. B. Killough™ 
calculates stable normals for subdivisions of the series. In this case it is 
a question of subdivisions not into successive periods, but into groups 
of years chosen according to some other principle. Killough, who ana- 
lyses the seasonal movement of the price of oats, calculates 2 stable 
normals, one for years with a good.crop, another for bad years. The 
remarks put forward under A (1) must be recalled here. To justify 
such a procedure it is necessary first that the two situations may be 
clearly distinguished and second that they were not susceptible of 
comparison by quantitative measurement. The first condition was 
given in Killough’s case but not the second, since crops can be com- 
pared in respect to their quantity and to other measurable features. 
Therefore the two situations considered by Killough represent unneces- 
sary simplifications. By maintaining the concept of a stable normal, 
Killough excluded the possibility of finding a more significant regres- 
sion of the seasonal movement on the amount of the crop. 

The methods of E. Gjermoe,® F. I. Zrzavy, and J. Wisniewski 
concentrate directly on the variable seasonal normal. Gjermoe con- 

5H. B. Killough, What makes the price of oats?, U. S. Department of Agri- 
culture, Department Bulletin, No. 1851, Washington, 1925. 

55 EK, Gjermoe, ‘The Seasonal Movements of Employment in their Relation 
to Business Cycle,” Nordic Statistical Journal, Vol. 3, 1931, pp. 532 ff. 

56 F, I. Zrzavy, ‘‘Ausschaltung von Saisonschwankungen mittels Lag-Correla- 


tion,’’ Monatsberichte des Oesterreichischen Instituts fiir Konjunkturforschung, 
Beilage n. 2, Vienna, Oct., 1933. 
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siders the relation between the variations of the seasonal amplitude 
during the year and the business cycle situation. Wisniewski chooses 
the same approach in his study published in Economertrica.* In his 
article on seasonal fluctuations in the building industry** he analyses 
the variations of the gross seasonal indices of particular months in 
relation to temperature, and recently he proposes an analytical proc- 
ess dealing with inonthly gross seasonal values and the cyclical situa- 
tion.®® Zrzavy analyses the same relation. 

Gjermoe supposes the cyclical situation of certain occupational 
series to exert, uuring a given year, an influence on the seasonal ampli- 
tude of these series. It may be assumed not without plausibility that 
the amplitude will be greater during a bad cyclical situation than 
during a good one.® On the supposition that the cyclical situation 
exercises a proportional influence on the seasonal deviation of all 
months of the year (see Kuznets), Gjermoe calculates the values of 
his dependent variable (s) in the following way: he establishes calendar 
year for calendar year the standard deviation (c) of the gross seasonal 
differences from 100 and divides it by the average value of the 12- 
months moving average during the same year. This latter average 
value is also utilized as independent variable (g). 

After eliminating a certain number of years, which show important 
changes in the level of the 12-months moving average or other dis- 
turbing influences, the author analyses the regression of s on g. Three 
regression diagrams show an interesting distribution of the points of 
coincidence. As g approaches its maximum (100 per cent), the relative 
seasonal amplitude (s) approaches its minimum (0). As g decreases, s 
increases, first rapidly, then more and more slowly, with a tendency 
finally to become constant. Gjermoe maintains (1) that the relative 
seasonal amplitude varies inversely with respect to the cyclical situa- 
tion and (2) that this covariation is not linear but forms a branch of a 
hyperbola. Such a hyperbola appears indeed to fit the given points of 
coincidence rather well, so far as can be judged from a purely graphical 
inspection of the correlation. (The numerical value of the correlation is 
unfortunately not given by Gjermoe.) He indicates no reasons for his 
preference for the hyperbola, apart from the goodness of its fit. 


5? J. Wisniewski, ‘Interdependence of Cyclical and Seasonal Variation,” 
Econometrica, April, 1934. 

58 J, Wisniewski, “Les fluctuations saisonniéres dans |’industrie du batiment,”’ 
(Polish text with French résumé), Kwartalnik Statystyczny, 1935, n. 2, pp. 239 ff. 

59 J, Wisniewski, ‘“‘Note on Seasonal Variation,” Studia Ekonomiczne, Vol. 3, 
Cracow, 1936. 

60 J, Akerman, Economic Progress and Economic Crisis, London, 1932, pp. 
41-42. 

Kuznets, Seasonal Variations in Industry and Trade, op. cit., pp. 336 ff. 
Gjermoe, op. cit., pp. 570 f. 
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Gjermoe concludes that the influence of the cyclical situation on the 
seasonal amplitude of the occupational series is well established; but 
that, because of the large deviations from the regression curve due to 
other influences, the measure of this influence by means of the regres- 
sion hyperbolas cannot be relied upon. Gjermoe therefore does not 
propose to utilize his regressions to construct a variable normal. 

The general method of approach of this analysis constitutes a defi- 
nite advance. Gjermoe is no longer seeking a mechanical device for 
measuring changing seasonal fluctuations, but he constructs a bridge 
between the variations and one of their causes by means of correlation 
analysis accompanied by practical reasoning. The details of his study 
are nevertheless open to some criticism: 

(1) The dependent variable (s) is too crude to give a true representa- 
tion of the seasonal movement. We have already pointed out that it 
would be better to analyse the variations of the seasonal movement 
by considering the individual gross seasonal values than by taking only 
their amplitude during a whole year. The latter may fail to give suf- 
ficient representation of the changes of the particular values because of 
changes in the determining factor. 

(2) Nor is the independent variable completely satisfactory. In the 
first place it seems doubtful whether the values of the 12-months mov- 
ing average give an adequate picture of the cyclical situation. But even 
if this be taken for granted, it is again questionable whether yearly 
averages of these values are suitable for the measurement desired. The 
object is to pair each gross seasonal value with the cyclical index re- 
ferring to some point of time in respect to which the lag is really sig- 
nificant for the supposed relationship. The fulfillment of this task is 
rendered especially difficult by Gjermoe’s method of considering the 
seasonal amplitude of the year as a whole. In consequence he is obliged 
to exclude from his analysis years where sensible changes in the level 
of the 12-months moving average have occurred. 

(3) Gjermoe draws the attention to the influence of other factors 
than the cyclical situation (such as temperature), but does not take 
them into account in the computation. This would moreover be dif- 
ficult to do, because of the fact that he considers only the whole year’s 
seasonal amplitude. . 

(4) The hyperbolic regression is chosen without reference to the 
condition of the phenomenon to be analysed. It is even inconsistent 
with some circumstances mentioned by Gjermoe in the text, e.g., the 
increase in the number of enterprises with low but regular employment 
in the course of a very accentuated depression, a fact which probably 
leads to a new reduction of the seasonal amplitude after its increase 
during the less acute stages of the crisis. In an analysis of similar statis- 
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tics, the present writer®™ arrived at the conclusion that instead of 
Gjermoe’s hyperbolas, U-shaped regression curves must be looked for, 
for which realistic hypotheses with regard to the relationship con- 
sidered could be put forward. Gjermoe’s diagrams indeed reveal a 
tendency for the empirical regression to deviate from the hyperbola 
in a corresponding way, i.e., to approach a definite finite limiting value 
(g=100; s=100) (Gjermoe’s diagrams 1, 2, and 3) and to begin a new 
downward movement in the left-hand part of the scale, so that a tend- 
ency towards an inverted U-shape appears (diagrams 1 and 3). 

Zrzavy starts his analysis of the cyclical influence on the seasonal 
movement of unemployment by supposing—without any restriction— 
that its seasonal character is comparatively weak, if the level of cyc- 
lical unemployment (12-months moving average) is high, and strong 
if the latter is low. Persons’ link-relative method applied to eliminate 
the seasonal movement furnishes fantastic results. The “correction for 
seasonal fluctuations” leads to a curve which shows surprising seasonal 
movements, parallel to the original one in good years (little unemploy- 
ment), anti-parallel to the original one in bad years (high unemploy- 
ment). In the first case Persons’ stable seasonal normal eliminates too 
little, in the second case, too much. O. Anderson® has already shown 
by means of artificially constructed examples that this strange result 
might be expected from this method in certain cases of variable seasonal 
movements. This statement may be extended to cover all kinds of 
stable normals in cases involving a variable seasonal movement. 

How does Zrzavy proceed in order to obtain a better seasonal nor- 
mal? 

(1) He establishes a 12-months moving average (or more exactly a 
centred 25-terms moving average of the half-monthly data) which 
enables him to calculate gross seasonal indices for every one of the 24 
terms of each year. 

(2) The moving average, and also the 24 series of gross seasonal in- 
dices of corresponding terms, show an upward trend during the 9 
years (1924-1933). Zrzavy eliminates a linear®* trend from all these 
series, in order to ‘‘simplify the procedure.” He states that these trends 
do not represent a real evolutionary tendency but only “a magnitude 
in the computation” (Rechnungsgrésse). 

(3) The next step is a calculation of simple correlation between the 


61 H. Mendershausen, ‘‘Les variations de la saisonnalité dans l’industrie de la 
construction,” thesis of doctorate, to appear in 1937 at Geneva University. 

82 Q. Anderson, Zur Problematik der empirisch-statistischen Konjunkturfor- 
schung, Veréffentlichungen der Frankfurter Gesellschaft fiir Konjunkturfor- 
schung, Heft 1, Bonn, 1929, p. 20. 

63 It is linear on logarithmic paper. 
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deviations of the gross seasonal indices for a certain term from their 
respective trend and the deviations of the values of the 12-months 
moving average from their trend, during the 9 years. Zrzavy computes 
lag-correlations between the two variables, by giving a lag of 2, 23, 
3, ...up to 7 months to the values of the 12-months moving average 
in relation to the particular term of the gross seasonal indices con- 
sidered. Thus he gets for each term a series of lag correlations, from 
which he chooses the highest. The highest lag correlations for 10 terms 
are between 4 and 5 months. In these cases r is fairly high (>0.80). 
For 5 other terms the best lag is 2, 3, 3 or 7 months and for the last 
9 cases Zrzavy does not state which is the most favourable lag. In 
these last cases (April, first half of May, October, November, and De- 
cember) r is generally insignificant. 

The sign of the correlation is not the same throughout the year. It 
is positive from the end of April until the end of November, and nega- 
tive for the remaining parts of the year, particularly for the winter 
months. This means that during an unfavourable cyclical situation the 
seasonal indices of unemployment of the bad season (winter) diminish, 
those of the good season (summer) increase, so that the seasonal am- 
plitude contracts. The favourable cyclical situation calls forth op- 
posite tendencies resulting in an expansion of the seasonal amplitude. 

Zrzavy affirms that a lag of 44 months between the two phenomena 
gives the best results. He proposes to utilize the regression coefficients 
(b) of these correlations in order to compute the variable seasonal 
normal (y) for every term: 


y=a+ be. 


a is the stable normal for the term considered during the 9 years, x the 
value of the 12-months moving average 4} months before; y, a, and x 
are expressed as percentages of the respective trends. Zrzavy utilizes 
this variable normal to eliminate the seasonal movement from the 
original series, and the result is better than that furnished by Persons’ 
link-relative method. 

As compared with Gjermoe’s method, Zrzavy’s procedure has the 
advantage of providing an analysis of the seasonal movement month 
for month. The cyclical influence is no longer considered as propor- 
tionate throughout all months of the year. Unfortunately Zrzavy does 
not give any coefficient of regression, so that it is impossible to say 
how the monthly regressions differ from each other. The differences 
between the correlation coefficients for the different terms suggest, 
however, that the relation between the variables does not remain 
constant. Moreover, Zrzavy’s procedure seems open to serious criti- 
cism on a number of points: 
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(1) Zrzavy does not deal at all directly with the causal relationship 
between the cycle and the seasonal movement. He simply postulates a 
causal relation between them and then proceeds in very mechanical 
manner: 

(a) There is no theoretical justification for the elimination of trends. 
It may “facilitate” the analysis, but that is hardly a sufficient reason. 
Zrzavy makes a “‘reservatio menialis’”’ with regard to the sense of such 
an elimination, but that does not provide it with a sense. By eliminat- 
ing the trends he makes an arbitrary transformation of the original 
series for which no reasons can be found from the nature of the phe- 
nomenon in hand. The inclination of Zrzavy’s ‘‘trend of unemploy- 
ment” is, moreover, hardly plausible, unless we are prepared to believe 
that 20 years after 1933 more than half the Austrian population will be 
unemployed on relief. The further the proposed extrapolations of these 
trends are extended the larger are the divergences between the original 
data and the trend. It may be that these somewhat curious results 
account for the decision of the Austrian Institute of Trade Cycle Re- 
search not to content itself with this method. Within the scope of 
Zrzavy’s own investigation the trend eliminaticns efface—and even 
reverse—the difference between the small crisis of 1925-26 and the 
severe one after 1929. 

(b) Zrzavy gives no reasons in favour of the chosen lag of 43 months; 
he shows that it furnishes the best results for 10 terms, but then pro- 
ceeds to apply it to the computation of the normal values of all 24 
terms. 

(c) The question of a regression other than linear is not even 
broached. 

(2) Zrzavy does not take into account meteorological influences on 
the seasonal movement, although their existence is revealed by the 
data. Thus his series, corrected for changing seasonal fluctuations, 
shows in 1929 a seasonal movement, which probably has its origin in 
meteorological influences. During the particular cold winter of that 
year seasonal unemployment was higher than it should have been 
according to Zrzavy’s normal; while during the following summer its 
reduction was greater as a result of the necessity to make up for the 
delayed activity. 

(3) From a technical point of view, Zrzavy’s study shows some 
weaknesses: (a) The correlation coefficients are not corrected for the 
number of degrees of freedom; (b) von Huhn’s formula, by means of 
which Zrzavy compares the result of his elimination with that of 
Persons’ method, is not well adapted for this purpose. The standard 
deviation is not a sufficient criterion in a case where the distribution 


64 Zrzavy, op. cit., diagram, p. IX. 








260 ECONOMETRICA 


of the deviations in time is so important an element in the success or 
failure of a method; etc. 

Wisniewski follows Gjermoe’s method in his first study of the sea- 
sonal movement of employment in the Polish sugar industry.® The 
results are not very satisfactory. Meteorological and other influences 
reduce the goodness of fit of the (hyperbolic) regression of seasonal 
amplitude on the cyclical situation. With regard to the latter variable 
Wisniewski proposes, following a suggestion of Kalecki, to consider 
the relation between production and productive capacity instead of 
production only. He thinks that the value of this relation is of greater 
importance for the seasonal amplitude. It would seem worth while to 
attempt a practical verification of this interesting proposition. 

Quite recently Wisniewski® has proposed another method of meas- 
uring variations of the seasonal movement in relation to the “normal” 
situation of the phenomenon. The “normal” situation is the result of 
evolutionary and cyclical factors. Wisniewski uses values of the 12- 
months moving average as representatives of normal situations (a). 
He computes a coefficient (P;) which shows the linear regression of the 
original data of a certain month (z;) during a series of years on the 
normal situation for the same month. Thus he obtains 12 regression 
coefficients (P;), which permit him to calculate for every month of 
every year a normal seasonal difference: 


w= Pat+q —a, 


where q; is a constant value for the series of the month 7, indicating 
the value of x on the regression line at the point where a equals 0. The 
12 


values of P; and of q; are corrected in order to render >. P;=12 and 
12 1 
dai=0. 

If we disregard this correction, Wisniewski’s method of measuring 


“linear seasonality” shows a great similarity to that of Zrzavy out- 
lined above. Wisniewski writes his formula also as follows: 


Wi=piatgqiy, 


where p;=P;—1 and represents the coefficient of linear regression of 
the gross seasonal differences of the month 7 (x;—a) on the correspond- 
ing ‘normal situations” (a). This formula differs from Zrzavy’s only 
by the following features: 

(a) Zrzavy analyses gross seasonal indices, Wisniewski gross sea- 
sonal differences; 


65 Wisniewski, ‘‘Interdependence of Cyclical and Seasonal Variation,” op. cit. 
86 Wisniewski, ‘“‘Note on Seasonal Variation,” op. cit. 
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(b) Zrzavy correlates deviations from an average (the trend), 
Wisniewski absolute values of the variables; 

(c) For Zrzavy seasonality is a linear function of the cyclical situa- 
tion, for Wisniewski of the “trend plus cycle” situation; 

(d) Zrzavy takes into account a lag between the two variabk!es, 
Wisniewski does not do so. 

As compared with Zrzavy’s approach, Wisniewski’s method pos- 
sesses both advantages and disadvantages, but the significance of the 
most important of the differences (points (a), (¢), and (d)) cannot be 
judged without reference to the nature of the seasonal movement 
studied. In general, we may refer to several objections against Zrzavy’s 
method (see above under (1) analysis of causal relationship, (1c) re- 
gression shape, and (2) meteorological influences). 

In 1933, before the two above-mentioned investigations, Wisniewski 
published a detailed article on seasonal fluctuations in the building 
industry,* containing very interesting attempts at measuring meteoro- 
logical influences on changes in the seasonal movement. Although this 
type of causal determination would seem to be the most obvious one, 
the above work was the first to attempt a statistical treatment of it. 
Wisniewski intended to measure the influence of temperature on the 
seasonal movement of unemployment in the building industry, but 
did not propose to utilize his measures for the immediate construction 
of a variable seasonal normal. 

One of the questions he puts is: Is it possible to establish by statis- 
tical means the influence of temperature on the gross seasonal values, 
or even on the original data, of employment during certain months of 
the year? 

Wisniewski establishes correlations between the percentages of 
employed (the original data, or the data divided by corresponding 
values of the 12-months moving average or by some other standard 
value) and the temperature (of the last month, or some weeks before 
the establishment of the employment figure). He assumes that this 
meteorological factor is more responsible for seasonal difficulties in the 
building industry than is rainfall, snowfall, etc. The correlations are 
in general not very good. They are disturbed by the intervention of 
other influences, mainly the business cycle; see, for example, the large 
divergence between observed and theoretical values for the years 
following the crisis of 1929 in Wisniewski’s diagram on p. 282. Unfor- 
tunately Wisniewski does not take such influences into account in 
his computations. But he admits quite frankly that this should be done. 

In connection with the structure of the regressions employed some 
reservations must bemade. It seems probable that two different influences 


87 Wisniewski, ‘‘Les fluctuations saisonniéres. .. .,” op. cit. 
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of temperature on the seasonal movement must be distinguished, 
one consisting of a traditional reaction, the other of a reaction on the 
concrete conditions of the moment. In some of Wisniewski’s regressions 
(e.g., for Poland) these influences are not separated and therefore a 
danger of a fictitious regression coefficient arises.** Finally in various 
cases the dependent variable does not represent only the seasonal 
(and accidental) portions of the data, but contains certain cyclical 
elements too. 

Wisniewski’s regressions are not very well constructed but consti- 
tute an interesting attempt to approach the causality of changing 
seasonal fluctuations. His studies, like those of Gjermoe and of Zrzavy, 
are tending in the right direction, i.e., to measure the changes of the 
seasonal movement as determined by changes in their causes. It would 
seem that a general method of dealing with this problem must proceed 
along these lines. It would involve a considerable development and 
generalization of the approach of these authors. 


Horst MENDERSHAUSEN 
Geneva 


68 Mendershausen, op. cit., Chap. I.—In this study an attempt has been 
made to analyse the changes of seasonal movements in the construction industry 
of 5 countries in connection with changes in the cyclical situation, temperature 
and rainfall or snowfall, and to obtain a variable seasonal normal on the basis of 
the regressions. 
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SOME INVESTIGATIONS IN THE SAMPLING AND 
DISTRIBUTION OF RETAIL PRICES! 


By Joun H. Cover 
I. SAMPLING PROBLEMS 


THE BASIC PROBLEM in making a partial survey of retail prices is, of 
course, that of obtaining the most accurate and reliable representation 
of the entire retail price structure. If the objective is to get an average 
price for the community as a whole, that representative sampling 
method should be sought which gives a mean price with the smallest 
standard error. To solve this problem it is necessary to learn the man- 
ner in which the most probable price differs among localities. 

Therefore, the first problem may be stated: Given a difference be- 
tween two averages, what is the probability that such a discrepancy 
may have arisen through random sampling fluctuations? If the average 
prices of a commodity differ significantly between, say, chain and in- 
dependent stores, the most reliable average of all prices is to be found, 
not in a random sample from all outlets, but in a “‘stratified’’ sample 
which contains representative prices from each homogeneous subgroup. 

A second method of studying the retail price structure is an ap- 
proach through the analysis of price frequency distributions. This per- 
mits a test of the validity of formulas such as that for the probable 
error. Moreover, bi-modality will sometimes provide evidence regard- 
ing the homogeneity of the universe; and it is often possible to dissolve 
bi-modal distributions into uni-modal series on the basis of kind of 
stores, type of retail operation, race or income of consumers, or other 
factors. 

And thirdly, studies of correlation between price and factors (such 
as nationality, income) which may affect price have sometimes sug- 
gested significantly different price groupings. Through these tech- 
niques, many new lines of stratification other than geographical (which 
has always been applied unquestioningly) are found. 

Problems to be considered here are ways and means of reducing the 
standard error, the accuracy of the standard error of an individual 
price, and accuracy of the standard error of a combination of prices. 
Some of the results of the survey and analysis concerning variations 
in price due to type of outlet, consumer groups, and geographical 
location have been published earlier.? These will be mentioned only in 
so far as they clarify the technique used in finding the most reliable 
average price and its standard error. 

1 The following collaborators are particularly to be credited with participation 
in this study: James Coble, Solomon Lischinsky, Henry Malcheski, Wilson 


Sweeney, and Harry Wilson. 
2 Retail Price Behavior, The University of Chicago Press, 1935. 
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Where significant differences are found among prices in different sub- 
groups of the population, the variance of the mean of a sample may 
be reduced by an amount equal to the weighted mean square of the 
deviations of the subgroup means about the mean of the universe. 
Analysis of the data offers evidence supporting or disproving various 
hypotheses regarding the heterogeneity of the price universes. 

The following are some of the characteristics of retail prices that 
make sampling analyses difficult: 

1. The sampling universe is heterogeneous, and the probability of 
obtaining a given price varies with locality, class of store, and con- 
sumer group. 

2. The price frequency distributions are not normal, being mostly 
very skew, leptokurtic, and frequently J-shaped or N-shaped.’ This not 
only raises difficulties concerning standard errors of means but it also 
vitiates conclusions regarding the differences between average prices 
in different sections. 

3. These frequency distributions vary greatly among commodities; 
and, therefore, a procedure which is devised for one commodity is not 
necessarily applicable to another. 

4, The distributions are subject to change in time without notice. 


II. STRATIFICATION 


A few examples will illustrate the procedure followed in isolating 
homogeneous subgroups. In the first place, there was an attempt to 
break down drug prices (which very frequently exhibit striking bi- 
modality) into uni-modal distributions, i.e., stores were separated on 
the basis of kind of outlet, type of operation, nationality of customers, 
and so forth. In most cases the distributions for these subdivisions re- 
mained bi-modal, though occasionally an opportunity was provided for 
distinguishing between chain and independent stores, when their two 
uni-modal distributions combined to make a bi-modal. Therefore, it 
was necessary to accept the fact that unusual distributions were in- 
volved. 

The next step was to find the evidence that favors a geographical 
stratification. Since the absolute difference between prices is not con- 
clusive proof of underlying relationships, the standard error of the 
difference was computed in each case. Some error in the method was at 
times unavoidable because so much about the distribution of the differ- 
ences of means of samples drawn from such skew universes remains 
unknown. 

A good example of a situation in which the significances of price 


3 N-shaped is used throughout to indicate the special case of a J-shaped type 
in which there is a second mode near the center of the range. 
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differences are masked by high probable errors of these differences is 
found in drug prices in New York. In Brooklyn-Queens the difference 
between the average price in the White moderate-rental group and that 
in the Negro moderate-rental group was one cent, and the chances are 
that in 18 cases out of 100 as large or larger deviation would be found 
merely from sampling fluctuations. But in the Bronx where the price 
difference between the White moderate-rental group and a White lower- 
rental group is also one cent, the chances are 2 out of 100, which indi- 
cates a fairly significant difference. 

The results indicate that geographical stratification is desirable. An 
unweighted arithmetic mean of twelve drug prices (drugs that are 
nationally advertised) varies as much as ten per cent between Minne- 
apolis and Atlanta cash independent stores, while a standardized prod- 
uct such as Palmolive soap differs 33 per cent in price between the 
same cities. However, when prices are combined in larger groups and 
weighted, this extreme variation is not so apparent. For example, a 
preliminary study of data recently gathered indicates that the price 
index of a cost-of-living budget does not fluctuate to such a degree, 
and that the variations from city to city in food and clothing costs 
(two major items in the budget) are not highly correlated. 

Hypotheses concerning the differences in prices among the various 
types of outlets were tested. 

In St. Paul, a survey of food prices with complete coverage of stores 
offered an excellent opportunity for comparison of prices of fifty-eight 
selected food items among independent, co-operative, and sectional- 
national chain stores. Upon obtaining an arithmetic mean of the per- 
centage differences in price between chain and co-operative stores for 
fifty-eight commodities, it was found that chains were about 8 per cent 
lower than co-operatives with independents halfway between them. 
These differences are clearly significant because the samples of price 
quotations were the total universes; therefore, this was the most con- 
clusive result. Unfortunately, it cannot be said that this same condition 
necessarily applies to other cities, but it is important evidence. 

To carry the comparison between chain and independent stores fur- 
ther, a study was made of the prices of five standard drug prescriptions 
in cash and credit chain and independent stores in four cities. The 
mean price differed between the lowest and highest of these groups— 
cash chain and credit independent outlets in New York—by 34 per 
cent. In three of the cities, cash independent stores were about 15 per 
cent higher in price than cash chain stores, while prices were about the 
same in Atlanta. No significant difference was apparent in Atlanta as 
between cash and credit outlets. 

Since it was apparent that chain drugstore prices were definitely 
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lower than independent store prices, there was an inducement to study 
the factor of competition as a possible criterion for grouping neighbor- 
hood independent stores. Testing this hypothesis with twenty-one 
drugs, it was found that in only one case was the arithmetic mean of 
category A (independent stores not subject to chain-store competition) 
less than the mean of category B (independent stores subject to chain- 
store competition). The most marked difference appeared in the case 
of Palmolive soap where the mean of A exceeded the mean of B by 15 
per cent. The geometric mean of all twenty-one A relatives with B as 
a base is 105.4 per cent. It is interesting to note the differences in price 
between independents which are subject to chain-store competition 
and the chain stores themselves. With the latter as a base, the geomet- 
ric mean of B relatives is 108.7. It follows that the geometric mean of 
A relatives, with chain price as the base, averages 114.5 per cent. 
Therefore, prices appear to be significantly lower in trade centers in 
which there is competition between chain and independent outlets. 

Though customer income (roughly approximated by rental groups) 
did not seem to play a part in the determination of drug prices, it was 
considered desirable to test this factor in the case of foods. A correla- 
tion table was set up to determine the relationship between rental 
groups and the prices of twenty-seven food items in Minneapolis; as 
far as possible, other price-determining factors that might vary with 
rental were held constant. The coefficient of correlation equals 0.48. 
With a group of eleven commodities this coefficient was raised to 0.65, 
and there was a correlation ratio of over 0.7. From this it might be 
concluded that there probably is some relationship between income and 
retail prices of food in Minneapolis. Whether this reiationship will per- 
sist over a period of time, and whether rental is therefore a worthy 
criterion for stratification remains to be proved. 

Several studies were made to determine the advisability of dividing 
the universe to be sampled into classifications according to race and 
creed. Drug and clothing prices in Negro neighborhoods of New York 
City were compared with those in White neighborhoods, and food 
prices were compared as between Kosher and non-Kosher stores in 
Minneapolis-St. Paul. After the rental factor was eliminated there was 
no conclusive evidence of relationships between these factors and 
prices. However, this subject deserves a wider study. 

To illustrate the reduction in the standard error of the sample mean 
as a result of stratification, indexes of weighted sums of means of 
samples of six and of fifteen prices were calculated. The stratification 
was made on the basis of chain, neighborhood, and central shopping 
independents in Manhattan. For every commodity, the standard error 
of the mean of the stratified sample is less than that of the unstratified. 
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The probabilities that the sample index will differ from the true index 
by various percentages were worked out for stratified and unstratified 
samples and the differences between these probabilities were expressed 
as percentages of the probabilities for unstratified samples. The re- 
sults are given in Table 1; these measure the gain in precision as a re- 
sult of stratification. Thus the probability that an index made up of 
samples of six will deviate from the true value by more than 2 per cent, 
in February, 1934, is reduced 9.38 per cent as a result of stratification ; 
and the probabilities of 5 per cent deviations are reduced about three 
and one-half times as much as the corresponding probabilities for devi- 
ations of 2 per cent. 


TABLE 1 


Repuction Dvr To STRATIFICATION OF THE SAMPLE IN THE PROBABILITY THAT 
AN INDEX WILL DIFFER FROM THE TRUE INDEX BY MorRE THAN TWO AND 
Five Per Cent* 


Data: Weighted sums of means of samples of six and fifteen prices quoted by 
chains, neighborhood independents, and central shopping independents in 
Manhattan, for six drug items. 


Reduction in the Probability of Deviations Exceeding 
February 2 Per Cent | 5 Per Cent 


Sample of 6 Sample of 15 Sample of 6 Sample of 15 





1933 5.32% 11.41% 17.91% 43.28% 
1934 9.38% 19.05% 32.91% 62.70% 


* Reduction expressed as a percentage of the unstratified sample probabilities. 


Ill. STANDARD ERRORS OF AVERAGE PRICES 


Having approached the problem upon the assumption that the uni- 
verse is not known precisely, this part of the analysis is a study of 
conclusions that may be drawn from definite knowledge of certain dis- 
tributions. 

Judging from large samples, the price distributions are generally 
skew (with various amounts of kurtosis), J-shaped, or multi-modal. In- 
some cases, where complete universes have been obtained, our infor- 
mation is exact. For such universes, the distributions of means of small 
samples show different amounts of skewness, depending upon the uni- 
verse and the size of sample; and the standard error, used with an 
assumption of normality, is not strictly applicable for small samples. 
In order to determine the amount of error involved in using these 
standard errors with average prices and price indexes, it is advisable 
to determine the distributions of means of samples drawn from such 
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non-normal universes and the size of sample necessary for given levels 
of accuracy. The well-known formula for the standard error of means 
of samples, o//N, is not as applicable here as is the corrected ex- 
pression 
N-1 1/2 
| ——— 
n—1 


ok o 
om oe ' 
where o is the standard deviation of the universe, n the total frequency, 
and N the number in the sample. This applies to finite populations 
(i.e., drawings without replacements).4 

It is a familiar proposition that the distribution of the means of 
samples of N drawings tends toward normality as N is increased even 
when the universe is skew, but the aspect of greatest interest here is 
the rapidity with which normality is approached when the original 
universe is as unorthodox as those found among retail prices. The an- 
swer to this will give an estimate of the size of sample that is desirable 
and a measure of the error in the standard error assigned to the mean. 
Since the price distributions vary so widely, the approach to the prob- 
lem has been to find the extreme cases and thus get outside limits of 
the error involved. 

A moderately skewed, an N-shaped, and two J-shaped frequency dis- 
tributions of drug prices in New York City were selected as distribution 
types. By the combinatorial method’ the theoretical distributions of 
the means for different sized samples were worked out. For the slightly 
skew population, the distribution of means of samples of five only was 
calculated, because it was found that this approached normality fairly 
closely. A normal curve was fitted to it (Figure 1) and the mean devia- 


4 The formula for finite populations in many cases was found to give results 
greatly different from the formula for infinite populations. It is the standard 
error of the average price for that particular time; underlying relationships do 
not remain constant long enough to permit the calculation of an accurate stand- 
ard error for a longer period of time. 

5 This method involves the following steps: All possible combinations of origi- 
nal prices taken N at a time (N being the number in the sample) are written 
down. The expected frequencies for each combination are calculated; and those 
frequencies whose combinations yield the same average price are added. When 
the frequencies for each average price are divided by the number of combinations 
of n things taken N at a time (where n is the number in the sampled population), 
the proportional frequencies are obtained. 

For example, if prices .10, .20, .30, and .40 have frequencies in the sampled 
population of 3, 5, 10, and 4 respectively, an average price of .20 may be ob- 
tained for a sample of three in two ways; i.e., .20, .20, .20, and .10, .20, .30. 
Then the proportional freauency expected at this price is 
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tion between the two curves was calculated to be 0.001714,° whereas 
the mean deviation between the original distribution and normality 
is 0.03725. This is a comparatively rapid approach to normality. One 
can now calculate the errors (in the probabilities that the mean of a 
sample of five will differ by two, five, and ten cents from the true mean 
of this distribution) which obtain when the normality assumption is 
made (Table 2). These errors are comparatively small. 


TABLE 2 


Exact PROBABILITIES THAT THE MEAN OF A RANDOM SAMPLE OF FIVE FROM A 
Skew Universe Writ Dirrer FROM THE TRUE MEAN BY Mork THAN 2, 5, 
AND 10 Cents CoMPARED WITH ESTIMATED PROBABILITIES* 


Data: Prices for Drug #2, All Stores, Bronx, February, 1933 


Error in Estimated Probability that Mean of Sample will fall 


Below | Above | Outside|} Below | Above | Outside|| Below | Above | Outside 
M—2¢| M+2¢ |M+2¢ || M—5¢|M+5¢| M+5¢ ||M—10¢/M+10¢|M +10¢ 


.000 | —.002 | —.002 |; —.004| — .004} — .008 |] +.001 | +.001 | +.002 





* Estimated probability is calculated on the assumption that means of samples 
are distributed normally. Minus figures indicate estimated probabilities which 
are too low. 


The same procedure was carried out for an N-shaped population 
with samples of three, four, and five. For this population, assumption 
of normality for the distribution of means introduces a considerable 
error in the estimate of standard .error, particularly for the smaller 
samples, which is due chiefly to the skewness of the distribution. Table 
3, which consists of the differences between the probabilities of certain 
deviations as given by the exact distribution and those given by the 
normal curve, indicates that, with few exceptions, the error decreases 
with increasing size of sample.’ The mean deviations from normality 
of the distributions of the means of samples of three, four, and five 
give other measures of the improvement with increase in size of sample. 
They are 0.070, 0.041, and 0.008, respectively. 

The third population to be so tested was the J-shaped; this provides 
an estimate of the greatest error to be found in the standard error. 
For example, if one first assumes normality and says that the proba- 


6 A Chi-square test was not applied in this case because the discrepancy is 
that between two theoretical curves, in which case a Chi-square test is not ap- 
plicable. 

7 Had the area under the normal curve been found to correspond to the dis- 
crete weights of the true distribution, the difference would have been much less 
and the decrease in error with increasing size of samples would have been uni- 
form. 
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TABLE 3 

Exact PROBABILITIES THAT THE MEANS OF RANDOM SAMPLES OF THREE, Four, 
AND FIVE FROM AN N-sSHAPED UNIVERSE WILL DIFFER FROM THE TRUE MEAN 

BY More THAN 0.5, 1, 2, AnD 3 Cents CoMpaARED WITH EstTIMATED 











PROBABILITIES* 
Data: Prices for Drug #24, Independent Stores, Manhattan, February, 1934 
Set 
Size Error in Estimated Probability that Mean of Sample will fall 
‘ a — er eae eet eee 
of Below Above Outside Below Above Outside 


Sample} —o0.5¢ | M+0.5¢ | M+0.5¢ M-—l1¢ | M+1¢ M+l1¢ 





—0.0661 0.0100 || —0.0557 0.0538 | —0.0019 





3 0.0761 

4 0.0759 —0.1055 —0.0296 0.0334 |—0.0905 —0.0571 

5 0.0589 —0.0074 0.0515 —0.0014 |—0.0189 —0.0203 
Below Above Outside Below Above Outside 
M —2¢ M+2¢ Mi2¢ M—3¢ M+3¢ M+3¢ 


3 —0.0118 0.0568 0.0450 || —0.0217 0.0088 | —0.0129 
4 —0.0039 0.0314 0.0275 —0.0034 0.0029 | —0.0005 
5 —0.0220 0.0194 | —0.0026 —0.0001 0.0010 0.0009 





* Estimated probability is calculated on the assumption that the means of 
samples are distributed normally. 


bility is P that the mean observed in a sample will not differ from the 
true mean price by more than two cents, and if this probability is de- 
creased by a correction factor obtained from a J-shaped universe, then 


TABLE 4 


Exact PRoBABILITIES THAT THE MEAN OF A RANDOM SAMPLE OF FIVE FROM A 
J-SHAPED UNIVERSE WILL DIFFER FROM THE TRUE M&AN BY MoRE THAN 
0.5, 1, 2, anp 3 Cents CoMPARED WITH EsTIMATED PROBABILITIES* 


Data: Prices for Drug #19, Independent Stores, Bronx, February, 1934 








Error in Estimated Probability that Mean of Sample will fall 








Below Above Outside Below Above Outside 











M —0.5¢ M-+0.5¢ M +0.5¢ M-—1I1¢ M-+1¢ M+1¢ 
—0.0644 —0.0483 —0.1027 0.0057 | —0.0059 —0.0002 
Below Above Outside Below Above Outside 
M—2¢ M+2¢ M +2¢ M—3¢ M+3¢ M+3¢ 
—0.0120 0.0051 —0.0069 || —0.0004 0.0001 —0.0003 





* Estimated probability is calculated on the assumption that the means of 
samples are distributed normally. 











272 ECONOMETRICA 


one can be fairly certain that the reliability of the average has not been 
over-estimated. (Or the correction factor could be applied in the form 
of an increased number of items in the sample.) The differences in the 
probabilities as given by the exact histogram and the normal curve are 
great in the case of samples of five (Table 4); for deviations of a half 
cent, they are about 20 per cent. When the sign of the error is imma- 
terial, the difference is considerably less. 


TABLE 5 


Exact PROBABILITIES OF DEVIATIONS OF MEANS OF RANDOM SAMPLES OF FIVE 
FROM TRUE Mean CoMPARED WITH PROBABILITIES GIVEN BY NORMAL 
AND TypEe I CurvVES 


Data: Prices for Drug #24, Independent Stores, Manhattan, February, 1934 


Probability that the Mean of a Sample of Five Will 
Fall within Specified Limits as Given by 





Limits 
(True Mean = 23.4¢) Histogram 
(Exact Type I Curve Normal Curve 

Probability) 
Above 24.0 .3108 .3164 .2728 
Below 22.8 . 2447 .2571 . 2539 
Outside 22.8-24.0 -5555 .5735 .5268 
Above 24.4 .1701 -1611 .15388 
Below 22.4 .1528 . 1584 . 1387 
Outside 22 .4-24.4 .3230 .3195 .2925 
Above 24.8 .0464 .0497 .0775 
Below 22.0 .0831 : .0904 .0641 
Outside 22 .0—-24.8 .1295 . 1402 . 1416 
Above 25.6 0 0 -0117 
Below 21.6 .0417 .0477 .0233 
Outside 21.6-25.6 .0417 .0477 .0350 
Above 26.4 0 0 .0010 
Below 20.4 .0034 .0045 .0008 
Outside 20.4-26.4 .0034 -0045 .0018 


These three non-normal types can be compared by the mean devia- 
tions from normality of the distributions of the means of samples of 
five. They are for the J-shaped, N-shaped, and skew normal: 0.011, 
0.008, and 0.002 respectively. 

The error involved in assuming normality of distribution of means 
of samples drawn from non-normal universes can be shown more 
clearly by comparing the fit of a normal curve to the distribution of 
means with the fit of a Pearsonian curve. This comparison was made 
and the results indicate that a Pearson Type I corresponds rather well 
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DistriguTion OF THE Means OF Ranpom 
Sampeces Or Five Drawn From An’N" Tree PoPucaTion 


ORIGINAL DISTRIBUTION 
DATA PRICES FOR COMMODITY ITEM NO.24 
INDEPENDENT STORES, MANHATTAN, FEB. 1934 


MEAN=23.42 G=2.19 


PERCENTAGE FREQUENCY 


19 2i 23 
PRICE IN TERMS OF CENTS 


Distrigution OF Means Or Sanpces OF Five 


HISTOGRAM — ACTUAL DISTRIBUTION OF MEANS 


APPROXIMATION TO HISTOGRAM 
BY NORMAL CURVE 


APPROXIMATION TO HISTOGRAM 
BY PERRSONIAN CURVE, TYPE I 


SOLID'CURVE — 


BROKEN CURVE — 


TYPE I CURVE 
LOG Y=1.9003 
kine 
+8296 L06(1+5>%5,5-) 
+ 2.18 LOG (1- 


=) 
1.0403 


NORMAL CURVE 
LOG Y=1.91583-x"(.92595) 


PERCENTAGE FREQUENCY 





Ficure 2. 


with the distribution of means (ef. Figures 2 and 3). As might be ex- 
pected from the preceding experiments, the improvement in fit of a 
Pearsonian over that of a normal curve increases as the original uni- 











274 ECONOMETRICA 


Distrisution Or THe Means Or Ranpom 
Sampces OF Five Drawn From A "J" Tyee Popucation 


Oricinat DistRiBuTION 


PRICES FOR COMMODITY !TEM NO.19 
INDEPENDENT STORES, BRONX, FEB. 1934 


MEAN =23.89 O=1.78 


PERCENTAGE FREQUENCY 


19 20 23 25 
PRICE IN TERMS OF CENTS 


DistripuTion OF Means OF Sampces OF Five 


HISTOGRAM— ACTUAL DISTRIBUTION OF MEANS 
APPROXIMATION TO HISTOGRAM 
BY NORMAL CURVE 


APPROXIMATION TO HISTOGRAM 
BY PEARSONIAN CURVE, TYPE I 


SOLID CURVE — 


s BROKEN CURVE — 


TYPE I CURVE 
LOG Y =1.98963 


se gs 
+7454 LOG (1+ zaz07 


+ 1.497 LOG (1- —7353-) 


NORMAL CURVE 
LOG Y=o10102 — (1.429338)x? 


PERCENTAGE FREQUENCY 


aos 
F CENTS 


s 
Ss 
x 





Figure 3. 


verse changes from a near-normal to an N-shaped to a J-shaped. The 
percentage of error involved in using a normal curve to estimate the 
probability that a mean will lie outside of a given range increases as 
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the range is increased. The greatest improvement introduced by the 
use of the Type I curve is in the representation of asymmetry and in 
the tail points (Tables 5 and 6). 

There remain to be found the increases in minimum sizes of samples 
made necessary by the very skew original distributions. It was shown 
earlier that errors in probability due to assumptions of normality are 
reduced rapidly as the size of sample is increased; the results permit 
conclusions concerning the size of the sample that should be drawn. 


TABLE 6 


Exact PRoBABILITIES OF DEVIATIONS OF MEANS OF RANDOM SAMPLES OF FIVE 
FROM TRUE MrAN CoMPARED WITH PROBABILITIES GIVEN BY NORMAL 
AND Type I CurRvEs 


Data: Prices for Drug #19, Independent Stores, Bronx, February, 1934 





Probability that the Mean of a Sample of Five Will Fall 
within Specified Limits as Given by 

















Limits 
(True Mean =23.9¢) Histogram 
(Exact Type I Curve Normal Curve 

Probability) 
Above 24.4 .3090 . 2893 . 2562 
Below 23.2 .3251 .3081 .3513 
Outside 23 .2-24.4 .6341 .5974 .6075 
Above 24.8 . 1057 -1021 .1199 
Below 22.8 .0941 .0939 .0787 
Outside 22 .8-24.8 .1998 .1959 . 1986 
Above 25.2 0 0 .0448 
Below 22.4 .0435 .0437 .0261 
Outside 22 .4—25 .2 .0435 .0437 .0709 
Above 26.0 0 0 .0030 
Below 22.0 .0172 .0179 .0069 
Outside 22 .0-26.0 .0172 .0179 .0100 
Above 26.8 0 0 .0001 
Below 20.8 -0005 .0004 pes 
Outside 20 .8-26.8 .0005 .0004 .0001 


If the universe is characterized by a near-normal distribution, a sample 
of five will be large enough to counteract this error to a large extent.® 
If the distribution is N-shaped, there is a decrease in the error as the 
sample size increases from three to four to five, but the error in a sample 
of five is still large,—much larger than in the case of the near-normal. 
Since the J-shaped is the worst offender, this has been examined more 
closely. 


8 This, of course, refers to the error in the standard error. The latter itself 
may remain large. 
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The prices of a certain drug in the neighborhood stores of Manhattan 
presented a J-shaped distribution. For this commodity, the expected 
frequencies for means of samples of five and seven were calculated by 
combinatorial method; and, as was true for the J-shaped universe dis- 
cussed earlier, the means of samples of five follow a distribution that is 
far from normal. However, the distribution of means of samples of 
seven is rather close to normal. 

To substantiate these theoretical results, one hundred random sam- 
ples of five and one hundred of seven were drawn from this universe, 
and the distributions of the means of these two types were compared 
with their theoretical distributions. The correspondence was suffi- 
ciently close in both cases, there being an expectation of getting as 
bad or worse fit in thirty-four cases out of one hundred due to the 
fluctuations of random sampling for samples of five, and an expectation 
of forty-four out of one hundred for samples of seven. Then one hun- 
dred samples of ten were drawn from the same J-shaped universe; and 
the means of these samples were found to be distributed nearly sym- 
metrically.® In fact, a normal curve follows the distribution much more 
closely than the theoretical histograms fit the other distributions of 
means; by a Chi-square test it was found that as bad or a worse fit 
might be expected in ninety-three cases out of one hundred. We are 
led to believe that a sample of ten is large enough to remove most of 
this kind of error from the standard error, and that a sample of seven 
is practically sufficient for this purpose. The standard error itself is 
reduced from 0.90 cents to 0.65 cents by increasing the number in the 
sample from five to ten. 4 

The minimum adequate sample may be considered as the magnitude 
of a sample necessary to insure that, in at least ninety-five times out 
of one hundred, the sample mean will not differ by more than a speci- 
fied amount from the true mean. Taking 10 per cent as the deviation 
permissible, the minimum adequate samples for twenty-six proprietary 
drugs were found.!® With some exceptions, the outline of 1934 follows 
that of 1933, but in general the samples required are smaller in 1934 
than in 1933. The approximate formula for the standard deviation of 
means was used, so sizes of samples listed might be in excess of those 
actually required. But also there should be an allowance for error in 
the sampling errors due to skew populations. Three of the items re- 
quired samples of only three observations in 1934, but this must be 
qualified if it is known that their underlying distributions are very 


® Table 7 presents the results of the experimental sampling. 

10 These are represented graphically in Table 8. It is to be noted that the 
minimum number is not strictly a minimum, but a minimum within the set of 
numbers 3, 5 8. 10, 12, and 15. 
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skew. In the absence of information to the contrary, one might expect 
them to be skew, in which case samples of five would be minimums; 
and there would be fair likelihood that they are J-shaped, thus requir- 
ing samples of seven. The same restriction applies to the items under a 
minimum requirement of five; for example, the distribution of the third 
item is known to be J-shaped. It is safer, in sampling for drug prices 
whose frequency distributions are unknown, to take samples of not 
less than six or seven. 
TABLE 7 


CoMPARISON BETWEEN THEORETICAL FREQUENCY DISTRIBUTIONS OF MEANS 
oF SAMPLES DRAWN FROM J-SHAPED UNIVERSE AND DISTRIBUTIONS 
OBTAINED BY EXPERIMENTAL SAMPLING 


Data: Original distribution of Drug #24, neighborhood independent stores, Feb- 


ruary, 1934; and three sets of one hundred samples drawn at random from 
this distribution 






































i ee Standard Chi- Proba- 
Distribution Mean Deviation Square bility 
Original 23.13 2.34 
Theoretical for 
Samples of Five 23.18 1.01 
Observed for 
Samples of Five 23 .04 .90 9.08 .34 
Theoretical for 
Samples of Seven 23.17 .86 
Observed for 
Samples of Seven 23 .09 81 10.05 .44 
Observed for 
Samples of Ten 22.99 .65 
Normal Fitted to 
Observed for Ten 22.99 .65 4.37 .93 


IV. STANDARD ERRORS OF RETAIL PRICE INDEXES 


It was suggested in the previous section that the average price of a 
commodity might be made up of a sum of prices weighted according 
to the quantities sold at those prices, for example, the average chain- 
store price weighted by chain-store sales plus the average neighborhood- 
store price weighted by neighborhood sales, and so forth. Therefore, a 
retail price index would involve a double weighting process: first, 
weighting the prices of a given commodity by voiume of sales at those 
prices; and second, weighting the different commodities according to 
their importance in consumption. This line of analysis will be followed 
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in a later study, but the present section will be devoted more to a dis- 
cussion of errors in the prices themselves than to errors in their weights. 

The aspect of the index-number problem that is emphasized here is 
the effect of very skew distributions of component prices upon the 
sampling errors of the index number. It is well known that the vari- 


TABLE 8 


S1zE oF SAMPLE NECESSARY TO INSURE THAT IN NINETY-FIVE CASES OUT OF ONE 
HUNDRED THE MEAN OF THE SAMPLE WILL NoT DIFFER FROM THE TRUE MEAN 
BY Mork THAN TEN PER CENT 


Data: Prices from All Stores, Manhattan, February, 1933 and 1934 


Branded 1933 1934 
Drug eae RP TTT ee Th ae RA a Ee ee 
Number 3 5 8 | 10] 12] 15] 3 5 8 | 10] 12 | 15 








19 x x 

10 z x 
24 < x 
25 x x 


i i il 
“ * 
™ “a Ow * 


) 
_ 
* 
i a 


_ 
~I 
aM mM OM 
* 
* 


ance of an aggregate is equal to the sum of the variances of the com- 
ponents, assuming independence; and the higher moments may be ob- 
tained in terms of the moments of the original distribution by the same 
sort of proof. But, since the probable error of each mean price which 
makes up the aggregate is in error because of a skew population, there 
is also an error in the probable error of the aggregate. This effect, it 
may be assumed, will be greatly neutralized by the following considera- 
tions: 

1. The distributions of means obtained by sampling the individual 
commodity prices are more nearly normal than the original distribu- 
tions; and 


JOHN H. COVER 279 


2. By the same reasoning, the distribution of the average of the 
various commodity mean prices is likely to be more nearly normal than 
the distributions of the mean prices themselves. 

There is a third factor the importance of which it is difficult to esti- 
mate: the offsetting effects of some positively and some negatively 
skewed distributions. 

To illustrate these tendencies, the theoretical distribution for an in- 
dex consisting of the sum of means of random samples of five from two 
J-shaped distributions (drugs #19 and #24) was calculated by the com- 
binatorial method. In order to have a basis for comparison, two dis- 
tributions already examined were chosen. The normality of the index 
is compared with the normality of the individual samples composing 
the index by finding the sum of the deviations from the normal curve 
without regard to sign. Thus, the mean deviation of the index is 0.00363 
as compared with the mean deviations of 0.00826 and 0.01122 for the 
individual samples. 

To determine the effect of the third factor, which was not present 
in the preceding illustration (since both distributions were skewed in 
the same direction), the distribution of prices for drug #19 was re- 
versed. The mean deviation from normality for this index of a J-shaped 
universe and a reverse J-shaped one is less than one-tenth of the mean 
deviation for the more normal of the component distributions; i.e., 
0.000776. Moreover, it is about one-fifth of the mean deviation of the 
index without reversal. 

The factor of the population distributions may be expected to have a 
great influence on an index made up of just two commodities, but, as 
the number of commodities included increases, the importance of these 
distributions decreases rapidly. Judging from the study of distribution 
of means of samples (which is an analogous case) an index of ten com- 
modities should be large enough to eliminate this factor. In addition, 
the presence of reversed skewness for some commodities will help to 
eliminate the error in the index standard error. Increasing the sizes 
of the price samples accomplishes the same result. Thése conclusions 
were verified by a number of empirical tests. 

JoHN H. Cover 

University of Chicago 

Chicago, Illinois 











SOME A POSTERIORI PROBABILITIES IN STOCK 
MARKET ACTION 


By ALFRED CoWLES 3RD AND HERBERT E. JONES 


In 1933, one of the authors! published an analysis of the results se- 
cured by 45 representative financial agencies in forecasting the prices 
of common stocks. This study, embracing the period of 43 years from 
January, 1928 to June, 1932, and including several thousand individual 
forecasts, showed that these were unsuccessful more often than suc- 
cessful and that, indeed, better results in the aggregate would probably 
have been secured by investors through following purely random in- 
vestment programs. This result naturally suggested the question: Is 
stock price action random in nature or, if not, to what extent is it 
possible statistically to define the nature of its structure? Herewith is 
presented at least a partial answer to this question on the basis of evi- 
dence adduced from internal elements in the stock price series them- 
selves. 

Among the different viewpoints from which this problem may be 
approached are those which consider (1) the element of inertia, and 
(2) harmonic analysis for the purpose of disclosing evidence as to regu- 
lar periodicity. 

With respect to the latter, Professor Harold T. Davis? has presented 
evidence of periodicity in stock prices by means of Schuster’s periodo- 
gram analysis, and has attempted tests of the significance of these pe- 
riods by R. A. Fisher’s technique. By this method, however, only aver- 
age periods can be found and even then their significance can not be 
accurately determined because of uncertainty as to the independence of 
observations. Variable periodicity can be taken into account by a num- 
ber of techniques, such as Frisch’s changing harmonics,’ or by using 
varying moving averages,‘ but there seems to be no way to determine 
the probabilities of significance in connection with any of these 
methods. For this reason in the following analysis a method more sus- 
ceptible of interpretation in terms of probability has been used. 

Carl Snyder,’ in referring to measurements of the industrial growth 


1 Alfred Cowles 3rd, ‘Can Stock Market Forecasters Forecast?”’, Econo- 
METRICA, Vol. 1, 1933, pp. 309-324. 

2 In a paper presented before the Econometric Society in St. Louis, January, 
1936. See abstract in Econometrica, Vol. 4, 1936, pp. 189-190. 

3 Ragnar Frisch, ‘‘Changing Harmonics and Other General Types of Compo- 
nents in Empirical Series,”’ Skandinavisk Aktuarietidskrift, 1928, pp. 220-236. 

4 Gerhard Tintner, Prices In the Trade Cycle, Vienna, 1935, p. 23. 

5 “Concepts of Momentum and Inertia,” presented at the Atlantic City meet- 
ing of the Econometric Society, December, 1932, and published in Stabilization of 
Employment, Charles F. Roos, editor, 1933, p. 77. 
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of the United States since 1830, says, ‘The picture that these measures 
give is that of an amazingly even rate of growth not merely from gen- 
eration to generation but actually of each separate decennium through- 
out the last century. As if there was at work a kind of momentum or 
inertia that sweeps on in spite of all obstacles.” 

The term “‘inertia,’’ as employed by Mr. Snyder, may be said to be 
macroscopic, whereas its use in the present study is microscopic. He 
was concerned with the trend over a period of 100 years or more and 
concluded that all deviations from that trend were nothing more than 
inconsequential ‘‘jiggles.’”’ The present analysis, on the other hand, is 
concerned primarily with evidence as to inertia in movements of a few 
hours, days, weeks, months, or years, which Mr. Snyder, with his 
longer-range viewpoint, would designate as mere “‘jiggles.”’ 

Evidence of inertia may be disclosed in the following manner. In a 
penny-tossing series there is a probability of one-half that tails will 
follow heads and vice versa. If the stock market rises for 1 hour, day, 
week, month, or year, is there a probability of one-half that it will de- 
cline in the succeeding comparable unit of time? In an attempt to an- 
swer this question sequences and reversals were counted, a sequence 
occurring when a rise follows a rise, or a decline a decline, and a re- 
versal occurring when a decline follows a rise, or a rise a decline. 

A study of the ratio of sequences to reversals will disclose structure 
as defined above, if it exists within the series, and the significance of 
this structure can be defined by ordinary statistical methods. For in- 
stance, the probability can be determined that any ratio occurred by 
chance from a random population.‘ Also, the consistency of these ratios 
can be investigated and from their frequency distributions one can de- 
termine the probabilities of success in forecasting a rise or decline in 
stock prices. Samples, of adequate length where available, were ex- 


6 L. Besson, ‘‘On the Comparison of Meteorological Data with Results of 
Chance,” translated and abridged by E. W. Woolard, Monthly Weather Review, 
Vol. 48, 1920, pp. 89-94, pointed out that in a random series, the ratio of se- 
quences to reversals will be 0.5, that is, there will be twice as many reversals as 
sequences. It should be noted that, in the present analysis, the data employed 
are not random, but rather cumulated random series, that is series in which the 
first differences, rather than the actual observations, are random. In a truly ran- 
dom series the auto-correlation drops to zero when the series is lagged against 
itself by so much as one observation. In a cumulated random series this is not the 
case. For example, in the stock price series under consideration, even when the 
first differences have been rearranged in a random manner, an auto-correlation 
with a lag of one observation will yield a very high coefficient. This correlation 
coefficient will be a function of the length of the series and is approximately equal 
to 1—log n/(n—1). In such a series, with the first differences random, the ratio 
of sequences to reversals will be, if n is large, 1.0 instead of 0.5 as observed in 
the case of a series in which the observations themselves are random. 
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amined, the intervals between observations being successively 20 min- 
utes, 1 hour, 1 day, 1, 2, and 3 weeks, 1, 2, 3, - - - , 11 months, and 
1, 2, 3, ---, 10 years. The results of this investigation are presented 
in Table 1 and are shown graphically in Figure 1. 

It was found that, for every series with intervals between observa- 
tions of from 20 minutes up to and including 3 years, the sequences out- 
numbered the reversals. For example, in the case of the monthly series 


TABLE 1 


Ratio oF SEQUENCES TO REVERSALS IN Stock Price INDEXES 
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The Index of Railroad Stock Prices is composed of several series which were 
assembled and put together by the Cleveland Trust Company. Canal stock prices 
were used for the period 1831 through 1833. From 1834 through 1879 the index 
is based on three Harvard series. The one from 1834 through 1852 includes eight 
stocks, and that from 1853 through 1865 includes 18. The data are from The 
Review of Economic Statistics for August, 1928. The index from 1866 through 
1879 includes 10 stocks, and the data are from The Review of Economic Statistics 
for 1919. The index from 1880 through 1896 includes 10 stocks, and from 1897 
to date it includes 15. These two latter indexes were compiled by the Cleveland 
Trust Company. All the earlier indexes were adjusted to form a continuous series 
terminating with the final index of 15 stocks. 


from 1835 to 1935, a total of 1200 observations, there were 748 se- 
quences and 450 reversals. That is, the probability appeared to be .625 
that, if the market had risen in any given month, it would rise in the 
succeeding month, or, if it had fallen, that it would continue to decline 
for another month. The standard deviation’ for such a long series 
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7 In a random penny-tossing series the probability of a sequence or reversal is 
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constructed by random penny tossing would be 17.3; therefore the 
deviation of 149 from the expected value 599 is in excess of eight 
times the standard deviation. The probability of obtaining such a re- 
sult in a penny-tossing series is infinitesimal. If the unit of time be in- 
creased to 6 months, we find that there are 120 sequences to 86 
reversals or what appears to be a .583 probability that a sequence will 
occur in any successive pair of periods. The probability in this case is 
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Fiev:« 1.—Ratio of sequences to reversals in direction of stock price 
indexes for various time intervals. 


.01778 that such a ratio of sequenccs to reversals might occur in a 
random series such as that of penny tossing previously referred to. 
For annual series, the probability for chance occurrence, on the same 
basis as before, is .42952. In fact, the probabilities are inconclusive for 
all series using units of over 6 months, although this may be due to the 
limitations of the data. There seems to be a good chance that with 
more data it might be possible to demonstrate the existence of struc- 


} and the standard deviation is \/npq or \/n/2 where n is the number of observa- 
tions and p and q are respectively the probabilities of success and failure. Se- 
quences or reversals are determined from the first differences of the original price 
series. The total number of sequences and reversals is one less than the number of 
first differences. The standard deviation of the number of sequences, therefore, 
will be «/n—2/2 where n is the number of observations of the original price 
series. The actual deviation will be S —(n —2) /2 where S is the observed number 
of sequences and the ratio [S —(n —2)/2]/[(n —2)?/2] is the observed deviation 
in terms of the standard deviation. The probability of as large a deviation oc- 
curring by chance can be found in the ordinary table of the normal probability 
function. 
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ture for all units of time up to and including 3 years. It is difficult, how- 
ever, to explain the very small excess of sequences over reversals for 
series using intervals of 2 weeks and 3 weeks in view of the fact that 
for the slightly shorter unit of 1 week we have significant indication 
of structure and also for series using intervals of 1 month. In fact, as 
will be shown later, the series represented by units of 1 month proves 
to be the most significant from a practical point of view. 

The above analysis was based upon a study of the stock market as a 
whole. It may now be of interest for us to examine the evidence with 
regard to industrial groups such as motors, oils, steels, and so forth. 
To this end the indexes of common stock prices of 61 industrial groups, 
prepared by the Standard Statistics Company, were analyzed. Their 
monthly deviations from the median were noted, the median being 
used because more groups are normally below, than above, the arith- 
metic means, in view of the fact that extremely large gains are larger 
in percentage than extremely large declines. Sequences and reversals 
were counted for the purpose of determining whether there was a tend- 
ency for such groups to persist in exceeding, or falling below, the me- 
dian. In other words, if the oil stocks, as a group, were in the 30 of the 
61 industrial groups which advanced more than the median group in 
January, what is the probability that the oils will also be found in the 
strongest 30 groups in February? For the 16 months from January, 
1934 to April, 1935, when the general market movement was approxi- 
mately horizontal, in 917 observations there were 570 sequences and 
345 reversals. That is, if the oil stocks were among the strongest 30 
groups in January the probabilities would appear to be .623 that they 
would also be found among the strongest 30 groups in February. The 
application of the theory of probability to interpret the significance of 
this result is hampered, as in many other analyses of economic time 
series, by uncertainty as to what is the number of independent observa- 
tions in the sample. The action of the oils, for example, may be corre- 
lated with that of the motors or some other group, so that when one is 
stronger than the median, the other also tends to be stronger. Modern 
statistical technique appears to offer no ready solution for this problem 
of the independence of observations, and we must, therefore, content 
ourselves with obtaining unusually favorable probabilities. 

In the period, May, 1935 to February, 1936, a rising market of 551 
observations, there were 379 sequences and 170 reversals, indicating an 
apparent probability of .690 in favor of a sequence. Here, however, an- 
other factor has intruded itself. The stocks of certain industries can be 
shown to be more cyclical in nature than those of other industries. For 
instance, in severe depressions the building of new houses is almost 
completely stopped, and yet people under such conditions go on eating 
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almost as much food as in periods of prosperity. These tendencies are 
reflected by wider fluctuations in the earnings of producers of building 
materials than in the case of purveyors of food, and also by wider cycli- 
cal fluctuations in the stocks of the former corporations than of the 
latter. This tendency results, in the case of a rising market, in the 
building-stock prices being persistently stronger than the average, and 
the food stocks persistently weaker. A count of sequences and reversals 
under such conditions measures, therefore, to some extent, the differ- 
ences in cyclical behavior among the various groups rather than the 
tendency toward inertia which is measured in the case of a period 
where the market as a whole is moving horizontally. Since there are 
not many periods of great length in which the market as a whole has 
moved horizontally, we are limited in the data available for this par- 
ticular analysis. Considering only the data for the horizontal 16 months 
from January, 1934 to April, 1935, the excess of sequences over re- 
versals is 7.5 times the standard error for a random series. Even as- 
suming that half of the observations are not independent, there is still 
the exceedingly small probability of .00168 of occurrence in a random 
series. 

The action of individual stocks was also investigated. Instead of the 
oils as a group, it was considered, for example, whether the Standard 
Oil Company of New Jersey, if it were stronger than the median of all 
stocks in January, would more likely than not be stronger in February. 
Taking 190 representative stocks for the years 1934 and 1935 and the 
first three months of 1936, and using the same technique as that em- 
ployed in the case of the industrial groups, a total of 4659 observations, 
there was found, when the market moved horizontally, from January, 
1934 to May, 1935, a ratio of sequences to reversals of 1.07 to 1 which 
is 9 times the standard error. In the last 12 months, a rising period, the 
ratio of sequences to reversals was 1.29 to 1. It follows from the pre- 
vious discussion of cyclical behavior that the difference betwen the 
two periods is to be expected and that the evidence of the second period 
must be brought in question. 

Taking 1 year as the unit of measurement for the period from 1920 
to 1935, the tendency is very pronounced for stocks which have ex- 
ceeded the median in one year to exceed it also in the year following. In 
1837 observations were 1200 sequences and 635 reversals. The excess 
of sequences was about 13 times the standard error for a random series 
constructed on the basis of equal probabilities. During the period un- 
der consideration the market as a whole manifested 8 sequences and 7 
reversals. The evidence therefore seems to indicate that, when 1 year 
is the unit of time, individual stocks will persist in doing better, or 
worse, than the median of all stocks. 
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This evidence of structure in stock prices suggests alluring possibili- 
ties in the way of forecasting. In fact, many professional speculators, 
including in particular exponents of the so-called “Dow Theory” 
widely publicized by popular financial journals, have adopted systems 
based in the main on the principle that it is advantageous to swim with 
the tide. The practicability of such forecasts, however, will depend, 
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not only on the ratio of sequences to reversals, but also on the broker- 
age costs and the average change in stock prices during the unit of time 
selected. The brokerage costs, of course, are known. To determine the 
average percentage change in the stock prices for various units of time 
an extensive study was made. The difference between the index at the 
beginning of one unit and the beginning of the next, given in percentage 
of the former value, was computed. The results are shown in Table 2 
These averages are absolute values, that is, the directions of the moves 
were not considered. The values, plotted on a time scale, are shown in 
Figure 2. The increase is very regular, approximating a smooth expo- 
nential curve as shown in the diagram. 

With these data it is possible to compute the net gain which would 
have resulted from an application of this type of forecasting to the 
stock market averages. 


t 
[ 
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Let 
I(t) = Expected annual net profit, in per cent, 
R(t) = Ratio of sequences to reversals for time interval t, 
C(t) = Average change per time interval ¢ in per cent, 
Y(t) = Number of time intervals, ¢, in one year, 
B = Brokerage cost for one complete trade, in per cent. 
In the long run there will be an average of R(#) sequences for each 
reversal, that is, a speculator will, on the average, be on the right side 
of the market for R(t) units of time for each unit that he is on the 








Figure 2.—Absolute percentage changes in stock price indexes. 


wrong side, if his market position is changed only after the occurrence 
of each reversal. The average net time in the right direction between 
changes of position will then be [R(¢)—1] time units. The average 
move per unit of time is C(¢); therefore, the gross gain per position will 
then be [R(é)—1]C(é). The net gain per position will be 
[R(t) — 1]-C() — B. 

Since one will be in the market in the right direction R(¢) units of time 
and in the wrong direction 1 unit, the total time per position will 
be [R(t) +1]. The number of positions taken per year will be 
Y(t)/[R(#) +1]. The net annual gain, in per cent, will then be given by 


1 Y(t) /[R(t)+1) 
I(t) = 0 [R(t) — 1]C() — B} a | — 100. 
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When the values of R(t) and C(t) are substituted in this equation 
values of the expected annual net gain for various units of time and 
brokerage costs are obtained as shown in Table 3. 


TABLE 3 
Ratio of | Average Expected Annual Net Profit 
Sequences | Percent- 
Time Unit to Re- age Brokerage Costs of: 
versals Changes |—————___»_______ 

R(t) C(t) 1% 13% 2% 
1 day 1.18 0.73% | —67.4% —83.0% —91.1% 
1 week 1.24 2.56 — 8.55 —18.6 —27.6 
1 month 1.66 3.70 6.66 4.25 2.00 
2 months 1.50 5.02 3.66 2.44 1.23 
3 months 1.29 8.92 2.79 1.91 1.03 


As might be expected, the daily and weekly units are too short. The 
probability of success is not sufficient to compensate for the fact that 
the changes per unit of time are small relative to brokerage costs. The 
average net gain per trade is largest for units of 2 months but, because 
with this unit so few trades are completed in a year, the annual net 
gain is less than when units of one month are used. It appears, indeed, 
that, for the period under consideration, one month is the optimum 
unit of time. 

At this point a study was undertaken to determine whether it would 
be possible to select a group of stocks which would continue to be more 
volatile than the average and whether, if this could be done, the re- 
sults of speculation, employing such a list, would be more successful 
than where average stocks were used. An investigation was made cov- 
ering the period from 1900 to 1919. The number of stocks examined 
was 44 at the beginning of the period, increasing to 81 by 1918. The 10 
per cent manifesting the greatest movement for 1 year, in the direction 
of the market, was chosen as the volatile group. It was found that such 
a group was about 1.7 times as volatile as the market for 6 months fol- 
lowing its selection. The list of stocks making up the volatile group was 
adjusted at the end of each 6-month period. 

The list of rapidly moving stocks, selected as described above, was 
then subjected to a comparison with the results secured employing 
average stocks for the period under consideration. The average stocks 
would have yielded an average annual net gain of 8.9 per cent while the 
volatile stocks would have shown an average net gain of but 5.4 per 
cent. Though the volatile group manifested an average move consid- 
erably more than that of the market, this was more than offset by the 
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fact that its ratio of sequences to reversals was less favorable. The sub- 
stitution of volatile for average stocks was therefore abandoned. 

In the case of the stock market averages a study was undertaken to 
determine the degree of consistency in the data by considering distribu- 
tions of the variables over finite periods of time. Figure 3 represents 
the frequency distributions of the ratios of sequences to reversals for 
units of 1 day, 1 week, 1 month, and 3 months. Periods of 12 and 24 
units of time were considered in all cases except the last, where insuffi- 
cient data made it necessary to consider periods of only 4 units. In the 
upper part of each diagram are the actual histograms, or frequency dis- 
tributions. A better way to illustrate the probability of variations is 
by summation, or cumulative frequency distribution. The histograms, 
therefore, were smoothed, as shown by the solid continuous curve, and 
the cumulated curves computed from the smoothed distributions. The 
dotted curves represent the distributions that would be expected from 
series for which the probability of a sequence or reversal is 3. They were 
computed from the formula 





where P(S) is the probability of obtaining S sequences in a sample of n 
observations.® 

For units of 1 day the periods of 12 units have a distribution very 
nearly random with a slight tendency towards a skewness to the right. 
This skewness is more pronounced in the diagram for periods of 24 
units. 

The cumulative frequency curves have a scale on the left giving the 
probabilities of a smaller ratio, and a scale on the right, the probabili- 
ties of a larger ratio. From the figure it will be seen that the probability 
of obtaining a ratio of sequences to reversals less than 1 is about .43. 
Or again, the probability of obtaining a ratio larger than 2 is about .20 
in the case of periods of 12 days and about .09 for periods of 24 days. 
From such a diagram it is possible to determine the limiting ratio for 
any probability. For instance, the limits of a probability band of .50 
can be determined by finding the ratios for which the probabilities are 
.75 and .25, respectively, of obtaining a larger ratio. In this case, for 

8 In n observations there are (n—1) first differences. In this set of (n—1) first 
differences there can be S sequences and (n—2)—S reversals. The number of 
different orders in which (n—2) things can be arranged in two sets, S and 
(n—2)—S, is (n—2)!/S!(n—2—S)!=n_2Cs. But a sequence can occur when 
either a rise follows a rise or a decline follows a decline. The total number of 
samples containing S sequences, therefore, will be 2-n_2Cs. Since there are 2"—1 


possible samples, the probability of obtaining S sequences will be given by the 
above equation. 
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Ficure 3,—Frequency distributions of ratio of sequences to reversals 
in direction of stock price indexes, 
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periods of 24 units, 0.9 is the lower limiting ratio and 1.4 the upper 
ratio. The median ratio is 1.1. Therefore, the ratio of sequences to re- 
versals, for periods of 24 days, is 1.1; and 50 per cent of the time the 
ratios will lie between .9 and 1.4. 

The distribution for units of 1 week shows a greater tendency to- 
wards structure than in the case of daily units. In this case the cumu- 
lative curve indicates that the probabilities are about 2 to 1 in favor of 
a ratio greater than unity. The tendency towards structure is even more 
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Fiaure 4.—Frequency distributions of absolute percentage 
changes in stock price indexes. 


pronounced for units of 1 month where, for periods of 12 months, the 
chances are about 4 to 1 in favor of a ratio greater than unity. The 
cumulative curves are relatively steep, also, which indicates a high 
concentration around the average. This is especially true for the periods 
of 24 months. For units of 3 months the distributions are not nearly so 
favorable as in the previous case. They are flatter, indicating large 
variations, and the average ratio is much smaller. 

Figure 4 shows the results of the same type of analysis applied to the 
data for the percentage changes. In this case only three units of time 
were investigated as the daily units already had proved to be impracti- 
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cable. For units of 3 months the data were insufficient for grouping in 
periods of more than 4 units. For units of 1 week and 1 month the 
difference between the periods of 12 units and 24 units is so slight as to 
be without statistical significance. 

The next step was to combine these distributions in order to deter- 
mine the distribution of the expected net gain. To do this mathe- 
matically gives rise to hopeless complications unless certain simplifying 
assumptions are made which themselves cast doubt on the value of 
the solutions. Therefore, it was necessary to compute the distributions 
by empirical means. 
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Figure 5.—Frequency distributions of expected annual net profits based on 
method of sequence probabilities. Brokerage computed at 1 per cent. 


To determine these empirical distributions, values of R(t) and C(t) 
were taken which adequately covered their range of variation, and 
I(t) was computed for all possible combinations of these values. The 
average brokerage charge was assumed to be 1 per cent per trade. To 
facilitate computation tables were employed of the type illustrated in 
Table 4. 

The roman type figures in the body of the table give the values of 
I(t) for the various values of R(é) in the first column and C(t) in the 
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first row. The probabilities for each value of R(é) and C(t) are shown 
in the last column and the bottom row respectively. The probabilities 
for the various values of I(t) are the products of the probabilities of 
R(t) and C(t) and are shown by the figures in italics in the table.? The 
values of J(¢) have been classified and the sum of the probabilities for 
each value of J(¢) in any class taken as the probability of that class. 
The results of this analysis are presented in Figure 5. 

Here again are shown the histograms and cumulative frequency 
curves representing units of 1 week, 1 month, and 3 months. For units 
of 1 week the cumulative curves indicate an average annual loss of 
about 10 per cent, with but 1 chance in 3 of obtaining a net profit over 
any period of 24 weeks. The same is true to a lesser extent when we 
use units of 3 months. In this case we see there is about an even chance 
of a loss or gain. For units of 1 month, however, an average net gain of 
about 7 per cent is indicated. But, even here, no great consistency is 
evident. In fact the cumulative curve indicates that the chance of 
loss for any one year is about 1 in 3. 

Furthermore the results should be interpreted with caution in view 
of the fact that various units of time, other than 1 month, were con- 
sidered and rejected. In all, 26 such units, ranging from 20 minutes 
up to 10 years, were examined. The series represented by units of one 
month, therefore, was selected by hindsight as the most favorable one 
in 26 trials. 

This type of forecasting could not be employed by speculators with 
any assurance of consistent or large profits. On the other hand, the 
significant excess of sequences over reversals for all units from 20 min- 
utes up to 6 months, with the exception of units of 2 weeks and 3 weeks 
mentioned previously, represents conclusive evidence of structure in 
stock prices. 
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Research in Economics 
Colorado Springs, Colorado 


® The values of R(¢) and C(t) for the periods studied are randomly distributed 
and a correlation analysis between R(t) and C(t) gave a coefficient of —0.2 with 
a standard error of 0.1. This coefficient is on the borderline of significance but is 
very small. Therefore, the probabilities of 7(t) may be computed in this manner 
without great error. 
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THE DEMAND FOR BICYCLES IN THE NETHERLANDS! 
| By J. B. D. DerKsEN anp A. RomBouts 


CONSECUTIVELY we shall discuss: 

a. The demand for bicycles. Attention will be paid: 

1. To the structural development of the use of bicycles in our 
country; 
2. To the influence of the trade cycle upon demand. 

b. The home production and the imports of bicycles into the 
Netherlands. The chief factors which determine their interrela- 
tion are investigated. 

c. The exports of bicycles from the Netherlands. 


I. THE DEMAND FOR BICYCLES | 


In considering the demand for an article such as the bicycle, we have 
to distinguish between the demand for replacement of bicycles put out 
of use because of defects, etc. and the demand for new purchases (i.e., 
by new consumers). 

TABLE 1 
DEVELOPMENT OF THE UsE oF BICYCLES IN THE NETHERLANDS 











Number | Popula- Bievel Number | Popula- Bievel 
of tion (Jan- a of tion (Jan- shea 
Year | bicycles | uary 1) a bi Year | bicycles | uary 1) a bi 
(thou- (thou- * = a (thou- (thou- - c - 
sands) sands) che sands) sands) oe 
1899 94 5,075 19 1917 859 6,583 131 
1900 113 5,140 22 1918 872 6,725 129 
1901 133 5,179 26 1919 861 6,799 127 
1902 159 5, 263 30 
1903 188 5,347 35 
1904 227 5,431 42 1925} 1,811 | 7,315 248 
1905 274 5,510 50 1926 2,223 7,416 300 
1906 325 5,591 58 1927 2,266 7,526 301 
1907 378 5,672 66 1928 | 2,325 | 7,626 305 
1908 435 5,747 76 1929 2,485 7,731 321 
1909 487 5,825 84 1930 2,627 7,832 335 
1910 540 5,898 92 1931 2,755 7,953 346 
1911 592 5,946 100 1932 2,834 8,062 352 
1912 647 6,022 108 1933 2,893 8,183 354 
1913 708 6,114 116 1934 3,020 8,290 364 
1914 767 6,213 123 1935 3,206 8 , 392 382 
1915 789 6,340 124 1936 3,363 8,475 397 
1916 811 6,449 126 


1 This paper contains the results of a study made in the Section for Research 
of the Business Cycle of the Netherlands Central Bureau of Statistics, The 
Hague, Holland. We may mention here the numerous investigations made by 
this Bureau by or under direction of Prof. Tinbergen (now in Geneva) and pub- 
lished in De Nederlandsche Conjunctuur. We are much indebted to Mr. J. M. 
Fleming, Geneva, for his kindness in correcting the English manuscript. 
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It should be emphasized that these categories concern the popula- 
tion as a whole. Therefore it is of no importance to our investigation if 
someone sells his bicycle to somebody else, who makes further use of it. 

It follows from the definition that the new purchases in any year are 
equal to the increase of the total number of bicycles in use. For each 
year this number can be seen from the statistics on taxes, except for 
the period 1919-1924, when no tax was imposed on bicycles. The 
figures are shown in Table 1, which also gives the number of bicycles 
per 1000 inhabitants. Whereas this number was 248 per 1000 in 1925, 
it is now 397 per 1000 and there are no signs yet that this rapid increase 
will come to an end. 


400 
300 oa on ye 
200 yd 3 


100 





| 
1890 1900 1910 1920 1930 


Ficure 1.—Number of bicycles per 1000 of the population. The true 
figures are represented by dots to which the smooth curve was fitted. 


Figure 1 shows a graph of the numbers of bicycles per 1000 inhabi- 
tants since 1890, when bicycles came in use. The figures in Table 1 
are represented by dots, to which the smooth curve was fitted as a 
freehand curve. The curve has the well-known form of a saturation 
curve, p= 100/(1+e~-®*), as observed in a number of other cases, e.g., 
for automobiles in U.S.A.? 

From Figure 1 we may conclude that the market in Holland is not 
yet saturated. 

One may naturally ask, whether this can be expected within a short 
time, which is practically the same as asking at what point saturation 
will be attained. A reliable result cannot be obtained as only too small 
a part of the saturation curve is known. 


2 Cf. De Nederlandsche Conjunctuur, Nov., 1936, p. 18. 
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We may guess at about 550 bicycles per 1000 inhabitants as the 
saturation point, an estimate which is supported by the data for Den- 
mark, where the number of bicycles is estimated at 2 millions on a 
population of less than 4 millions. 

The annual new purchases can be calculated from the increase of 
the total number of bicycles in use, which number may be derived from 
tax figures. This increase will be smaller than the sales. The difference 
between total sales and increase of the number of bicycles in use repre- 
sents the number of bicycles for replacement. Those figures are found 
in Table 2. 

TABLE 2 
Tue STRUCTURE OF THE DEMAND FOR BICYCLES 





1927 | 1928} 1929} 1930] 1931} 1932 | 1933 | 1934] 1935 








Total sales 

(in thousands)......| 318 | 366 | 395 | 390 | 318 | 299 | 417 | 419 | 403 
New purchases....... 59 | 160 | 142 | 128 | 79 59 | 127 | 186 | 157 
Replacement purchases} 259 | 206 | 253 | 262 | 239 | 240 | 290 | 233 | 246 


From Table 2 we may conclude that the greater part of the sales is 
required for replacement. By the time the number of bicycles has ap- 





1925 1930 


Figure 2.—V =total annual consumption. 
V*=the same, as calculated from formula (1). 
P =influence of the price upon consumption. 
K =influence of the purchasing power upon consumption. 
All variables are represented as deviations from their average during 1922-1933. 


proached the level of saturation, the new purchases will have begun 
gradually to decrease. So long as the population grows, a certain num- 
ber of new purchases will be necessary. 
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From the figures given in Tables 1 and 2 we may calculate that the 
mean length of life of a bicycle amounts to 8 or 9 years. 

After the above explanation of the structure of the demand for 
bicycles, we will now investigate how far the annual consumption of 
bicycles is influenced by the trade cycle. The result of the calculation 
was that the price of bicycles and the real income of the consumers are 
the most important factors influencing consumption. The following 
relation was derived from the data of the period 1922-1933: 


(1) V =11.2K — 8.6P — 379. 


In this formula V represents the total annual consumption of bi- 
cycles (in thousands), K is an index of the purchasing power of the 
consumers, and P the price of bicycles (in guilders). From Figure 2 
can be seen that the above formula gives a satisfactory explanation of 
the course of consumption (the correlation coefficient turned out to 
be 0.88). In considering the course of the true and the calculated con- 


—10 
-20 
— 36 
—40 





1925 1930 


Ficure 3.—b =annual home production as a percentage of total consumption. 
b* =the same, as calculated from formula (2). 
Py =influence of the price of Dutch bicycles. 
Pz =influence of the price of foreign bicycles. 
All variables are represented as deviations from their average during 1922-1935. 


sumption one should remember that, because of the gaps in the avail- 
able statistics, it was impossible to take into account such circum- 
stances as irregularities in the demand for replacement caused by the 
stagnation of consumption during the war. 

From formula (1) we can calculate that the elasticity of demand 
amounts to about 1.3. 
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II. THE HOME PRODUCTION AND THE IMPORTS OF BICYCLES 


The Dutch bicycle manufacturers have succeeded in making head- 
way against foreign competition. Whereas in 1922 the greater part of 
the bicycles was imported, the share of imports in total consumption 
was less than 2 per cent after 1930 (Table 4). Further investigation 
showed that the interrelation between home production and imports 
can be chiefly explained by the prices of foreign and Dutch bicycles 
(Figure 3). This relation is shown by the following equation: 


(2) b = 87 + 0.77 (Ps — 38) — 1.22 (Py — 53), 


in which b is the home production as a percentage of total annual con- 
sumption, and Py and Pz, the average price of Dutch and foreign 
bicycles respectively. 

The correlation coefficient was found to be 0.90. 

This figure, however, may be affected by the circumstance that 
differences in quality could not be taken into account, as the available 
statistics do not give any information to this point. From the figures 
on the imports of bicycles from Great Britain and Germany, given in 
Table 5, it follows that the differences in quality are probably not in- 
significant.’ 

At the base of the development of the Dutch bicycle industry there 
is a high degree of rationalization, consisting principally in standardiza- 
tion. In connection with the fact that the necessary semi-finished arti- 
cles and parts are now also made in Holland, this rationalization has 
made possible an important price reduction. 


III, THE EXPORTS OF BICYCLES 


The exports of bicycles from the Netherlands are not very impor- 
tant. They have declined since 1928 and now amount to less than 1 
percent of the total home production. The main part is destined to the 
Netherlands East Indies and has to compete there with imports from 
Great Britain and for some years especially from Japan. On the other 
hand the imports of German bicycles have declined. 

J. B. D. DeRKSEN 


A. Romsovuts 
The Hague 


3 It may be observed that a curvilinear regression would have given a closer re- 
lationship. 
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COMMENTS ON MILLIKAN’S REVIEW OF 
PARETO’S SOCIOLOGY 


By Votrico TRAVAGLINI 


Apropos the English translation of the Trattato di Sociologia Generale, 
of Vilfredo Pareto, Max Millikan takes occasion to present to the 
readers of Econometrica his interpretation of Pareto’s sociological 
work.! 

According to the explicit statement of the author, this interpreta- 
tion should enable the ignorant or ingenuously enthusiastic reader of 
the T'rattato to “approach the book with a full realization of its in- 
adequacies,” and should adequately prepare him to discover “the true 
magnitude of Pareto’s contribution” amid “the welter of inconsistency 
and superfluity which envelopes the very meaty substance”’ of Pareto’s 
thesis. 

Millikan’s essay in its totality seems to me open to discussion, be- 
cause the Trattato is not considered as a sociological work, which it 
is in its essence, but as a philosophical one. The first part of the essay 
(Pareto as Sociologist), which should have been the fundamental one, 
has really only a purely expository character, with some important 
and a few absolutely incidental and negligible evaluations. 

Millikan sees in the Trattato a late and mistaken exaltation of the 
inductive method rather than a serious and worthy attempt at the 
theoretical arrangement of the social forces and processes. It is on this 
conception, rather than on the exposition and critical evaluation of 
Pareto’s sociological theories, that the author has based his arguments 
and conclusions, which are substantially unfavorable to Pareto’s 
sociological work. 

But also as regards the second part of Millikan’s essay (Pareto as 
Scientist) I do not entirely agree with the author. The inquiry con- 
cerning the scientific method applied by Pareto and as to the results he 
obtains through the application of this method could have been, to 
my mind, efficacious, and consequently could have made the inter- 
pretation and evaluation of the sociological work of Pareto really useful, 
only if the author: 

1. Had actually proved the errors of Pareto’s sociological theories 
as a consequence of the procedure followed; 

2. Had taken a clear stand between realism and idealism. 

Concerning the first point, one may observe that Pareto, while he 
has frequently affirmed the superiority and necessity of the inductive 


1 Max Millikan, “‘Pareto’s Sociology,” Econometrica, Vol. 4, Oct., 1936, pp. 
324-337. 
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method, has also clearly showed his sympathy with the deductive 
method. He has applied, indeed, both procedures. 

To find a confirmation for the orthodox utility of the methodological 
affirmations of Pareto, which Millikan criticizes, one could express for 
the nth time the greatest admiration and warmest praise for the induc- 
tive stage of scientific development, which has taken the place of and 
surpassed, or better, which is thought to have taken the place of and 
surpassed, from the Renaissance on, the purely deductive stage, dear 
to the classic and mediaeval world. But it would be out of place to 
insist today on the old and exploited argument, that it is evidently 
impossible to think of the priority or the superiority either of induction 
or of deduction. Observation and experiment cannot go beyond a priori 
deduction. Induction is always based on some universal principle, 
interpreted sometimes as the uniformity of nature, at other times as 
universal causality, etc. This principle, which constitutes the basis of 
induction, can evidently not rest on induction. Therefore, strictly, one 
cannot speak of the priority or superiority of induction or deduction. 
Both methods are at the same time the basis for Science, which unfor- 
tunately cannot possibly reach a complete fusion of the two.’ 

Regarding the second point, I notice that Millikan bases his theory, 
in several remarkable sections of the second part of his essay, on the 
authority of Russell, Cohen, Whitehead, etc., that is to say on the au- 
thority of some of the most brilliant exponents of contemporary realism. 

To what extent are we justified in believing that he follows their 
doctrines? We do not know exactly, but contemporary realism, in its 
different and sometimes conflicting currents, certainly has in its sub- 
stance, together with the traditional English empiricism which has 
evolved from Locke to Stuart Mill, that methodological procedure con- 
demned by Pareto, which reduces the totality and complexity of reality 
into its elemental stages and denies to thought all autonomy and all 
creative capacity. Contemporary realism, especially in some of its tend- 
encies (more in Russell than in Whitehead and Alexander), reducing 
the importance of perceptive fact to the advantage of knowledge, tries 
to give a cold, objective, total vision of reality and consequently un- 
consciously destroys a certain pre-eminence of spiritual fact over na- 
tural fact, which the classic empiricist implicitly admitted as long as 
it stopped at sensation, that is at an absolutely subjective element. 
Realism is generally concerned with reducing the subject to a particu- 
lar instance of natural objectivity, which in substance submerges and 
nullifies the subject itself. How does Millikan reconcile these and other 


2 Cf. R. G. Collingwood, Speculum Mentis or the Map of Knowledge, 1924, p. 
177-180. V. Travaglini, Gli schemi teorici del movimento della popolazione, 
Padova, 1929, p. 298, etc. 








VOLRICO TRAVAGLINI 303 


affirmations of realism with the assertion contained in the second part 
of his essay? 

Only the new realism of idealistic tendencies of the second White- 
head,* who revises and surpasses in his latest works all his first and 
prominent realistic conclusions, could be reconciled with Millikan’s 
arguments and could at the same time open the door to that interpre- 
tation of the sociological work of Pareto, which seems the best to me. 
In his work, Process and Reality, Whitehead assigns a new and remark- 
able role to feeling in the structure of his system. In such a work the 
conception of an impartial relation between mind and things disap- 
pears. Such a conception is a chimera, for which reason every ‘‘sociol- 
ogy” is an imperfect construction: necessarily imperfect in re first and 
more than imperfect because of the eventual deficiencies of particular 
cultivators or by reason of the particular methods which they follow. 
Further, it is imperfect because the materials of perception and his- 
torical element on which it rests, rather than as changeable, complex 
and fluid, which they really are, or, rather, as we actually live and feel 
them to be, become, through his elaboration, ingenuously conceived 
as existing for themselves, that is to say, independently of the thought 
which places them, in their own absolute necessity and mechanism. 
Finally, it is imperfect because, for such a theory, those materials and 
those elements are necessarily simplified and more or less unconscious- 
ly immobilized and solidified. They are reduced to the conventional 
forms of types and classes; determined one for the other in their vari- 
ous parts; chained one to the other for the succession of concepts and 
the series of causes; reduced to the rigid frames of formulas and 
schemata. 

Thus life and history, and particularly social process, lose their 
warm, inexhaustible, and unforeseen variety and complexities of forms 
and events. They are reduced to mere mechanism and determinism. 
They become a complex of necessary and continuous relations, an 
identical whole of determinations. Development, changed into cate- 
gories of abstract thought, is reduced to the static unity of relations 
and laws, which destroy all spatial and temporal contingencies, and 
for which reality, our reality, is ab aeterno immobilized, and should 
delusively be known only once and for all. 

Votrico TRAVAGLINI 

Royal University of Catania 

Catania, Italy 


3 A. N. Whitehead, Process and Reality. An Essay in Cosmology, Cambridge, 
1929. 











FINAL ANNOUNCEMENT OF THE EUROPEAN 
MEETING, SEPTEMBER 11-15, 1937 


THE European Meeting of the Econometric Society for 1937 will 
be held at Annecy, Haute Savoie, France (not far from Geneva), in 
the Hotel des Trésoms et de la Forét from September 11 to 15, 1937. 
The meeting will begin at dinner on September 11; papers will be read 
on the following days. 

Rooms with full board are available at Fr. 45 to Fr. 55, depending 
on location; a limited number of smaller rooms with simpler meals is 
also available at Fr. 30 to Fr. 35. Applications for rooms should be 
made as soon as possible to J. Tinbergen, Société des Nations, Geneva; 
no accommodations can be guaranteed to those applying after August 
25. Further details of the program and a prospectus showing the loca- 
tion of the hotel will be sent to those who inform J. Tinbergen of their 
intention to attend the meeting. Those who notify the hotel directly 
of the exact date and hour of their arrival will be met at the Annecy 
station by a motorbus. 


EDITOR’S NOTE 


An extensive report of the papers and discussion at the Sixth Euro- 
pean Meeting of the Econometric Society, Oxford, 1936, has been pre- 
pared, but because of lack of space must be deferred until the October 
issue. 
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THE NATURE OF REGRESSION FUNCTIONS IN THE 
CORRELATION ANALYSIS OF TIME SERIES 


By Hersert E. Jones 


I. INTRODUCTION 


THOUGH THE GENERAL THEORY of correlation has been extensively 
developed since its introduction by Galton and Pearson, most of this 
development has been in that field of statistics which cannot be 
adapted, without extensive modification, to the analysis of time series.! 
One of the difficulties in correlating time series is the question of the 
linearity of the regression function. Pearson’s “eta’”’ test for non- 
linearity and other tests that depend on the frequency distributions 
of the data are, as we shall see, net applicable to time series. For this 
reason most of the literature on time correlation assumes linear regres- 
sion, but there are a great many cases when the regression is far from 
linear and our ordinary methods prove inadequate. 

It is the purpose of this paper to investigate the nature of the regres- 
sion function by a new method to determine, not only the existence of 
nonlinearity, but also the general form or shape of the regression 
function. It will also show the advantages of graphical analysis in 
the study of lag and lag correlation.” 


II. THEORETICAL FORMULATION 


1. Classification of Time Series. An examination of the form or shape 
of time series will show that the cyclic movements are not, in general, 
symmetrical. Some series will have sharp crests or flat troughs, others 
are skewed to the right or left; a variety of combinations is possible. 
These shapes, however, are often quite consistent within any specific 
series over long periods of time but may vary widely between different 


1 For a good discussion of these problems see C. F. Roos, “Annual Survey of 
Statistical Technique: The Correlation and Analysis of Time “ vies—Part IL’, 
Econometrica, Vol. 4, Oct., 1936, pp. 368-389. 

2 R. Frisch has made an extensive investigation of the relations between the 
scatter diagram and linear correlation in his very interesting papers, “Correla- 
tion and Scatter in Statistical Variables,” Nordic Statistical Journal, Vol. 1, 
1928, pp. 33-102 and Statistical Confluence Analysis by Means of Complete Re- 
gression Systems, Oslo, 1934. Frisch’s derivations are quite general and are 
not limited to data ordered in time, or by the number of variables included. He 
establishes various properties of his coefficient of scatter which is a measure of 
the closeness of a set of observed quantities to linear dependency, and he is 
chiefly interested in linear correlation from the point of view of linear transforma- 
tions. The present paper approaches the problem from a different point of view 
and attempts to determine the nonlinearity of the scatter for time series in 
contrast to Frisch’s measure of departure from linearity for any kind of a 
statistical population. 
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series; and, as we show later, only when series of the same shape are 
correlated is the relation between them linear. Therefore, in general, 
the correlation will be nonlinear, but when the difference in shape is 
small, a linear regression can be used.? 

Time series in our analysis will be classified under two general cri- 
teria of form, one, a criterion of “steepness,” the other, a criterion of 
“skewness.” To segregate the cycles under consideration it is necessary 
to eliminate the trend and for the present it is assumed that this has 
been done. Since the upper part of the cycles may have quite a dif- 
ferent shape from the lower, the cycles are divided into two parts. 
That half of the cycle lying above the trend we call the positive half 
cycle, that lying below the trend, the negative half cycle. 

2. Effect of Steepness. To measure the “steepness” a criterion is 
needed that is invariant to the scale factor. This independence of scale 
factor is quite necessary since it is not the common conception of 
“steepness” (the ratio between the vertical and horizontal distance) 
that is important, but the “flatness” or ‘‘sharpness” of the cycle, 
especially in the extremes. The coefficient of variation satisfies these 
conditions very well, being invariant to the scale and quite sensitive 
to the shape of the data.* This criterion we designate by v, using v’ to 
denote the coefficient for the positive half cycle, v’’ the coefficient for 
the negative half. Although »v is often used as a percentage it will be 
used throughout this paper as the ordinary ratio, 


(1) v=0,/Z, 


where a; is the standard deviation of the observed points lying on one 
side of the trend and ¢ the mean of these points.' This criterion will 
be relatively small for flat curves, growing larger as the steepness in- 
creases, with limits of the order of 0.2 for very flat curves up to 0.9 
for very steep curves. 

Figure 1 shows the effect of steepness on the form of the regression 
curve. Figure 1-A shows two hypothetical series: the X curve is rela- 


3 Whether or not this difference is significant will depend on the sampling errors 
of the criteria. Unfortunately, we have not been able to determine these sampling 
errors as yet and for that reason the method is still in a preliminary stage. 

4 L. Hersch in his paper, ‘‘Essai sur les variations periodiques et leur mensura- 
tion,’’ Metron, Vol. 12, No. 1, 1934, pp. 3-184, defines various indexes or criteria 
for classifying periodic series. He includes the coefficient of variation but does 
not mention that it will measure the steepness of the cycle. His index for this 
characteristic is much more complicated but no more efficient. 

5 The question naturally arises whether all the points above the trend can be 
grouped together in equation (1) or if each cycle should be investigated sepa- 
rately. This question will be discussed later when we consider the practical ap- 
plications; for the present one cycle only will be studied. 
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tively flat while the Y curve is relatively steep. Figure 1-B shows the 
“regression curve’ of the two series which is actually decidedly non- 
linear though one would say offhand that the correlation was high. 

A more detailed study of the X and Y series shows that as the curves 
leave the point to the slope of the X curve is much greater than that of 
the Y curve but this relation is reversed before they reach their maxi- 
mum point E at ¢. The associated pairs of points, (xo, yo), (21, y1), 
(x2, y2), (3, ys), are plotted in Figure 1-B, and shown as the line 0-3 


Y CURVE Y CURVE 
w = 0.652 vw =0.652 
vy = 0.652 vi =0.479 
i; = 000 oo 
iy = O00 . 


x CURVE 
Vx = 0.479 
vy = 0.479 
jx =0.00 
jx = 0.00 


V/V = 1361 
< =1361 
« =0.00 





Figure 1.—Hypothetical Series showing the effect of the 
coefficient of curvature on the regression function. 


with a decided curvature towards the Y-axis. As the points travel from 
t; to ts in Figure 1-A the curve 0-3 is retraced from 3 to 6 since the X 
and Y curves are symmetrical about a vertical axis. In a similar manner 
as the points move from ¢é, to ¢) we trace the curve 6-9. If the designa- 
tions of the two series were reversed, a curvature towards the X-axis 
in Figure 1-B would result. Also, if the two cycles had been negatively 
correlated, that is, if the negative half of one cycle corresponded to 
the positive half of the other, the regression curve would lie in the 2nd 
and 4th quadrants, and the curvature would again be toward the axis 
of the steeper curve. Had the two cycles had the same steepness, their 
regression curve would have been a straight line through the origin. 
This curvature in the regression function is due to the difference in 
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the ‘‘steepness” of the two cycles, ar the regression tends to curve 
towards the axis of the steeper curve. It is not the absolute values of 

criteria of steepness that determines this curvature but some com- 
parative relation between the two. 

We may define a coefficient of curvature as v,/vz; as vy/V2= 1, the 
slope of the the regression function respectively increases, is constant, 
or decreases from the origin. 

To get a true picture of the regression function the positive half 
cycles and negative half cycles must be investigated separately. In 
Figure 1-C are shown two hypothetical series whose criteria of steep- 
ness are the same as before, but in this case the Y curve is the steeper 
in the positive half while the X curve is the steeper in the negative 
half. In other words, the coefficient of curvature is greater than unity 
in the 1st quadrant and less than unity in the 3rd quadrant. 

The coefficients of curvature and the regression curve are shown in 
Figure 1-D. This shows a salient point at the origin, but in practice 
the means of the two series are not, in general, coincident in time, and 
the actual regression curve follows some other path in the neighbor- 
hood of the origin such as the dotted line shown in the figure. So if the 
coefficient of curvature is either greater than unity or less than unity 
for both half cycles the regression is S-shaped;’ if the coefficient shifts 
from a value greater than unity to a value less than unity for the dif- 
ferent half cycles the regression is more like a hyperbola. In the first 
case the relationship could be well approximated by a cubic parabola 
while the second case a quadratic equation will usually suffice.’ 

3. Lag Hysteresis. In the above‘illustrations both the positive and 
negative half cycles were symmetrical about vertical axes through their 
centroid, that is, they were not skewed. In actual time series this 
symmetry is rarely present so the question of skewness and its effect 


6 Karl Pearson remarks on this feature in his classic paper, ‘‘Skew Correla- 
tion and Non-Linear Regression,” Drapers’ Company Research Memoirs, Bio- 
metric Series II, 1905, p. 29. Pearson writes: ‘‘... the regression curve does 

g not pass through the mean of the two characters, ...an individual with the 
mean of one character will most probably not have the mean of a second char- 
acter. This is an important result, which follows at once for nearly all types of 
skew correlations.” 

7K. Pearson also remarks on this point, loc. cit., p. 28. He says: ‘In general 
the regression line will be part of an S-shaped curve.” He gives a reference to 
a typical S-shaped regression curve but makes no explanation of this charac- 
teristic. The data Pearson usually worked with were not time series and the 
above analysis would not apply in his case. 

8 The above analysis is somewhat related to Ragnar Frisch’s theory of chang- 
ing harmonics, since Frisch’s operator could be considered as a criterion of 
shape. See his ‘““Changing Harmonics and Other General Types of Components 
in Empirical Series,” Skandinavisk Aktuarietidskrift, 1928, pp. 220-236. 
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on the regression function must be studied. Also in these examples 
the hypothetical series were perfectly in phase, that is, there was no 
“lag” between the series. Although at first thought there may not 
seem to be any connection between the concepts of skewness and lag, 
it will be seen presently that they are very closely related, being, in 
fact, the two components of what we shall call economic hysteresis. 

In the ordinary language of time-series analysis this factor has usu- 
ally been termed “lag,” but here it is necessary to use hysteresis with 
its broader concept meaning the retardation of the effect of a changing 





Figure 2.—Effect of lag hysteresis in the correlation of two sine curves 


force. The ordinary lag, or what will hereafter be called‘‘lag hysteresis,” 
is but one part of the general hysteresis, the other part being the “skew 
hysteresis.’’ The lag hysteresis can be corrected by the ordinary means 
of changing the phase, or “lagging” one of the series. The skew 
hysteresis cannot be corrected in this manner, as is shown later. 

For simplicity two sine curves will be used for hypothetical series 
to illustrate the effect of lag hysteresis on the regression function. Let 
the X curve be defined by 


2rt 
(2) x = bsin (= = :) 


9 Hysteresis was first introduced into econometrics by C. F. Roos, “‘A Mathe- 
matical Theory of Competition,’’ American Journal of Mathematics, Vol. 47, 
1925, p. 173, who showed that the integral derived in the demand equation 
when past prices are included leads to the basic equation of hysteresis as used 
in physics. This is a very appropriate term for econometrics. It comes from the 
Greek, meaning to lag or be behind, and is used in physics as the lagging or 
retardation of the effect of a changing force. This is exactly what is meant by 
“Jag’”’ in the economic analysis of time series. 
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and the Y curve by 
(3) i (=) 
= asin | —}, 
r T 


where ¢ is the phase angle or “‘lag.”’ 
These curves are illustrated graphically in Figure 2-A. In this simple 


case the functional relationship between x and y can easily be shown to 
be 


(4) a’x? — 2abxy cos « + b?y? = a*b? sin? «. 


Kq. (4) is an ellipse with its center at the origin of the co-ordinate 
system and with its axis inclined with respect to the X-axis at an angle 
whose tangent is a function of e. If e=0, that is, if the two series are 
in phase, the ellipse defined by (4) degenerates into the straight line 
(5) 
y b zy 

and the coefficient of linear correlation would equal unity. If «=90°, 
Kq. (4) becomes 

/ q? y? 
(6) Re + e =, 
an ellipse whose axes coincide with the axes of the co-ordinate system 
and whose semi-axes equal a and b. In this case the coefficient of linear 
correlation would equal zero. When ¢ has any value between these two 
limits,!° Eq. (4) defines some ellipse such as that shown in Figure 2-B. 
As the associated points, (21, y1), (%2, ye), °° * (X12, Yi2), proceed with 
time, the point on the Y series reaches its maximum, D, at ts while 
the X point reaches its maximum, C, at t,.;. Therefore, as these points 
travel with time they trace the ellipse shown in Figure 2-B. Point D, 
the maximum co-ordinate in the Y direction, will precede point C, 
the maximum co-ordinate in the X direction; in other words, the 
points will trace the ellipse in a cloekwise direction. By the same 
analysis, if the X series had preceded the Y series, the points would 
have traveled in a counterclockwise direction. If the two series were 
negatively correlated, the ellipse would lie in the 2nd and 4th quad- 
rants and, in that case, a clockwise rotation of the points would indi- 
cate that the X series preceded the Y series. 

It is also worth noting that the points C and D are the points on 
the ellipse tangent to the circumscribed rectangle whose sides are 2a 
and 2b. Therefore, when the associated points of series X and Y are 
plotted in a scatter diagram they form an open loop of elliptical shape 


10 If «€>90° it could be considered as negative and less than 90°. 
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and the difference in time between the point of horizontal tangency 
and the point of vertical tangency indicates the “lag.” 

Economic series are not sinusoidal nor are they smooth curves. But a 
scatter diagram of two cyclical series will, if the series are not in phase, 
show a loop construction. If successive points in the scatter diagram are 
connected, a rough estimate of the lag can be made by computing the 
time necessary to go from a maximum in the Y direction to the maxi- 
mum in the X direction, that is, from the point of horizontal tangency to 
the point of vertical tangency. When this lag is corrected by changing 
the phase of one of the series, the points in the scatter diagram will 
tend to concentrate about a curve which is the regression curve. In 
this manner the “lag hysteresis” may be corrected. 

The above analysis can be stated in the general theorem: When suc- 
cessive points in a scatter diagram are connected, loops indicate the 
existence of “lag hysteresis.’’ If the series are positively correlated and 
successive points rotate in a clockwise direction, the series used for 
the Y variable of the scatter diagram precedes; a counterclockwise 
rotation indicates that the series used for the X variable precedes. If 
the series are negatively correlated, these rotations are reversed. This 
“lag hysteresis” can be corrected by lagging the items of the two series 
in the necessary manner until the rotational direction becomes random 
or is reversed. If the lagging of one more item causes a consistent re- 
versal in the direction of rotation, the optimum lag lies between the 
preceding lag and the lag causing the reversal." 

4. Skew Hysteresis. The above analysis has shown the effect of “lag 
hysteresis”’ on the regression function and shows that this effect can 
be corrected by the ordinary method of lag correlation. But the 
hysteresis caused by skewness cannot be so easily corrected. 

The criterion of skewness which we have chosen, after some investi- 
gation as to its necessary attributes, is the ratio of the time interval, 
between the vertical axis through the centroid of the area under the 
half cycle and the midpoint of the half cycle, to the length of the half 
cycle.” It can easily be computed by the following formula: 


i=a ie ty 
(7 j=] S—-(“E*) /e-0, 
7 


i=a 





1 R. von Huhn has developed another method by which the lag can be meas- 
ured graphically, but it is more complicated tha. the above analysis; see his 
article, “Secondary Curves As a Measure of the Lag or Phase Difference Be- 
tween Two Primary Curves,” Jour. Am. Stat. Ass., Vol. 28, 1933, pp. 312-327. 

12 L,. Hersch, op. cit., has what he calls an index of symmetry but it does not 
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where ¢, and ¢, respectively, refer to the times at the beginning and the 
end of the half cycle. From Eq. (7) it is seen that if the centroid lies to 
the right of the midpoint the skewness is positive; if it lies to the left, 
it is negative. If we neglect the denominator, the skewness will be in 
terms of the time interval, and in many cases this is preferable. 

The manner in which the regression function is affected by skewness 
is shown in Figure 3. The positive half cycle of the Y curve in Figure 
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Figure 3.—Hypothetical Series showing the effect of skew 
hysteresis on the regression function. 


3-A is negatively skewed, while the negative half cycle is positively 
skewed. In actual time series it is usually found that the criteria of 
skewness of the positive and negative half cycles are of opposite sign. 
With the same notation as in the case of ‘‘steepness,”’ j’, will indicate 
the skewness of the positive half cycle of the X curve and j’’, will indi- 
cate the skewness of the negative half cycle. In Figure 3-A the X curve 





fit the needs of the present problem and entails more computation. Since nothing 
is known about the standard errors of Hersch’s indexes there seems to be no ad- 
vantage in using his criteria in the present analysis. 
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has no skewness and the skewness of the Y curve is j’y= —0.148 and 
j’’y=0.148; the criteria of steepness are, 


v, = 0.855 and v, = 0.479. 


In Figure 3-B is shown the functional relationship between the X 
curve and the Y curve. As the associated points, (Xo, yo), (%1, Yi), °° 
(12, Ye), travel from to to te in Figure 3-A, their regression function 
traces the curve 0, 1, 2,3, - - -, 12 as shown by the numbers in Figure 
3-B. The Y curve reaches its maximum point £ at t. while the X curve 
reaches its maximum F at a later time ¢;. In other words, because of 
the negative skewness in the Y curve, the Y curve reaches its maximum 
point first. This causes a loop to be formed in the regression function 
as is shown by the points 0, 1, 2, - - - 6; the Y co-ordinates decrease 
after reaching 2 while the X co-ordinates continue to increase until 
they reach 3. The skewness of the Y curve is positive in the negative 
half cycle, and the regression curve of the 3rd quadrant has a loop in 
the opposite direction because the X curve is first to reach its maximum. 

The coefficient of curvature is 

0.855 
v’,/v'. =v", /0"',. = = 1785; 
0.479 





which, according to the previous concepts, indicates a curvature of 
the regression function towards the Y-axis in both the Ist and 3rd 
quadrants. This is quite apparent in Figure 3-B. Figure 3-D shows the 
regression curve of two hypothetical series whose skewness is equal 
but opposite in sign and for which the coefficient of curvature indi- 
cates linearity. Their regression function, however, is far from linear 
because of the skewness of the curves. The skewness causes the figure- 
8-shaped loop, and the linearity of the coefficient of curvature is shown 
in the symmetry of the loop about the straight line MN. 

Again, as in the consideration of ‘‘steepness,” it is not the absolute 
value of the criterion of skewness which is important but its value in 
relation to the other series with which it is being correlated. If the 
skewnesses in two series were equal in value and sign, there would be 
no loop in the regression curve, and so the difference of the two skew- 
ness criteria is a good measure of this characteristic. Therefore, we 
define the coefficient of “‘skew hysteresis” by 


(8) J =jy—jz 


It must be computed for both the positive and negative half cycles. 

A study of Figure 3 shows that when the maximum point of the Y 
curve precedes the maximum of the X curve the successive points in 
the regression function travel in a clockwise direction; while if the 
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maximum of the X curve precedes, the points travel in a counterclock- 
wise direction. This condition will be indicated in the coefficient of 
“‘skew hysteresis’ by its sign, a negative value indicating that the Y 
curve precedes, and a positive value indicating that the X curve pre- 
cedes. Both illustrations in Figure 3 are, however, examples of positive 
correlation. A similar study of negative correlation shows that the 
loops will lie in the 2nd and 4th quadrants and the coefficient for the 
2nd quadrant will be 
(9) J =j'y—j''s, 
and for the 4th quadrant 

a =7""y —j' x. 

The directions of the loops are reversed from what they were in the 
case of positive correlation. That is, in the case of negative correlation, 
if the Y curve reaches its maximum before the X curve, the loop is 
formed in a counterclockwise direction, and if the X curve precedes, 
the loop is clockwise. 

This can be stated in the following theorem: If the coefficient of 
“skew hysteresis” is different from zero a loop will be formed in the 
regression curve. A negative coefficient indicates that the Y curve 
precedes; a positive coefficient indicates that the X curve precedes. If 
the series are correlated positively, a negative coefficient indicates a 
clockwise rotation and a positive coefficient indicates a counterclock- 
wise rotation; and vice versa if the series are correlated negatively. 

From Figure 3-B it is seen that the portion of the regression curve, 
10, 11, 0, 1, 2, can be approximated very closely by a straight line, 
but certainly no straight line can approximate the portion 2, 3, on to 
9, and 10. On the other hand an S-shaped curve approximates both 
branches of this curve quite well. In the example shown in Figure 3-D, 
one would have to be satisfied by the line MN if a linear regression 
function were desired. A much closer approximation, however, can be 
made by using two regression functions, one for the upward swing of 
the cycle and one for the downward swing. That is, if the coefficient of 
skew hysteresis is large, we must use two regression functions. 

The question arises as to whether or not this “skew hysteresis” can 
be corrected in a manner similar to the correction for “lag hysteresis.” 
A brief study of the series given in Figure 3 shows this to be impossible. 

In the case of “lag hysteresis” the regression was simplified by lag- 
ging one of the series until the two were ‘‘in phase.”” While.this method 
is applicable in the case where the two series have equal skewness, it 
is easily seen that new difficulties arise when this condition is not 
satisfied. In the series shown in Figures 3-A and 3-C there are three 


' 
; 
4 
' 
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ways in which the two series may be said to be “‘in phase.”’ The points 
of inflection may be synchronized as shown in Figure 3, or the maxi- 
mum points may be synchronized, or the minimum points. But in the 
last two cases the loop is only emphasized as shown in Figure 4. Figure 
4-A shows the same series as given in Figure 3-A, with the exceptions 
that the designations of the X and Y curve are interchanged and that 
the maximum points have been synchronized. The resulting regression 
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Fiaure 4.—Distortion in the regression function when 
the attempt is made to correct skew hysteresis. 


function is shown in Figure 4-B. In other words, a lag of 0.148 has 
been introduced which cancels the “skew hysteresis” in the positive 
half cycle but doubles it in the negative half. The resulting regression 
curve is quite complicated and it would be impossible to represent it 
by a simple function. Also such a relationship as shown would have 
doubtful value for giving the relation between the X and Y series. 
Again, in Figures 4-C and 4-D are shown the effect of synchronizing 
the minimum points of the series of Figure 3-C. The loop has been 
increased, and it must be concluded that these induced lags instead of 
reducing have exaggerated the effect of skewness. 
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Therefore, ‘‘skew hysteresis” cannot be entirely corrected by simple 
means. The optimum condition will be found when a lag is introduced 
such that the coefficients of skew hysteresis are equal but of opposite 
sign for the positive and negative half cycles. If the resulting coefficient 
is large, two regression functions will be necessary to show the interre- 
lationship, for the upward and downward swings of the cycle respec- 
tively. 

III. PRACTICAL APPLICATIONS 


The preceding section was based on studies of smooth, periodic 
curves. Such an analysis would have little value in econometrics if it 
could not be applied rather easily and with advantage to actual eco- 
nomic time series. In the following section three applications are dis- 
cussed and it is seen that not only is the analysis easily made but 
also certain definite advantages are gained over ordinary methods. 

Figure 5-A shows two typical time series. The upper series is an in- 
dex of industrial stock prices from 1896 to 1936 ; the lower series is 
the total deposits of national banks covering the same period. Both 
series have been corrected for trends and are shown as deviations from 
trend in percentage of trend." In these graphs the wide divergence be- 
tween actual economic series and the hypothetical curves used in 
Section II is easily seen. But the same analysis is applicable. After 
removing the trend, the coefficient of steepness was computed for each 
half cycle. In every case but one in the stock price index the criterion 
showed that the positive half cycle was steeper than either the preced- 
ing or succeeding negative half cycle; the deposit series gave con- 
sistently steeper negative half cycles. The value of the criterion of 
steepness for the whole series was then taken as the arithmetic mean 
of the individual values. These values are shown in Figure 5-A. The 
criterion of skewness was then determined for each series, the computa- 
tion being in terms of the time interval and not in terms of the half 
cycle. This method of computing the skewness is better in actual prac- 
tice since the values will indicate directly in time units the lag needed 
to make the coefficients of skew hysteresis equal and opposite in sign. 

Next the scatter diagrams were drawn. The original data were in 
quarterly figures which means 196 pairs of values. A scatter diagram 
of so many points would hopelessly confuse the pattern, and hence 


18 Cowles Commission—Standard Statistics, Index of Industrial Stock Prices. 
14 These series are given here only as an example of the above method of 
analysis. An explanation of a probable economic relation between these series 
was given by Alfred Cowles 3rd in his paper, ‘‘Effects of Building Activity and 
Other Factors on Security Prices,” presented before the Econometric Society 


at St. Louis, January 3, 1936; see abstract in Economernrica, Vol. 4, Apr., 1936, 
pp. 190-191. 
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annual averages were used. These are shown plotted, without lag, in 
Figure 5-B. At first glance this figure seems to be just a maze of points 
with no distinct pattern, because of the random fluctuations and the 
presence of other movements still appearing in the series after the 
removal of the trend which tend to obliterate any definite pattern. If, 
however, the pattern is traced successively from point to point in 
Figure 5-B it will be noticed that the points travel in a very consistent 
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Figure 6.—Scatter diagrams in the correlation analysis 
of Price and Receipts of Eggs at New York City. 


counterclockwise direction. This indicates, as was shown in Section II, 
that the X series, in this case the deposit series, precedes the stock 
price index. The loops indicate a ‘lag hysteresis,’ but, since the loops 
are not wide and are quite variable, it is difficult to determine the ex- 
act lag. Therefore, the items are lagged 1 unit, with deposits preceding, 
and the scatter diagram of Figure 5-C drawn. In this case when the 
pattern is traced from point to point, persistent loops are formed in 
a clockwise direction, indicating that the lag introduced was too large. 

















HERBERT E. JONES 319 


This shows that the optimum lag lies somewhere between 0 and 1 
year with deposits preceding stock prices. Ordinary lag correlations 
give the maximum value when deposits lead stock prices by 9 months. 
In a lag-correlation analysis there is, however, a question as to the 
significance of the difference between the correlation for 0 lag and 
9-months lag. The ordinary tests of significance fail when we make any 
reasonable assumption regarding the number of independent observa- 
tions. But the scatter diagram for 0 lag shows such a consistent pat- 
tern of loops with a counterclockwise rotation that the existence of a 
significant lag is highly substantiated. 

The coefficients of curvature and skew hysteresis are computed next. 
These are shown in Figure 5. The coefficients of curvature show indi- 
cation of curvature towards the Y-axis in the lst quadrant and 
towards the X-axis in the 3rd quadrant. The coefficients of skew 
hysteresis are very small when it is remembered that they are in 
units of 3 months. That is, less than 3 months would be necessary 
to equalize them but it is not possible to lag the items less than one 
unit and, since they are small, one regression function should suffice. 
Since the regression function curves toward the Y- and the X-axis it 
will be of the general type shown in Figure 1-D and can be represented 
by a second-degree polynomial. To determine whether a second-de- 
gree polynomial will fit the points better than a linear function, a 
generalized coefficient of correlation will be used. This was derived 
by Neyman* and is denoted by H, where n is the degree of the poly- 
nomial. H, will be the same as the ordinary coefficient of correlation. 
In this problem H,=0.415 while H.=0.536. Although the usual test 
of significance of these values is lacking, because of our lack of knowl- 
edge about the independence of observations, the use of the second- 
degree polynomial seems to show a significant increase in correlation. 

Another interesting example is given in Figure 6. Here are shown the 
price of eggs and the receipts of eggs in New York City from 1923 to 
1932. One can see at once that the series are highly correlated nega- 


1 J, Neyman, ‘Further Notes on Non-Linear Regression,” Biometrika, Vol. 
18, 1926, pp. 257-262. In terms of discrete summation 
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tively. The classification criteria, shown to the right of the series in 
the figure, indicate that the egg-price cycles have relatively steep 
positive half cycles with moderately flat negative half cycles. The 
skewness is positive for the positive parts and negative for the nega- 
tive parts. Again the skewness is given in units of the time interval, 
one month in this case. In the supply series the criteria show relatively 
flat cycles in both parts of the cycle while the skewness is small and 
of opposite sign to that of the price series. This condition brings up a 
very interesting point. Since the series are negatively correlated, the 
positive half cycles of one series are compared with the negative half 
cycles of the other; and as the coefficient of skew hysteresis is the 
difference of the criteria of skewness, the skewnesses of the two series 
tend to compensate each other because they are of opposite sign. That 
is, when two series have skewnesses of opposite sign but are nega- 
tively correlated the skewnesses of the two series tend to balance each 
other. 

The coefficients of curvature indicate a curvature toward the price 
axis in the 2nd quadrant and practically a linear relationship in the 
4th quadrant. The skew hysteresis, as was said above, is very small 
and not significant. These values are shown in the figure. An analysis 
of the lag hysteresis is shown in the two scatter diagrams. In the lower 
left-hand diagram the points have been plotted without lag. The open 
circles are points of falling receipts while the solid circles are points of 
rising receipts. There is a slight tendency for the open circles to lie 
to the left of the solid, thus indicating a clockwise rotation. This means 
that receipts tend to precede prices: But the hysteresis loop is small 
and if we let receipts lead prices by one month, the second scatter 
diagram is obtained. This shows a slight indication of counterclock- 
wise rotation which means that the lag introduced was too large, but, 
since the data are monthly figures, one has to be satisfied with either 
zero lag or with receipts leading by one month. 

The general form of the regression function is indicated by the coef- 
ficients of curvature and is easily seen in the scatter diagram. A linear 
function gives the correlation coefficient H,, or r= —.620, while if a 
second-degree polynomial is used H,= —0.786. 

Figure 7 shows the relation between new-mortgage financing and the 
inhibiting influence of foreclosures."* In the two preceding illustrations 
the analysis covered several complete cycles. In this case the statistics 
are not available for even one complete cycle. Naturally the question 
arises whether the correlation from such meager data is significant. 


6 This illustration was taken from C. F. Roos, NRA Economic Planning, 
a monograph of the Cowles Commission for Research in Economics, Principia 
Press, Bloomington, Indiana, 1937, p. 425. 
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But in the analysis of economic data very often one does not have 
sufficient data for significant conclusions. He must do the best he can 
with the data available and be careful not to draw any startling con- 
clusions from the results. 

Since these series are so short we can only investigate one half cycle 
of each series, the negative half of the foreclosure series and the posi- 
tive half of the new-mortgage financing series. The coefficients of 
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Figure 7.—Scatter diagrams in the correlation analysis 
of Foreclosures and New Financing. 


curvature and the skew hysteresis are shown in Figure 7. The scatter 
diagram on the left shows the pattern formed by connecting successive 
points and is a good illustration of the “tear drop” pattern which was 
illustrated in Figure 4-D. This pattern is the result of the positive half 
of the foreclosure cycle and the negative half of the new financing 
cycle being in phase, while the other parts of the cycles are out of 
phase. A study of the loop formed in the 2nd quadrant shows a lag 
of from two to three years and as the pattern is formed with a clock- 
wise rotation this indicates that foreclosures precede new mortgage 











322 ECONOMETRICA 


financing about two and one-half years. This lag is also confirmed by 
Roos’ building study in which he found a lag of from 2} to 2} years 
by another form of analysis.” By introducing a lag of 3 years the 
second scatter diagram is obtained and it is seen that the hysteresis 
has been corrected about as well as can be expected. Although the first 
seven points (16 to 22 inclusive) show a reversal of the loop, the next 
10 points (23 to 32 inclusive) show the typical crisscross pattern 
which indicates optimum correction. The coefficient of curvature 
shows a bending toward the Y-axis; also if a second-degree polyno- 
mial is used, the correlation coefficient is increased from —0.844 for 
a linear function to —0.932 for the second-degree polynomial. 


IV. DISCUSSION OF THEORY 


In Section II a criterion of steepness was defined and it was shown 
how the non-linearity of the regression function depended on the com- 
parison of these criteria. The question might arise concerning the 
necessity of introducing this new coefficient since Karl Pearson’s'* cor- 
relation ratio measures the non-linearity of regression. Pearson’s test, 
however, does not seem adequate for testing time series. It is well 
known that the correlation ratio is not independent of the classifica- 
tion of the data. In the analysis of those statistics which are distributed 
with respect to some physical characteristic and are grouped accord- 
ing to some logical class interval, the correlation ratio applies very 
well but is dependent partly on the classification. In such a case 


(10) je 

where - 

(11) Pe Do [ne(Fe = | 
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and 7, is the mean of the y’s in the zth array, and nz is the number of 
y’s in the array. In other words, the correlation ratio is the ratio of 
the standard deviation of the means of the arrays to the standard 
deviation of the y’s in general. As the n,’s, the frequencies in the arrays, 
approach unity, omy approaches o, and 7 approaches unity. So, if there 
were just one observation of y for each observation of x and the 2’s 
could not be arrayed, 7 would equal unity regardless of the value of r 
and the difference between y and r would have no significance in regard 
to the linearity of the regression. 

In the correlation of time series it is rarely possible to group the 


17C. F. Roos, Dynamic Economics, Bloomington, 1935, p. 103, et. seq. 
18 Op. cit., pp. 10, et seq. 
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data in class intervals. To use smooth periodic curves again as an illus- 
tration, consider the two time series in Figure 8. The X series has no 
secular trend while the trend in the Y series is very pronounced. If it 
is attempted to group the data in X arrays, such as the class interval 
centered at 21, there will be a great variation in the values of y within 
the array and this variation is due mainly to the trend in Y. Also if 
the data are grouped in Y arrays such as Yi, Yo, Y3, ete., the class 
interval must be very large to have any frequency within the array 
and a large portion of the cycle will be included in the interval, thereby 
masking the very effect that is being studied. Therefore, unless all 
movements except the one under investigation are eliminated, and 





Figure 8.—Effect of trend in the classification of 
associated pairs of observations in time series. 


unless the data can be classified without influencing the cyclic structure, 
the correlation ratio is not applicable for the analysis of time series. 

This naturally brings up the question of the elimination of the other 
factors. Heretofore it has been assumed that the other factors, such as 
the trend, have been adequately eliminated. In fact such an elimina- 
tion was necessary to obtain the criteria of steepness and skewness. 
To compute the values of the criteria, however, it is not necessary to 
fit an elaborate trend from which to obtain the deviations. All that is 
needed is the removal of the secular trend and other cyclic movements, 
except that under investigation, so that the shape of the cycle can be 
determined. Frisch!® suggested, and Maverick” later developed, a 
method of successive smoothing lines by a controlled freehand tech- 

19 R. Frisch, “Changing Hermonics and Other General Types of Components 
in Empirical Series,’”? Skandinavisk Aktuarietidskrift, 1928, pp. 234-235. 


20 T,, A. Maverick, ‘‘Time Series: Their Analysis by Successive Smoothings,”’ 
Econometrica, Vol. 1, 1933, pp. 238-246. 
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nique by which each cyclic component would be isolated. The shorter 
cycles are eliminated first and then those of higher orders. Such a 
method is open to criticism and there is usually no a priori reasoning 
behind such eliminations. But it does supply a quick and easy method 
for the determination of the classification criteria although it is pos- 
sible that the criteria may be influenced by the personal element in 
such a freehand method. Unless the series is complicated, however, by 
numerous cycles of various periods, this method is adequate for the 
purpose. The method is used for determinining the value of the criteria 
only; it is not used in the final regression functions. Frisch and Waugh 
have shown that it is not necessary actually to eliminate trend since 
it can be included as a separate variable in a multiple correlation. In 
actual practice, therefore, the trends are eliminated as explained by 
Maverick only for the purpose of determining the values of the classi- 
fication criteria. After these values have once been determined, they 
are compared with the values of the other series in the correlation 
analysis to determine the general form of the regression for each vari- 
able, including the trend. The final regression equation is then com- 
puted by the ordinary methods of multiple correlation. 

The study of correlation is usually approached through the analysis 
of frequency distributions, but such an approach does not seem ap- 
plicable to the analysis of time series. Leavens” has shown the form 
of the frequency distribution of smooth periodic curves. These are 
far from normal distributions except for certain types rarely en- 
countered in statistical series. A sinusoidal series will have a U-shaped 
distribution and actual time series usually show this tendency in a 
very flat, or bimodal distribution. Also the analysis of frequency dis- 
tributions assumes independence of observations and this assumption 
is not fulfilled in time series. Any single observation chosen at random 
may meet such requirements but in ordinary analysis at least one item 
of a time series is known and the probability of the value of the follow- 
ing item is not distributed in accordance with the general frequency 
distribution but in a much more narrow range. A study of the general 
distribution of time series shows that the relative steepness of the cycles 
may be computed but that the computation of the skewness is very 
complicated and in either case these computations are much more 
difficult than the ones given in Section II. Therefore, it does not seem 
that correlation analysis of time series can be approached adequately 
through a study of their frequency distributions alone. 


21 R. Frisch and F. V. Waugh, ‘‘Partial Time Regressions as Compared with 
Individual Trends,” Economeraica, Vol. 1, 1933, pp. 387-401. 

22 —D. H. Leavens, ‘‘Frequency Distributions Corresponding to Time Series,’ 
Journal of the American Statistical Association, Vol. 26, 1931, pp. 407-415. 
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Vv. SUMMARY 


To summarize very briefly, it has been shown that time series can be 
classified in two general classifications, one of steepness and one of 
skewness, and that the general form of the regression function will 
depend on the comparison of these classification criteria. In general, 
the regression will be nonlinear, and if the resultant skewness is large 
there will be a hysteresis loop in the regression function which can be 
corrected only by the use of two functions, one during the upward 
trend of the cycle and one during the downward trend. By tracing the 
pattern formed in the scatter diagram by connecting successive points, 
the limits within which the optimum lag lies can be determined quickly 
by noting the direction of rotation of this pattern; for positive correla- 
tion, clockwise rotation indicates that the Y variable precedes the X 
variable, and counterclockwise rotation, the opposite. This rule is re- 
versed in the case of negative correlation. 

It must be borne in mind that the coefficients of curvature and skew 
hysteresis defined above can give only the general form or shape of the 
regression function and not its analytical type. The actual choice of 
the regression function is still undetermined. But statistics is a practical 
study and though we cannot deny the existence of nonlinear regres- 
sion, we must not run riot with mathematical formulae. The above 
analysis gives an a priori basis for the general shape of the regression 
function, but there is no such basis for choosing any of the many 
functions that would approximate this form. Therefore, until a more 
adequate foundation of time-series analysis is developed, simple re- 
gression functions should be chosen and usually second- or third-de- 
gree polynomials or logarithmic functions will suffice. 

The above analysis is, in many ways, preliminary. There is an ob- 
vious need for the sampling errors of the classification criteria and the 
coefficients of curvature and skew hysteresis. In fact, the discovery of 
these sampling errors might easily change the choice of the criteria. 
But the above analysis does show the reasons underlying the problem 
of nonlinear regression in the correlation of time series, and it is 
hoped that further research will put the method suggested here on a 
sound statistical basis. 

HERBERT E. JONES 

Cowles Commission for 

Research in Economics 
Colorado Springs 








NOTE ON THE PHASE DIAGRAM OF TWO VARIATES 
By Raanak FRIscH 


WHEN TWO VARIATES 21, 22 Move in time in a wavelike manner main- 
taining approximately the same phase relation (in which case they must 
also have approximately the same length of swings), the historical 
path in the (x1, z2) diagram will, as is well known, have more or less 
the shape of an ellipse. This ellipse—the phase diagram of the two 
variates—is useful for various purposes in connection with the study 
of the time shape of the variates. Mr. Herbert E. Jones in his paper 
in this issue of Econometrica,! has studied some of these uses. 
There are one or two other points in this connection which may de- 
serve mention. 

As a conceptual pattern consider two sine curves with the same fre- 
quency a, but in general different phases and amplitudes—the latter 
may be not even commensurate: 


(1) a1 = Ai sin (a; + at), 22 = Az sin (a2 + at), 


where @;—4z is the lead or lag of x: over x2 according as this difference 
is positive or negative. The lead fraction, h, is the lead expressed as 
a fraction of the common period: 

a, — a lead 


2 h = = . 
@) 2a period 








Since the numbering of the two variates is arbitrary we may let x 
be the leader and consequently take h as a number between 0 and +1. 

The historical (71, r2) path will now be an exact ellipse as in Figure 1. 
In an actual case we shall have wiggles around the underlying ellipse. 

There are two characteristics of the ellipse which it is fairly easy to 
determine by a freehand smoothing or simply by a visual inspection, 
namely, its thickness as determined by the ratio \=c/C of one of its 
axes (for instance the minor axis) to the other (the major axis), and 
its inclination as determined by the slope »=A2/A, of the diagonal of 
the circumscribed rectangle. These graphically determined character- 
istics reveal amongst others the lead or lag between the two time 
curves. We have indeed 


(3) sin 2h = 





1 Pp. 305-325. 
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This expression is unchanged if v is replaced by 1/», and it is also un- 
changed if \ is replaced by 1/A. Hence it does not depend on the num- 
bering of the variates nor on which of the two axes is expressed in 
terms of the other. Conventionally the numbers \ and » should here 
be taken positive in accordance with the convention that the lead h 
is taken as a number between 0 and 1. For many years I have used 
(3) as a convenient and rapid means of determining average lead or 
lag. 





Figure 1. 


It is easy to prove (3) by noticing that the equation obtained by 
eliminating ¢ between the two equations (1) is 


a Lie a 
(4) (+) —2 cos 2rh + (=) = sin? 2h. 
A; AjA2 A; 





Since the quadratic form in the left member is positive definite, (4) rep- 
resents an ellipse. The square of the ratio between its two axes is 


x2 A? + A? — V(A? + A;2?)? — 443242? sin? 2th 
A? + A? ok Vv (A? -+ A2?)? = 4A;7A2? sin? Qrh 


By the definition of » we further have 


(5) 
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2 2 
(6) oe = a ee: 
v AjAg 
This gives (3). 

Instead of determining the ellipse by a freehand smoothing, we may, 
if a sufficiently large range of observation is available, do it by comput- 
ing the standard deviations o; and oz and the correlation coefficient 
Tyo Of x; and x over the range. If the range is large as compared with 
the length of the period, the equation of the ellipse will be 





ZN Uw X2\? 

(7) (=) —2 a Te + (=) aa, 2(1 — fw). 
02 0102 02 

Hence, the lead will be determined by 

(8) Tig = Cos 2rh. 


This latter formula, however. assumes that the range is fairly large, 
while (3) may be used whenever a freehand or other smoothing of the 
ellipse is possible. 

Ragnak FRIscu 


University of Oslo 





AN EXAMPLE OF MEANINGFUL CURVILINEAR 
REGRESSIONS IN ECONOMIC TIME SERIES! 


By Horst MENDERSHAUSEN 


IN A RECENT enquiry into the influence of the business cycle and of 
weather upon the size of seasonal fluctuations in the building indus- 
try? the problem arose, as to what shape should be chosen for the re- 
gressions connecting the variables involved. This problem is funda- 
mental to all correlation analysis. 

The linearity of the regressions, which is assumed frequently, though 
not always very consciously, will, upon closer examination, be found 
not rarely to give a bad representation of the relations to be deter- 
mined. Furthermore, there is often not sufficient theoretical reason for 
assuming a linear connection. 

When, on the other hand, the attempt is made to fit curvilinear re- 
gressions to the empirical scatter, the same two difficulties not infre- 
quently arise: (1) even the curvilinear regression, especially when a 
simple mathematical curve is taken (e.g., a third-degree parabola, a 
logarithmic curve, or a simple hyperbola), does not fit the scatter; 
(2) even if the curvilinear regression, whether it is an analytical func- 
tion or not, does fit the scatter, the result remains unsatisfactory as 
long as the particular regression shape cannot be explained in terms 
of the nature of the phenomenon studied. 

In what follows, a case is presented in which it has been possible to 
determine curvilinear regressions which not only fit the scatter well but 
also possess a clear significance in terms of the phenomenon in hand. 

The materia! of the enquiry consists of the following monthly series 
for unemployment in the building industry: United Kingdom, 1919- 
1935; the Netherlands, 1918-1935; Belgium, 1920-1935; Denmark, 
1918-1934, and Germany, 1919-1933. The percentages unemployed 
were transformed into percentages employed, and from these series 
12-months moving averages were computed. Gross seasonal indices 
were then obtained by dividing each value of the original series (the 
percentage employed) by the value of the 12-months moving average 
centred for the same month. These ratios were taken as the dependent 


1 The author is much indebted to Dr. Hans Staehle for his kindness in trans- 
lating this paper into English and for his many valuable suggestions. 

The paper was read at the European Meeting of the Econometric Society in 
Oxford, September, 1936. The author would like to express his thanks for the 
suggestions which were put forward in the discussion, particularly those of 
Prof. Ragnar Frisch and Dr. Jakob Marschak. 

2 This enquiry forms the object of a doctor’s thesis at the Geneva University 
which is soon to appear under the title Les variations de la saisonnalité dans 
U Industrie de la construction. 
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variable (X,). Different independent variables were taken for the 
months in different seasons. For the winter months, January, Febru- 
ary, and December, two independent variables were generally con- 
sidered: (1) the average level of employment during the preceding 
months of September and October, reflecting mainly the cyclical posi- 
tion of employment at the end of the good season, the seasonal forces 
then being in an approximate equilibrium (X_); (2) the average tem- 
perature during the particular month (X3). Different independent 
variables were used for the summer months from May to August and 
for the remaining months. See below. 
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Figure 1.—Examples of Temperature Regressions. (1) United Kingdom, 
15 January values; (2) Netherlands, 17 January values. 


Multiple correlations were computed for each winter month, first 
on the assumption of linear partial regressions of X; on X2 and on X3 
so that the expected value of Xi, ie., X.’, for the month of January 
was determined by 

Xi! =Xitbie.s Lo+bi3.2 23 


where x2 and x3 are deviations of the values of X_ and X; from their 
respective arithmetic means, Xi is the mean of the values of Xi, and 
bie.3 and bi3.2 are the partial regression coefficients. 

The partial regressions of X; on X3 were well represented by straight 
lines. 

The coefficients b:32 all had positive signs. This corresponded to 
expectations regarding the connection between the seasonal indices and 
temperature during the winter months: warm temperatures give rise 
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to relatively small seasonal movements, i.e., high gross seasonal in- 
dices, whereas cold temperatures give rise to relatively large seasonal 
movements, i.e., low gross seasonal indices. Since there were no a 
priori reasons for preferring, over the range of the data, any other 
shape for the regression to the straight line (see also footnote 8 below), 
the latter was taken. 

The case was different for the partial regressions of X; on X2. Here 
there were a priori objections against the use of straight lines. 

Let us first consider the possible range of variation of X; and Xe. 
Whereas temperature undergoes variations to which there is no limit 
theoretically, the variables X;, X2, possess only a limited range of 
possible variation. X2, describing the cyclical situation, cannot be 
larger than 100 per cent (meaning full employment during the months 
of September and October), and it cannot be smaller than 0 (complete 
unemployment in these months). We therefore have 


0<X.<100. 


As regards X,, the seasonal index for a winter month, it cannot fall 
below 0 per cent of the corresponding 12-months moving average, and 
it also cannot, at least practically, be larger than 100 per cent. While 
indeed the winter minimum of employment in the building industry 
might perhaps, though not easily, be eliminated in our latitudes, it 
could not rationally be changed into a winter maximum. We therefore 
practically have 


0<X,<5100. 


If there exists a correlation between X, and X, the line of regression 
of X, on X-2 cannot be either perpendicular or horizontal and must 
therefore be inclined in some direction and thus approach one of the 
four corners of the field of variation. These four corners are: 


(1) X= 0,M= 0, 
(2) X2= 0,Xi=100, ° 
(3) X2=100, X= 0, 
(4) X2=100, X,=100. 


It must, however, be noted that there is no inherent (i.e., technically 
determined) reason why any of these limiting values should necessarily 
be attained. Further hypotheses concerning the shape of the regression 
curve can be made. Let us consider the total building activity to be 
composed of two kinds of work: the urgent repair and maintenance 
work’ (uw) on the one hand, and the postponable work (p), including 


3’ That is, work whose postponement would render existing structures unin- 
habitable or otherwise useless, and work necessary for the mere maintenance of a 
building enterprise. 
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expansion work and postponable repair work, on the other. Then each 
gross seasonal index of employment (X:) can be taken as a weighted 
average of two gross seasonal indices, namely the gross seasonal index 
of urgent work (w./¢.) and the gross seasonal index of postponable 
work (w,/¢p), i.e., 
Wu —- Wy 
Xx; = ———__, 
du + dp 


where the w’s represent the level of employment applying to each kind 
of work and the ¢’s the respective levels of the 12-months moving 
averages, which serve also as weights. 

The value of X, thus depends on the values and weights of two par- 
tial seasonal indices. We can make some assumptions with regard to 
these factors, by taking into consideration the known conditions of the 
building trade.* 

(1) The urgent work can—roughly speaking—be considered as in- 
dependent of seasonal changes. This kind of work must be done what- 
ever the climatic conditions are. Thus w,/¢, may be taken constantly 
as approximately 100 per cent,® i.e., indicating an absence of seasonal 
fluctuations of employment. Cyclical changes have practically no in- 
fluence on this partial seasonal index. 

(2) The postponable work is influenced by seasonal changes, but the 
degree of seasonality depends on the cyclical situation, the natural 
influences being eliminated and other social influences being assumed 
negligible in a first approximation, For a winter month w,/¢, can 
fluctuate between 100 and 0 per cent. We may expect only a slight 
seasonal setback (i.e., high gross seasonal indices) in the winter during 
a favourable period of the business cycle, because high profits and 
pressing demand make it worth while to undertake building even at the 
higher costs entailed by work during the winter. If the cyclical situa- 
tion becomes maximal (X_.=100), w,/¢, will become 100 per cent, pro- 
vided that there is no irreducible minimum of seasonality (due to habits 
of builders or consumers, lack of technical equipment, etc.). On the 
other hand a continued depression will call forth a continued concen- 
tration of the postponable work in the good season, when building 


4 See S. Kuznets, Seasonal Variations in Industry and Trade, New York, 1933; 
E. Gjermoe, ‘“‘The Seasonal Movements of Employment in their Relation to 
Business Cycle,’”’ Nordic Statistical Journal, Vol. 3, 1931, p. 532 ff., and my own 
study soon to appear in the International Labour Review on the reasons for the un- 
diminished persistence of seasonal variations in the building industry. 

5 Small deviations from this value may occur, not only as a result of random 
fluctuations but also through changes in the rate of growth of the total number 
of buildings in existence. These deviations may be neglected in this connection. 





HORST MENDERSHAUSEN 333 


costs are lower and risks smaller. Thus w,/¢, (for a winter month) 
will fall, and there appears to be no reason for this fall not to reach the 
value w,/¢,=0 during a very bad cyclical situation. 

(5) From considerations (1) and (2) one might expect that X, 
would rise or fall according to a rise or fall in Xe, if the weight of the 
two components were constant. In this case indeed the presumed 
positive regression of w,/¢, on X2 would cause a positive regression of 
X, on X» over the main part of the X.-scale. With falling X, this re- 
gression would however approach, and stay at, a minimum value 





Figure 2.—Plausible Regressions of X; on X2 and their limiting values. 


Wu/ (duty), until (¢.+¢,) becomes 0, and X, therefore an indeter- 
minate value (0/(0+0)). 

But the weights of the two components of X, cannot be assumed 
to be constant. Cyclical changes have a very small effect on the amount 
of urgent work but they do affect strongly the amount of postponable 
work. When building activity increases the postponable work becomes 
relatively more and more important. Thus the weight of w,/¢, will 
increase, the weight of w./¢. will diminish relatively, and the regres- 
sion of X, on X» will more and more be determined by the positive 
regression of w,/¢, on X2. Under the very probable condition that from 
a certain moment during the improvement of ‘‘times’’ the increase of 
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the expression w,/(¢.+¢,) will become greater than the decrease of 
¢u/ (duty), X1 will rise. Inversely when building activity decreases, 
the postponable work will become less and less important, and it may 
be assumed that it will disappear completely if the cyclical index ap- 
proaches X2=0. Thus the weight of w./¢. will increase and the re- 
gression of X, on X_ will be more and more determined by the con- 
stant: w./¢.=100. As soon as p vanishes, X, will become equal to this 
constant. This will occur before X2 has reached 0, namely at that 
point where X2 is only determined by work of the kind wu. 

(4) Assuming a continuous and smooth shape, the regression of X; 
on X- for a winter month might thus look like one or another of the 
U-shaped, more or less concave and more or less symmetrical curves 
shown in Figure 2, approaching two of our four possible limiting values 
(X2=0, X:=100; X.=100, X:=100). 

In the right-hand part of Figure 2 the influence of the positive re- 
gression of w,/¢, on X2 dominates, in the left-hand part, the diminish- 
ing importance of this influence and the increasing weight of w./¢. 
cause a negative regression of X,on Xe. Between these two tendencies 
there must be a more or less extended sphere of non-regression, where 
X, reaches a minimum. The locus and extension of this sphere is deter- 
mined by the inherent mechanism of the phenomenon in hand. 

For the summer months the regression curve should take the shape 
of an inverted U, as can easily be shown by an analogous demonstra- 
tion. 

Let us now consider the regression curves which have been found 
empirically. : 

The analysis of the scatters showed first that for no series do we 
possess enough points to construct the regression over the whole 
theoretical range of the values for X2. The observed ranges of variation 
were: 


for the United Kingdom from 97 to 70 per cent; 
for Belgium from 99 to 66 per cent; 

for the Netherlands from 98 to 63 per cent; 
for Denmark from 96 to 55 per cent; and 

for Germany from 99 to 21 per cent. 


This leads to the expectation that the German data offer the best 
chance for finding the true regression, whereas this chance is smaller, 
and increasingly smaller, for Denmark, the Netherlands, Belgium, and 
the United Kingdom. 

In accordance with these expectations, curvilinear regressions were 
found for Germany that both fitted the scatter and corresponded 
to the above hypotheses. Straight lines as well as third-degree parab- 
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olas proved unsatisfactory both practically and theoretically. Other 
or more complicated functions were not tried, mainly because the re- 
gression outside the observed range of X2 could not be determined. 
Without, however, some knowledge of the unknown range in question, 
there would not be much sense in expressing the regression by a mathe- 
matical function. For this reason semi-mathematical freehand curves 
were fitted to the points of reference found by an averaging process 
analogous to that suggested by Ezekiel.§ 





Figure 3.—Regressions of X; on X2 for Germany: January, February, 
and December, 14 values in each case. 


January: 0, -*-:---: ; February: zs, —————; December; @, ------ j 


The following “coefficients of multiple determination” corrected for 
the small number of points (R1.23") were found for the various months: 


January February December 
Straight line 0.58 0.73 0.38 
Third-degree parabola 0.79 0.82 0.51 
Semi-mathematical freehand curve 0.88 0.90 0.68 


Figure 3 shows the scatter and the regression curves for the three 
winter months. Whereas the curves are very characteristic in the 
right-hand part (X2>80 per cent) the left-hand part shows a high 
standard error owing mainly to the small number of points. Figure 
4 shows the regression for the month of January together with the 


6 Methods of Correlation Analysis, New York, 1930, p. 131. 
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approximate value of its standard error, computed by the method 
proposed by Ezekiel.’ 

The systematic way, however, in which the scatter approaches the 
regression curve, as well as the correspondence between the hypotheses 
and the real regression, strongly suggest that even the left-hand part 
of the curve (X2<80 per cent) is more significant than would appear 
from its high standard error. Even if in its details it may be accidental, 
the left-hand part of the curve nevertheless clearly exhibits a general 





Figure 4.—Regression of X; on X2 and approximate values of its standard 
error for Germany: 14 January values. 


tendency for the strong initial drop of the winter indices, which takes 
place with the increasing cyclical depression, to slow down and finally 
to stop, and for the indices even to show a tendency toward a renewed 
increase, rather than toward a continuation of the decline. It may, 
however, be imagined that if more complete materials were available, 
the regression might at the lower end of the X.-scale tend neither to- 
ward X,=0 nor toward X,=100. It might be, for example, that either 
any intermediate value of the Xj-scale would be found as the real 
lower limiting value, or that the correlation between X_ and X; com- 
pletely vanishes in this part of the X2-scale. 

Similar partial regressions of X, on X»2 were found for two im- 


7 Op. cit., pp. 263 and 384 ff. 
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portant professional groups of the buildine industry, i.e., bricklayers 
and painters. 

The Danish material supplied analogous results, with the only 
difference that, given the smaller range of the cyclical fluctuations, it 
was not possible to get near the point where X.=100 nor to the other 
point where the fall of the seasonal indices stops. Figure 5 shows by 
way of example the scatters and the regression curves for the months 
of January, February, and December. 





Figure 5.—Regression of X; on X2 for Denmark: January, February, 
and December, 16 values in each case. 


January: z, —————;; February: 0, —-:—------- ; December: @, — — — -. 


The following table of the values of Rj.23? gives evidence of the 
superiority of the curvilinear regression over the straight line for Janu- 
ary and February. It is less striking than in the German case. In De- 
cember some extreme values are not so well fitted by the curve as by 
the straight line, so that the correlation becomes even worse. 


January February December 
Straight line 0.83 0.83 0.70 
Semi-mathematical freehand curve 0.94 0.86 0.60 


It has not yet been possible in the analysis of the Dutch, Belgian, and 
British materials to discover such curvilinear regressions of X; on X2 
as would show a better fit than the linear regressions. There are two 
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reasons for this: (1) the observed range of the X2 values is smaller; 
(2) the seasonal indices for the winter months are higher, therefore also 
the range of the X; values is smaller than in Denmark, not to speak 
of Germany. The narrower the range of the values for X; and Xe, the 
easier it is to obtain a good fit simply by the use of a straight-line re- 
gression. Diagram 6 shows the partial regressions for the month of 
January relating to all the five countries which it has provisionally 
been possible to cover in this enquiry. 

In the case of the United Kingdom the straight line already points 
toward the upper limit. No tendency toward curvilinearity could be 





Fiaure 6.—Regressions of X; on X2 in (1) United Kingdom (15 values), (2) 
Belgium (14 values), (3) the Netherlands (17 values), (4) Denmark (16 values), 
and (5) Germany (14 values), indicating in each case the range of X2 covered 
by the observations. 


discovered. This does not exclude the possibility that, if X_ had smaller 
values, the fall of the regression toward the left would slow down or 
even stop and point toward the lower limit (0, 100). In the case of 
Belgium and the Netherlands there were some traces of curvilinearity, 
but the fit of such curves was not sufficiently superior to that of the 
straight lines to permit of the conclusion that the curvilinearity had 
been proved. It may be assumed that in these cases also this conclusion 


8 This also applies to the partial temperature regressions dealt with above. 
It is, in fact, very probable that, to the extent to which X; attains extraordinarily 
high or low values so that X, will therefore be nearly 0 or 100, the regression 
f’(xs) will differ from a straight line. It may be imagined that from the shape / it 
may change into the shape /. This situation however did not occur in our ex- 
amples. Cf. the position of the points ® (X;=100) in Figure 1. 
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might be arrived at by a refinement of the analysis, the inclusion of 
further variables, etc.? Should this, however, not be the case, a new 
situation would arise. The regression of X; on X», since it is seen in our 
figure not to be pointing in the direction of X:=100, cannot pass 
through this point. This means that, while the seasonal movement 
showed a tendency to disappear completely in Germany, Denmark, 
and the United Kingdom, when X; attained its maximum, this would 
not be the case in Holland and Belgium, although there is a reduction 
in the seasonal variations corresponding to an improved general eco- 
nomic situation. This question of an irreducible minimum of season- 
ality could only be cleared up by a further enquiry. 

Our hypothesis that the true regression of X; on X- is curvilinear, 
with a tendency toward a U-shape, corresponds to the relation be- 
tween the average seasonal deviation for a given year and the central 
value of the 12-months moving average of the same year, which has 
been found by E. Gjermoe.!° Gjermoe has worked on the data for the 
percentage employed among: (1) all trade-union members; (2) metal 
workers; and (3) “seasonal” (i.e., mainly building) workers, of Nor- 
way. 

Gjermoe fitted hyperbolas to his scatters. Obviously, however, such 
hyperbolas are inconsistent both with the existence of definite finite 
limits for the extreme values of the variables and also with a U-shaped 
regression. Both these conditions should also have been taken into ac- 
count in his enquiry, for in fact the scatter shown in Gjermoe’s dia- 
grams 1 and 3 shows a clear tendency to deviate from the hyperbola 
and to approximate an inverted U-shape curve. (The inverted “U” 
follows from the use of the average seasonal deviation for the whole 
year instead of seasonal indices for particular winter months as the in- 
dependent variable). In his diagrams 1, 2, and 3, furthermore, a clear 
tendency of the points toward the upper limiting value can be seen. 

Gjermoe’s most interesting contribution may therefore be criticised 
in this connection on the ground that the hyperbolic regression was as- 
sumed without any consideration of the conditions of the phenomenon 
studied. Furthermore, the choice of the seasonal deviation for entire 
years, the omission of the forces of nature influencing employment, 
and a few other points might be criticised. 

The presence of curvilinearity with a tendency toward a U-shape in 
the Norwegian series studied by Gjermoe not only offers a further 
example of the regression shape discussed in this paper, but it also 


® It may be mentioned that it has been possible to improve the Dutch correla- 
tion quite considerably by including the quantity of rainfall as a third inde- 
pendent variable (X,). 
10 Op. cit., pp. 544 ff. 
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indicates that this shape might possibly be met with in industries other 
than the building trade. 

As regards the summer months it has been possible to find regressions 
for Germany that are exactly analogous to those found for the winter 
months. They are shown in Figure 7 for the months of June and July. 

In these computations only one single independent variable (X;5) 
was used, ie., the percentage of employment for April, reflecting 
mainly the cyclical situation at the beginning of the good season. (In 





Figure 7.—Regression of X; on X; for June and July in 
Germany (13 values in each case). 


June: 0, —*-—°-: ; July: 2, 


most of the series the gross seasonal index of April varied very little 
and proved to be uncorrelated with the cyclical and seasonal situation 
during the winter. Therefore, the percentage of employment for this 
month could in these cases be taken as an approximate index of the 
cyclical situation at the beginning of the good season.) 

The situation is quite analogous to that concerning the winter 
months. X; may vary from 100 to ©, but rather shows a tendency to 
remain near the limiting value X,=0, X:=100, when X; becomes rela- 
tively small. The available points permit of drawing the beginning of 
the curve which might, if it were possible to extend it over the whole 
scale, conceivably take an inverted U-shape. The following table shows 
the slight improvement of the correlation by this curve: 

June July 


Straight line 0.64 0.68 
Semi-mathematical freehand curve 0.67 0.72 








_ 
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The left-hand part of the curve (X;<80 per cent) is again uncertain 
because of the lack of observations. We ? pplied finally Blakeman’s test 
of linearity to the analyzed regressions. The curvilinearity was found 
to be “significant” in the German winter cases, “insignificant” in the 
Danish winter and the German summer cases. This test is, however, 
too rigorous to be taken as decisive in this connection. The stated 
curvilinear regressions correspond better than the linear to our expec- 
tations, and there is no one case in compensation where a curvilinear 
tendency in another than the supposed sense could be secured. 

In conclusion, it mav be said that the material proves that a curvi- 
linear regression of X; on Xe, for which plausible hypotheses can be 
made, exists in Germany and in Denmark. The regression could not 
be determined over the very lowest part of the X2-scale. The German 
materials for the winter months, however, make our hypothesis of a 
U-shape for the total regression probable. 


Horst MENDERSHAUSEN 
Geneva 








ECONOMIC CONSEQUENCES OF TECHNICAL 
DEVELOPMENT, WITH SOME ILLUSTRA- 
TIONS FROM DANISH INDUSTRIES 


By L. R. NrensTaEDt 


1. COSTS AND THE GENERAL CONCEPTION OF 
TECHNICAL DEVELOPMENT 


IN A RECENT publication by Schneider! the problem of technical de- 
velopment and its relation to and influence on capital investment is 
taken up for consideration. Schneider makes reference to studies by 
Gustaf Akerman? and from this investigator he has acquired the term 
“automatization,” which is used as a designation of the essential 
features of technical development as far as production is concerned. 
For the sake of clearness the definition of the term as offered by Aker- 
man is modified by Schneider. He defines* automatization by saying 
that “a mechanical work process has attained a higher degree of 
automatization with regard to the capital invested in machinery, when 
the production of equal quantities of product in a certain length of time 
(e.g., an hour) is accomplished with a smaller number of workers co- 
operating now with the new and more complicated machines.” 

On the basis of an analysis of total costs in relation to various causes 
of depreciation or deterioration as well as in relation to capital in- 
vested, interest paid on the investment, and total yearly wages (de- 
pending on total hours of utilization) he formulates a system of equa- 
tions corresponding to entrepreneurial calculations made, when in prac- 
tical life a decision as to the advisability of an investment is needed. 

We shall attack the problem differently, giving it a more compre- 
hensive formulation, which is not confined to the individual production 
unit at a certain time, but which will explain to us why technical im- 
provements, so to speak, force themselves upon an industrial com- 
munity and step by step change the conditions of this community in 
the manner observed in all modern societies. For it should well be re- 
membered that once a certain technical possibility has been put at the 
disposal of a certain industry the question of utilizing it in a certain 
production unit is not a choice but a necessity and the moment at which 
the step is made may determine once and for e!1 if the particular unit 
in question shall continue to operate or not. 

The equations as formulated by Schneider do not allow the con- 


1 “Das Zeitmoment in der Theorie der Produktion,” Jahrbiicher fir National- 
ékonomie und Statistik, Jan., 1936, pp. 45 ff. 

2G. Akerman: Realkapital und Kapital, Hft. 1., Stockholm, 1923. 

3 Op. cit., p. 54. 
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sideration of this aspect of technical development nor do they allow 
the consideration of relations between strictly technically determined 
quantities and money values or economic quantities; but a slight 
change in the basic definitions and formulation of the problem may 
accomplish the end in view. 


2. THE WORK PROCESS AND TECHNICAL DEVELOPMENT 


It appears that the term ‘‘automatization”’ in the very general sense 
in which it is taken by Akerman and Schneider does not cover the 
conditions of practical life, for it has reference only to a certain step 
in the development of mechanical processes (installation of automatic 
machines) but is not at all significant to technical development in 
the early stages. For this reason Akerman has to distinguish between 
two phases of which the first one is evidently not an ‘‘automatization”’ 
as far as the word is used technically. Further the word has no sig- 
nificance in relation to the development of nonmechanical production 
processes such as, e.g., the smelting of pig iron, and, as we shall have 
an opportunity to see, the essential facts of technical development ap- 
ply in quite the same manner to the latter processes as to the former. 
For this reason, and as a first generalization, we shall prefer to de- 
scribe technical development, as far as production is concerned, simply 
as increasing productivity, i.e., increasiny quantity of product per pro- 
ductive man-hour, and it will be the purpose of the present analysis to 
distinguish between various ways in which this increase can be accom- 
plished by technical means. 

The performance of a physical work process is the basis of all pro- 
duction. By a work process we will understand any kind of transforma- 
tion or transportation of material substance, which has an economic 
end in view and by which physical energy is consumed or liberated. 
In the first place we will distinguish between a primitive work process 
and an entirely technical work process. In a primitive work process the 
necessary work energy is supplied by man himself or animals. It is 
always mechanical. In an entirely technical work process the neces- 
sary work energy is supplied by technical means only, e.g., heat. It 
may be either mechanical, since heat energy by transformation in 
mechanical power generators (steam engine, turbine, diesel engine, 
etc.) may be transformed into movement, or it may be nonmechanical 
in a physical sense, when heat is directly applied to the work process. 
It may be nonmechanical in a chemical sense, necessary energy for the 
process being supplied: (1) by the reacting materials themselves with 
no excess or deficiency of energy; (2) by energy to be applied from 
without (endothermic processes); (3) by energy developing in excess 
(exothermic processes). 
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Mechanical energy supplied by technical means may co-operate 
directly with mechanical energy supplied by man as an integrating part 
of a certain work process. The work process is then nonautomatic. 
This is a combined technical process and corresponds to the first phase 
of “automatization” as described by Akerman. It replaces a primitive 
work process.‘ By removing the direct co-operation of man a combined 
technical process develops into an entirely technical process. It is then 
fully automatic. All work energy for the mechanical process itself is 
then supplied by technical means. This corresponds to ‘“automatiza- 
tion” and covers the current technical interpretation of the word. 


3. THE QUANTITATIVE RELATION OF TECHNICAL AND ECONOMIC 
QUANTITIES EXPRESSED AS AN EQUATION 


To form a conception of the production process and of its relation to 
economic quantities we may consider various stages of production 
numbered, say, 1, 2, 3, 4. At each stage value-product is added. At the 
final stage the material has been worked into the highest state of finish 
and is sold for consumption and put to use. When buying the goods 
the consumers spend a certain amount of money equal to the total 
value of the product. It is the counterpart of all vosts and profits 
realized at every stage, which the material has passed from its point 
of origin in nature to consumption. 

At each stage work energy must be spent. This energy may be 
either human or technical or both. Neither material nor money values 
will pass any stage without an expenditure of work energy and all move- 
ments are in one and the same direction always, money values and ma- 
terials moving opposite to one another, however. 

The quantities in question may be measured: Money values of course 
in monetary units, material in weight units or pieces, work energy in 
man-hours, man-weeks, or man-years if it is human, and in correspond- 
ing units if it is technical energy (e.g., kwh., kg-cal. =kg.°). 

The price level p of any stage is the relation of total value of product, 
v, leaving the stage to the total quantity of product, x; i.e., p=v/zx. 

The productivity, u, of any stage is the relation of the total quantity 
of product, x, passing the stage to the total productive man-hours, b, 
necessary to make the product pass; i.e., w=2/b. 

When the manufacturing technique of a certain process is improved 
the aim is to increase the productivity. This is accomplished by invest- 
ing capital in apparatus and machinery transmitting technical energy. 

To account for such a development in a technical-economic sense we 

* Evidently the work process in this case must be wholly mechanical, for man 


can only co-operate as an integrating part of a mechanical work process. All 
human work in a physical sense is movement. 
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may use the above simple relations for establishing the necessary equa- 
tion describing a certain improvement of technique. It may involve a 
capital outlay of K per worker co-operating with the capital. We will 
consider the simple case when a primitive process develops into a com- 
bined technical process. In this case no capital is employed before the 
change takes place. The basis of our equations is the fact that total in- 
come must cover all outlay, disregarding profits. If the productivity of 
one man in one hour is jw, and the price of the finished product P, then 
total income per man in one hour is wip. The costs are his wages, L, 
plus outlay on raw materials, m:p: (m1=quantity used per man-hour, 
pi, its price). The equation for the primitive technique will be 


iP =L+ m1Pp1. 


The quantities refer to one hour. If we wish to refer them to one 
year, and h hours are worked per man in a year, then the equation is 


(1) wiPh = Lh + mpr-h. 


If K is the capital invested per man in the new technique, which 
corresponds to the productivity ye, we have to consider the costs of 
investment besides the outlay on wages and raw materials. The latter 
will be L-++mep; in one hour, Lh+mepyh in a year as before. The costs 
of investment are: (1) Interest, Ki (¢=rate of interest) and (2) de- 
preciation. The latter has to be considered as a time depreciation, taking 
place irrespective of utilization, over a certain number of years “a.” 
At the end of this period the capital is consumed. In one year the quan- 
tity consumed is K/a. Depreciation has to be considered further as 
wear due to utilization. If the total number of hours in which the ap- 
paratus in question may be used according to its purpose is H and h the 
number of hours, during which the apparatus is used in one year, then 
K -h/H is the total depreciation in one year due to this cause. When all 
costs, as in the first instance are referred to one year with h hours of 
work per man, the second equation—under the assumption that prices 
at the moment remain unchanged—will be 


ily de. <i 
(2) maPh = Lh + mapsh + Ki + — +> 


Deducting (1) from (2) and assuming that the quantity of raw materials 
necessary will increase in the same ratio as the productivity and that, 
accordingly, m2=myue/m1, we find 


- 1 Kh 
(3) h=—" (Pu, — pm) = K(i +—)+=. 
Mi a H 
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4, THE FACTORS OF THE EQUATION 


This equation seems to contain a number of interesting relations as 
far as technical development and increasing production are concerned, 
and to these we shall briefly refer: 

(u2—1)/m is the relative increase of productivity, in other words a 
kind of measure of the degree of technical improvement. Akerman 
would probably call it the increase in automatization. The dimension, 
as will be seen, is a pure number. It will be realized that in the case of 
individual technical improvements it will be of little value to consider 
a continuous relation du/y, for all technical improvements individually 
considered are discontinuous. 

Pyui—pim, is the value product added per man and hour in the primi- 
tive technique. The term will read as “money units per man-hour.” 
It is of course equal to total costs per man-hour. If the parenthesis is 
combined with the divisor, w:, the term (Pyi— pm) / will read as “the 
value product added per unit of material.”” The corresponding term 
on the basis of the increased productivity, ue, would of course be 
(Pu2—pime)/u2. The dimension will read as “dollar per unit of prod- 
uct,” as it should, irrespective of the time factor and be equal to the 
term as found in the primitive technique. 

Since the increasing productivity is realized by the investment of a 
capital, K, it will be of interest to determine the ratio of one to the 
other. This we may do by dividing both sides of the equation by K: 


(4) <a ee oe ee 
K Mi a H 
In this expression, (ue—j1)/K is the increase of productivity obtained 
per hour per money unit invested. It will read as ‘product per hour 
and money unit’’ (not per man, for K, capital per man, cancels out 
against w2— 1, product per man and hour). 
The dimension of the left-hand side is 


kilograms/hours dollars 
hours —_—————- ———— = I 
dollars kilograms 


which corresponds to the right-hand side, for a and 7 are pure num- 
bers. There is a point of significance, however, to which it is necessary 
to call attention. In the relation of dollars to dollars the term above the 
fraction is not truly of the same nature as the term below, for it will 
be realized that “dollars” evolving out of the creation of value product 
are money values ‘in movement,’ so to speak, whereas ‘“‘dollars” in- 
vested are “fixed.” 
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5. THE MEASUREMENT OF PRODUCTIVITY AND THE 
POSSIBILITIES OF TECHNICAL DEVELOPMENT 


We have chosen to measure technical development by the increase 
of productivity, i.e., by the change of the factor (u2—1)/m: when pe in- 
creases. It would be interesting if we were able to do so at various 
stages of development of the same process of production in the course 
of its transformation from a primitive to a purely technical work 
process. Unfortunately we have at present no exact data which will 
permit this, and we must content ourselves by selecting some examples 
illustrating characteristic changes and development of production. 

Before doing so, we have to consider the general principles of obser- 
vation and the method to be used for measuring productivity of the 
different types of work processes. 

Regarding the former we might of course choose an individual con- 
crete technical change in a particular work process as our object of ob- 
servation, but because of ever-changing divisions of labour it would be 
difficult to be certain of always considering exactly the same process 
and to account for exactly that part of total value product added, 
which this particular work process has contributed to the value of the 
finished article. In other words the accuracy, which might be gained 
in this way with regard to details of the technical specification, would 
be lost when the co-ordination with the economic quantities in the 
equation we have established is attempted. 

Further we have to realize that the “value” of any article at any 
casual point of manufacture is a very doubtful quantity when ex- 
pressed in money units, for value and costs are not identical. In a true 
sense value can only be established in a market, where supply and 
demand for a product of certain standards of quality interact. The 
market value may then be above, equal to, or below the costs of pro- 
duction. An unfinished or half-finished product has no market value. 
This is another reason why we cannot consider the individual work 
process, in observing the interaction of values and technical changes. 

Instead we shall consider a factory, an entire industry, or any clearly 
definable production stage as a unit. In this case all manufactur- 
ing costs, all profit, and all expenses have already been charged to 
the product, when it leaves the factory or the production stage, and 
no costs, no profit, and no expenses have been charged as yet, when 
the materials from which the product is made arrive. This prin- 
ciple of observation assumes that technical development in rela- 
tion to production may be wholly accounted for in terms of man-hours 
or power-hours. In other words, that the application of energy, human 
or technical or both, is the essence of all production and that all 
changes of a technical nature affecting production will affect also the 
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quantities of energy applied. Only if this is the case is it possible to 
describe and account for technical changes happening at any point 
of a whole series of operations necessary to complete a certain product 
by simply accounting for the man-hours or power-hours going into 
the work process. 

If the method as outlined will serve its purpose it will relieve the 
economist of a bewildering maze of technical details, and permit a gen- 
eralization which ought to prove of value on a number of points. 

With this in mind we wish then to establish the following principles 
of observation: All observations of quantities are to be made on a pro- 
duction unit, factory, or industry considered as an inseparable whole. 
Limits are to be established defining exactly what is “inside” and what 
is “outside” of the unit of production. Quantities are to be measured 
as they pass the limits set “into” or ‘‘out of” the unit of observation. 

Changing quantities are then an indication of changing conditions 
within the production unit itself or the surrounding community and 
these changes we propose to explain technically and economically. 

When comparing observations of quantities made at different time 
intervals it is of course necessary that the raw materials or finished 
product passing the limits of the unit of production in either direction 
always correspond to the same standard of quality. 

We have next to consider the measurement of productivity. In the 
case of a primitive work process the productivity is clearly the relation 
of total production to total productive man-hours. It can only increase 
to the point, where the physical power of the human worker is com- 
pletely spent in the apparatus he uses without any loss due to friction 
or idle movements. This would mean the attainment of 100 per cent effi- 
ciency, which is of course an impossibility. Technical improvements 
will try to advance as much as possible towards this goal, however, but 
they may consist in improvements of efficiency only. Examples are: 
The flying shuttle invented by John Kay, and the spinning jenny in- 
vented by Hargreaves. 

The entirely technical work process can be characterized by studying 
the amount of product obtained per unit of technical energy applied. 
We shall call it the yield. The productivity, u», or amount of product 
per hour, is then determined by the amount of energy applied per hour, 
which we shall call the intensity, 7p, multiplied by the yield per unit 
of energy, y: 


Mp=tp*Y. 
As in the case of the primitive work process the yield cannot increase 


beyond the point where every unit of energy applied is transformed 
into useful work without any loss or at 100 per cent efficiency. The 
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amount of energy which it is possible to apply in one hour may be in- 
creased, however. This procedure we shall call technical intensification, 
and technical intensification may take place as long as it is possible to 
increase the speed of the moving parts performing mechanical opera- 
tions and the quantities of reacting materials in chemical or physical 
work processes. These quantities, however, are again determined by 
the possibility of handling them mechanically. 

The amount of technical energy it is possible to apply to a certain 
work process in one hour is dependent on available capacity for trans- 
mitting energy or the horsepower or kilowatt effect. The available 
capacity is only rarely utilized to the utmost possible limit, i.e., at a full 
load. The relation of energy, which has been transmitted to what might 
have been transmitted at a full load is called the capacity factor. 

At 100 per cent efficiency the yield of any technical work process is 
a natural constant determined by the physical or chemical properties 
of the materials treated. It takes 483 kg-cal. to produce 1 kg. of cement, 
2350 kwh. to produce 1 ton of pig iron, 770 kg-cal. to produce 1 kg. of 
lime from limestone. This natural constant we may call the theoretical 
yield or the yield factor, k. The yield of an entirely technical work proc- 
ess is consequently equal to: The theoretical yield k, multiplied by 
the efficiency ». The productivity is equal to: The intensity, 7,, times 
efficiency, 7, times theoretical yield, k: 


(5) Mp = tpnk. 


It must be understood, that the yield factor is a natural constant 
only as long as a certain raw material is subject in principle to the 
same work process producing the same quality of finished product. 
This is so irrespective of the technical arrangement. When the work 
process is changed the theoretical yield factor will more often than not 
remain unchanged as long as the initial and final standards of finish, 
to which the product and the raw materials from which it is made have 
to correspond, remain unchanged. 

Since the yield factor is a natural constant, technical development 
must consist either in intensification or in improvements of ef- 
ficiency or both. Other possibilities do not exist. 

In a combined work process the human worker is a necessary and 
integrating part of the technical arrangement. However little his physi- 
cal power is called upon in finishing a certain operation, he is tied to the 
machine, which cannot operate without his continued attention. Under 
these circumstances it is natural to measure productivity, u., as the 
product per man-hour as in the case of the primitive work process. The 
influence of the technical energy applied must be taken into considera- 
tion, however, as in the case of the entirely technical work process. 
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Consequently productivity is equal to: Intensity, 7, (in this case, en- 
ergy applied per man-hour), times the yield of the energy: 


(6) be = tenk. 


As in the case of the entirely technical work process, technical de- 
velopment may consist in intensification as well as in improvements of 
efficiency. But in this case not only the efficiency of utilization of tech- 
nical energy, but also the efficiency of the man-hour may be improved 
as well. This will cause a decrease in the number of man-hours neces- 
sary to produce a certain quantity of product and such an improve- 
ment will evidently appear as technical intensification, which is wrong. 
To determine the true cause of the increase of productivity, however, 
we need only to find the number of man-hours worked in 24 hours 
before and after the change in productivity. Evidently improving effi- 
ciency of the man-hour will cause the total number of man-hours 
worked in 24 hours to decline, whereas total production and total con- 
sumption of technical energy in the same length of time will not change. 
If they do, it is an indication that changes in the application of tech- 
nical energy are also taking place to some extent. 

Apparently we have thus accomplished the analysis of the various 
possibilities and principles involved, when the productivity of the man- 
hour is increased under modern technical conditions, permitting the 
application of two different sources of energy to the production process. 
We now shall attempt to apply our method to practical examples. 


6. THE STATISTICAL OBSERVATION OF PRODUCTIVITY 
AND TECHNICAL DEVELOPMENT 


Our first example of technical development is an “automatization” 
in the true sense of the word, i.e., the technical change consists in the 
exclusion of man labour as an integrating and alternating part of the 
operations necessary to complete the work. The change is a replace- 
ment of hydraulic presses in a vegetable-oil factory by automatic 
presses. The hydraulic press is charged and emptied by hand labour. 
The automatic press is worked continuously and is charged and emp- 
tied by mechanical means, which convey the material as a continuous 
stream to and from the machine. 

Table 1 contains our observations of technical quantities, whereas 
money values have to be omitted in this case. Columns (1) and (2) 
represent “Total production” and ‘“Total man-hours” worked. Their 
ratio is the productivity (column 8). It will be noticed that, beginning 
with observation No. 5 (the fifth year) the productivity increased from 
an average of 100 to an average of 120 in the last three observations, an 
increase of 20 per cent altogether. This corresponds to the fact, that in 
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a period covering 14 years from October 7 to May 16 the oil-pressing 
department was equipped with modern automatic presses, whilst no 
particular changes occurred in the immediately preceding and subse- 
quent period. 

The automatic presses use more power. This will be evident from 
column (4), which informs us of the total energy consumption, whilst 
column (5) is the relation to man-hours or, as we have called it, the 
technical intensity. It will be seen how the rising productivity corre- 
sponds to a considerable increase in this ratio, i.e., the technical change 
must be characterized as intensification. 


TABLE 1 
INTENSIFICATION 


Total 


Observa-| Total Total Produc- | Energy Inten- 


tion Produc- Man- ond : Yield 
(Year) tion Hours oe ary iid 
10n 
kg Mh kg./Mh. kg.° kg.°/Mh kg.° 
No. 
(1) (2) (3) (4) (5) (6) 
100 100 100 100 100 | 100 
2 133 128 104 116 91 | 115 
a 
° 
3 99 107 93 100 94 99 Oct. 7) 3 
4 87 85 102 84 99 | 104 5 
5 91 81 112 92 114 99 May 16 3 
6 99 84 118 102 121 | 97 5 
7 108 90 120 112 124 97 < 
8 112 91 123 112 123 | 100 


If we wish to interpret the rising productivity in terms of technical 
energy according to our previous analysis, we must write it as the 
product of intensity and the yield. In column (6) the latter has been 
determined from columns (1) and (4). It will be seen how the efficiency 
of application declines and with it the yield as the intensity increases, 
but of course in a different ratio and not very much. Before the change 
of technical conditions it is 105 on an average and after the change it is 
98. No doubt such an occurrence will be quite common when high- 
speed machinery is introduced. We are unable in the present case to de- 
termine a theoretical yield and in most cases it will be difficult to do so 
for mechanical work processes, but it should be possible, for the effi- 
ciency of transmission for any piece of machinery is always determin- 
able. 

Having thus far illustrated an instance of technical development, 
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which is typical of automatization, we will consider also a typical 
case showing improvements in the efficiency of application of techni- 
cal energy. This we may do in considering a different department of 
the same vegetable-oil factory used in the first example. 

In this case the technical process consists in the extraction of soya 
beans by means of benzine. This process involves the application of 
benzine to soya beans in large vessels known as extractors and the sub- 
sequent fractured distillation of the solution of soya bean oil in benzine 
separating thus the oil from the benzine. Apart from relatively small 
amounts of energy supplied to the rolling mills and the stirring appara- 
tus the greater part of the energy necessary in the production process 
is supplied as heat in steam. This makes it possible to calculate the 
yield factor and efficiency of the process very closely. 


TABLE 2 
DETERMINATION OF YIELD Factor AND EFFICIENCY 


Theoretical Energy an Saeey 





. i Consumption 
~~ Consumption (measured) Efficiency 
10° kg-cal. 10° kg-cal. 
1 4.50 5.07 0.89 
2 5.44 7.24 0.75 
3 24.00 36.20 0.66 
4 23.00 94.80 0.24 
5 15.00 18.80 0.80 
6 6.00 ; 7.24 0.83 
Total 77.94 169.40 0.46 


In Table 2 will be found the caiculation of energy theoretically neces- 
sary to bring 400 tons of soya beans through 6 operations and produce 
raw oil and meal. At each operation is further put down the actual 
consumption of heat energy as determined from measurements of 
steam consumption in the various processes made at the factory. The 
ratio of the first of the two figures to the second is then the efficiency 
of the process. It will be seen how widely the efficiency of the various 
operations vary. In some cases it is not far from the absolute maxi- 
mum, showing 89 per cent efficiency. When the theoretical heat quan- 
tity needed to produce 400 tons is 77.9410 kg-cal. or 80 million, 
the yield factor is evidently 5 tons per million kg-cal. 

We may then proceed to make observations of the production unit 
in question. Table 3 contains the figures in index numbers and covers 
a period of 6 years. Both the productivity and the intensity rise. In the 
beginning there is a slight decline in a year when total production also 
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decreases, but in the following year they rise quite definitely. The 
efficiency declines from year to year until the fourth year, when it 
rises suddenly. This should indicate a definite change in technical 
conditions, which actually it does, for in the period from June 29 to 
September 26 a new process of distillation is introduced, which repre- 
sents a considerable saving in steam, i.e., our indicators have revealed 
an improvement in the efficiency of application of technical energy as 
was to be expected from the nature of the technical change. 

At the same time it is evident that it is not the only cause of rising 
productivity, for intensity continues to increase. This, however, does 
likewise correspond to actual facts for in an endeavour to press the 
capacity of the installation as much as possible so as to keep up with 
rising demands from the sales department, steam consumption has 


TABLE 3 
IMPROVEMENT OF TECHNICAL EFFICIENCY 





Total | 


Observ- | Total Total Produc- | Energy aie: 











ation | Produc- Man- aie sg Yield 
(Year) tion Hours ey or ~_ 
on 
kg. Mh. | kg./Mh.| kg° |kg.°/Mh.| — kg./kg.° 
No. 

(1) (2) (3) (4) (5) (6) 
5 100 100 100 100 100 100 
2 83 87 96 82 94 101 
3 106 101 105 110 109 96 
4 114 103 111 95 92 120 tee ro 
5 111 92 121 101 110 110 ies 
6 128 97 131 155 160 83 


risen considerably at another point of the process. Raw materials going 
through the work process are so preponderantly soya beans (90-95 per 
cent) during the whole period of observation, that no changes of the 
physical conditions of the raw materials have occurred. 


7. THE STATISTICAL OBSERVATION OF VALUE PRODUCT ADDED 
AND THE ADJUSTMENT OF QUANTITATIVE RELATIONS 


To get a more complete understanding of the interaction between the 
various factors we shall reconsider equation (4). We put 


ve — fi ‘ Pu — pyvm 
Saat eS eae Te te eg 


K Me 


which will change (4) into 
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} 1 h 

(a= oe > 
H 

if ai+1 

t h ‘’—-—)= . 
(7) (aa =) : 


Since (at+1)/a>1 we have aq’ >1/H, which expresses the natural con- 
dition, that additional income obtained in one hour by investing the 
sum K per worker must at all events be larger than the deterioration 
of the capital through utilization in the same length of time, a con- 
dition which is of course always fulfilled. 

If the origin of the system of co-ordinates is changed to qg’=1/aH, 
the equation will read 


P44 
(8) et a 





As far as a and 7 are constants, this equation represents an equilateral 
hyperboloid. It expresses the fact that a difference in the price levels 
of raw materials and finished products, permitting value product added 
per unit to be a with a productivity q’ in h hours, will produce an 
income sufficient to cover necessary expenses of investment and de- 
preciation. Of course this is a lower limit and the aim will always 
be to obtain as much income above this limit as possible, just as the 
possibility exists that the income attained is insufficient to satisfy the 
condition of the right-hand side. Consequently the equation should 
properly be written as an inequality as follows: 


a+1 





= 
ahg’ 


Now the value product added in manufacture will have a tendency 
to decrease in the course of time. With unchanging technique and 
limited possibilities of utilization of capacity this will endanger the 
profit or income realized above the limit and bring the relation of quan- 
tities on the left-hand side nearer to the point of equilibrium expressed 
by the sign of equation. Long before this happens, however, an attempt 
will be made to counteract the influence of a declining a by increasing 
either the productivity or, if possible, the utilization of capacity. 

As an example of this development we will account for some statisti- 
cal observations collected from the Danish sugar industry over a 
period of 26 years from 1876 to 1902. 

The details of the investigation must be omitted, but two diagrams 
are submitted (Figures 1 and 2). Figure 1 shows the total amounts of 


5 Will be published by The Institute of History and Economics, Copenhagen. 
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money and total quantities of raw materials passing the first manu- 
facturing stage (2 factories) of the Danish sugar industry in which 
raw sugar is made from beets (the second manufacturing stage is 
the refinery). A number of factories making white sugar directly 
from beets are omitted. In Figure 2 the amount of money is further 
expressed per unit of raw material passing into the stage. 


eerie 
E eae 
fo rs. 


ae Sugar Manufactured 
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Ficure 1.—Total production, costs, and margin in Danish raw-sugar 
factories: 1 factory, 1876-79; 2 factories, 1880-1900. 
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Of the total amount of income received (Figure 1, Section B) a cer- 
tain proportion is passed on to the previous “manufacturing” stage, in 
this case agriculture, in payment for raw materials, i.e., the beets. This 
quantity is represented by the lowest curve in section B of the dia- 
gram. The difference between the top and the bottom curve is the 
amount of money retained at the stage in question in payment for 
wages, auxiliary materials, interest, upkeep, general expenses, and 
profit. 


Danish Crowns 
per owt. 





0 
1875 


Fiaure 2.—Per-unit costs and margin in Danish raw-sugar factories: 
1 factory, 1876-79; 2 factories, 1880-1900. 


Between the top and the bottom curve is a third curve (dot and 
dash), which represents the total outlay for raw materials, plus what 
is generally called variable costs in distinction to fixed charges and 
overhead expenses, and covering therefore all outlay on raw materials, 
auxiliary materials, and wages. The difference between this middle 
curve and the upper one represents income available for fixed charges, 
overhead, and profits. In a separate diagram (Figure 1, Section C) this 
available margin has been depicted. 

Figure 2 corresponds to Figure 1, but amounts of money are ex- 
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pressed per unit of raw material passing into the stage. In this case the 
whole difference between the top and bottom curves of the main dia- 
gram (Section A) is equal to the value product added per unit of raw 
material passing the stage or the term a of our equation. 

It is quite evident that a shows an almost continuous decline over 
the 26 years it is possible to account for. This is a well-known fact, that 
is common to all industries, when technical development sets in. 

Technical development, as we have seen, aims at creating a higher 
productivity, whereby with given and, as is generally presumed, rela- 
tively stable market conditions (a of our equation constant), a larger 
total income may be realized by the manufacturer, who first improves 
his technique. The temptation to disturb the stability of the market by 
lowering the unit price of the finished product is generally too big, 
however, for in doing so to a moderate extent the manufacturer making 
use of the highest technique, i.e., the highest productivity, may in 
the first place increase his total income, if he can only increase the num- 
ber of units solid in a larger proportion than the unit price is lowered. 
But he puts a pressure on all other producers in the same line,forcing 
them to increase either h or q’, for, as long as the desire and necessity 
to make a profit under the prevailing technical conditions have to be 
fulfilled in spite of declining prices brought about by the one producer 
raking use of a new technique, there is no escape from the adjustment 
of q’ or hk to maintain the equilibrium, which is expressed in (7). 

Once the interaction of adjustments is started it will continue as 
long as the productivity may be increased by any one of the three 
methods which previously have been outlined (Part 5). It is impossible 
to say that there is only one single cause of this adjustment, for as long 
as three quantities q’, a, and h have to satisfy the conditions of equa- 
tion (7) the change of only one wil! cause an adjustment of one or both 
of the remaining two. It may, however, no doubt be truly said, that in 
the modern world it was the technical improvements, which 150 years 
ago suddenly and vastly increased the productivity in the textile in- 
dustries of Great Britain together with the technical possibility of 
using steam power realized shortly afterwards, which set the whole 
process of modern industrial development into motion, leading for- 
ward into our own times. 

The mechanism of adjustment at a later stage, when decreasing a 
is the cause, which affects both q’ and h, may be plainly seen from the 
diagrams of the Danish sugar industry. It will be seen from the total 
quantities how the available margin (Section C of Figure 1) decreases 
with the sharp drop in a@ (Section B of Figure 2) taking place in the 
year 1884. In 1893 considerable improvements of technique are put 
into use and total quantities of material increase to a high peak in 
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1894 and 1895. In spite of this the total quantity of income is not even 
as high as in 1885 and the margin available for fixed charges, profit, 
etc.,is considerably smaller. That there is an actual deficit in 1894 is due 
to construction being paid out of running expenses and a new decrease 
in a due to the sugar crisis of 1894 (cf. Figure 2, Section B). 


8. THE GENERAL ADJUSTMENT WITHIN THE SYSTEM 
So far the question has been only of an adjustment, which takes 


place between a certain industry and the markets in which it buys and 


Danish 
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Figure 3.—Functionally interrelated price levels in 
Danish sugar industry. 


sells. It is to be expected, however, that a similar adjustment is acting 
throughout the whole economic system, between all industries, agri- 
culture not to be forgotton. This may be illustrated, if not for the sys- 
tem as such, at least for different stages of production of the same in- 
dustry, by statistical observation of what might be called functionally 
interrelated price levels. The data again have been taken from the 
Danish sugar industry. 

Figure 3 contains a representation on ratio scale showing the propor- 
tions according to which total available value product per pound of 
fine sugar sold to the consumers has been divided among the three 
manufacturing stages (agriculture, raw-sugar factory, and refinery), 
through which the material must pass before it reaches the consumer. 
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If now the linear distance between the curves of the diagram is 
measured in each succeeding year a table may be prepared (Table 4) 
and arithmetic averages determined. If then the five-year moving 
average is computed (columns 2 and 5) for the two sets of values, and 
deviations of the yearly values from the average are taken, it will be 
seen that these deviations show no trend over the period in question 
(columns 3 and 6). In other words: In spite of all technical improve- 
ments each of the three stages has in the long run had no advantage 
in relation to any of the others as to the amount of money retained in 
payment for one pound of material reaching the consumer. 


TABLE 4 
FUNCTIONALLY INTERRELATED PricE LEVELS 














Linear Linear 





Distance | 5-Year | Relation] Distance | 5-Year | Relation 

oon from Price| Moving | of 5-Year|from Price} Moving | of 5-Year 
Level I-II} Mean | Mean to |Level I-II1} Mean Mean to 
in mm.* Average | in mm.* Average 
(1) (2) (3) (4) (5) (6) 
1877-78 23 32 
1878-79 19 26 
1879-80 20 103 1.145 26 137 0.988 
1880-81 19 99 1.100 26 130 0.938 
1881-82 22 100 1.112 27 131 0.945 
1882-83 19 91 1.012 25 127 0.915 
1883-84 20 87 0.968 27 126 0.908 
1884-85 11 76 0.845 22 121 0.872 
1885-86 15 79 0.878 25 129 0.930 
1886-87 11 79 0.878 22 135 0.973 
1887-88 22 85 0.946 33 148 1.067 
1888-89 20 90 1.000 33 155 1.117 
1889-90 20 100 1.112 35 163 1.175 
1890-91 17 95 1.056 32 159 1.146 
1891-92 20 95 1.056 30 152 1.097 
1892-93 21 86 0.956 29 140 1.010 
1893-94 17 88 0.978 26 136 0.980 
1894-95 11 83 0.924 23 134 0.967 
1895-96 19 82 0.912 28 132 0.952 
1896-97 15 85 0.945 28 132 0.952 
1897-98 20 96 1.068 27 141 1.017 
1898-99 20 100 1.112 26 146 1.053 
1899-00 22 32 
1900-01 23 
Average: 


* Measurements refer to Figure 3 drawn on a different scale from that repro- 
duced here. 
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It should be mentioned, however, that in the present case the in- 
dustry in question is wholly controlled by one organization and con- 
tracts for beets decided according to the market price of raw sugar 
on the London market. 

We have already seen that in the various possibilities of technical 
improvements, which may call for economic adjustments, two are 
what may be called “‘self-limiting’”’ inasmuch as it is impossible to im- 
prove the efficiency of application of either human or technical energy 
beyond 100 per cent. Consequently the influence of such improve- 
ments in causing adjustments of the economic structure may be ex- 
pected to be relatively slight. Yet it should not be forgotten that two 
inventions of this nature as John Kay’s flying shuttle and Hargreaves’ 
spinning jenny, both of them improving the efficiency of the human 
worker only, may have contributed in an absolutely decisive manner 
to the development of British industry in the century following by the 
social forces they set free through the sudden displacement of workers 
on a large scale. They probably have been the impulse which started 
the expansion. 

Compared to the social and economic instability of the modern 
world, however, where invention influencing productivity follows in- 
vention, always causing displacement of human workers, they were 
mere trifles. Further they were almost 30 years apart. The modern 
inventions with hardly any exception are always aiming at the in- 
crease of the technical intensity of production and as we have seen the 
technical conditions do not under these circumstances produce any 
natural limits. This is the reason why their social and economic adapta- 
tion may be expected to follow quite a different course from the social 
adaptation of technical improvements of efficiency. The latter will 
come to rest by itself. The former will continue at an ever-increasing 
pace. 

This fundamental difference will no doubt have a profound influence 
on the economic conditions of a community subject to such a possi- 
bility, a consideration which so far seems to have been overlooked. 
It is therefore quite probable that a determination of average values 
of intensity for a whole economic system based on the net amount of 
energy per man-hour, which it has been possible to convert into useful 
work representing value product actually added, would be of consider- 
able interest. This would be an average of the factors 7.- of the ex- 
pression (6) determined for a whole community. 

L. R. NrensTaEDT 


Hellerup, Denmark 





REPORT OF THE OXFORD MEETING, 
SEPTEMBER 25-29, 1936 


THE SIXTH EUROPEAN MEETING of the Econometric Society was held in 
New College, Oxford, England, from September 25th to 29th, 1936. 

The first session, on Saturday morning the 26th, was devoted to a 
symposium on ‘“‘Mr. Keynes’ System.”’ Mr. J. E. Meade (Hertford 
College, Oxford) presented ‘“‘A Simplified Model of Mr. Keynes’ Sys- 
tem.” He supposed a closed economy; perfect competition, so that 
every price equals marginal cost; and only two industries, one making 
consumption goods and the other capital goods, having the same short- 
period elasticities of supply, and using no variable factor save labour 
and no fixed factor save equipment which does not depreciate. He 
further restricted his study to the short period, defined as the period 
in which the ratio between the output and the stock of new capital 
goods is so small that we can neglect changes in the stock. On these 


assumptions the model was given by the following conditions of equi- 
librium: 








i dN, és dN, 
Pz = W ies ’ Py = W ro ’ 
(3) I=2p.t+ yp, (4) l=P-+wN, 
(5) N=N.+N,, (6) zp, = si, 
E(P) pz K 
7 = Sa LG, 
Ow she @) —— =L@ 


where <, y, are the outputs per unit of time of capital goods and con- 
sumption goods respectively; 

N., N,, are the numbers of persons employed in making them; and 
Pz, Py, are their prices per unit; 

w is the money wage per person per unit time; 

I is the total money income, and P is total money profit; 

s is the proportion of income saved, so that by equation (6) savings 
=investment; 

7 is the rate of interest; 

E(P) is the yield which is expected in each future year on a unit of 
equipment installed now; 

K is the existing stock of equipment; 

k is the proportion of money income held by the public to finance 
business and income transactions, so that M—kI is the amount 
available to satisfy the precautionary and speculative motives 
for liquidity; 

L (2) is the liquidity preference function, so that by equation (8) the 
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ratio of the aggregate value of non-liquid assets to that of liquid 

is treated as a function of the rate of interest. 
M, w, and s are regarded as independent variables; K and k are con- 
stant; and 2, y, pz, Py, I, P, 7, and N are dependent. Thus, given the 
quantity of money, the money wage-rate, and the proportion of in- 
come saved, the volume of employment is determinate. Mr. Meade 
proceeded to examine the conditions of stability of the system. Suppose 
for example that, w and s being constant, the banks vary M so as to 
keep 7 constant. If a chance increase now occurs in expenditure, and 
hence in employment and income, people will (a) increase the amount 
they try to save, and (b), since profits are raised, increase the amount 
they try to invest. If there is to be a return to the initial position we 
must be assured that as long as 7 is constant (a) will always outweigh 
(b); but that is to require that in our system an increase of employ- 
ment, N, shall be possible only if 7 falls. The condition di/dN <0 is 
therefore taken as the criterion of stability in the present case. Differ- 
entiating equations (1) to (7), we find di/dN <0 if r<1-—l, where 
na =dE(P)/E(P)-P/dP and 1-1 is the proportion of income that goes 
to profits. After considering other such cases, Mr. Meade concluded 
by examining the effect of changes in 7, M, w, and s on the short-period 
demand for labour, on the assumption that the system was stable. 

Mr. Meade’s method of testing stability gave rise to a discussion, 
renewed from time to time during the conference, on the possibility 
of making any test of stability in a purely static system. Summing up 
the discussion, Prof. Frisch suggested that there were two kinds of 
system: (1) in which an arbitrary monotonically increasing transfor- 
mation of time is allowed; (2) in which the question: ‘“How rapidly?” 
is asked, and where therefore only linear monotonically increasing 
transformations of time are allowed. In neither kind ean the stability 
of an equilibrium be examined without bringing in dynamic considera- 
tions, but in (1) these may—to use a phrase suggested by Kalecki— 
be ‘‘qualitative dynamics” in the sense of Analysis Situs. A set of as- 
sumptions in (1) that is sufficient to determine an equilibrium, in the 
sense of a set of values of the variates compatible with all the condi- 
tions, will as a rule not be sufficient also to distinguish between a stable 
and an unstable equilibrium. Nearly all static theories of demand and 
supply, etc., are of this sort. Supplementary assumptions regarding the 
behaviour of the system are therefore necessary. In (1) the dynamic 
element comes in just through these supplementary assumptions that 
are added to those necessary to determine the equilibrium. 

These supplementary assumptions may be formulated in different 
ways which lead to different situations so far as stability is concerned. 
For example, in the well-known diagram of Supply and Demand, if 
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one set of supplementary assumptions is adopted, the equilibrium 
will be stable or unstable according as D’2S’, and if another set of 
supplementary assumptions is adopted the equilibrium will be stable 
or unstable according as |D’|2|.S’|, where D’ and S’ are the deriva- 
tives of the functions that express the quantities demanded and sup- 
plied respectively as depending on the price. It is therefore important 
to bring out explicitly the supplementary assumptions on which the 
conclusions regarding stability are based. 

Contributions to the symposium by R. F. Harrod (Christ Church, 
Oxford), and Dr. J. R. Hicks (Gonville and Caius College, Cambridge), 
have been published in EcoNometrica.! 

On Saturday afternoon, Professor Frisch spoke on ‘ Macrodynamic 
Systems Leading to Permanent Unemployment.” He pointed out that 
the possibility of permanent unemployment even where there was no 
restriction of the supply of labour, to which Mr. Keynes had called 
attention in his recent work, had during the last ten years been brought 
out in macrodynamic studies by Amoroso, Vinci, Roos, Frisch, Kalecki, 
and Tinbergen. To suggest the nature of this kind of analysis, he gave 
a simple example drawn from lectures which he had delivered at Oslo 
in the winter of 1933-34. Assume a community in which only one 
commodity, say wheat, is produced, the only capital is a stock of 
wheat, and there are only two kinds of person—labourers who con- 
sume all they get, and entrepreneurs who save all they get. Put 

x=the output of wheat per unit of time; 
a=the labour coefficient in hours of work per bushel of wheat; 
w=the wage-rate, in bushels per hour; 

K=the stock of wheat (capital), in bushels; 

a=the gross profit (=1—aw), in bushels per bushel; 
x=the depreciation rate, in % per unit time; 

K=dK/dt=the growth rate of capital, which is the same thing as 

total net profit per unit of time. 
\=2/K =sensitiveness of expansion. 
If we assume w, a, x, and \ constant (it is actually necessary to assume 
only that they move more slowly than the other terms), we are left 
with two equations in two variables x and K: 


K = rx —«K 
- 
een 
K 


1. F. Harrod, ‘Mr. Keynes and Traditional Theory,” Econometrica, Vol. 
5, Jan., 1937, pp. 74-86; J. R. Hicks, ‘‘Mr. Keynes and the Classics; a Suggested 
Interpretation,” zbid., Vol. 5, Apr., 1937, pp. 147-159. 
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The following time-shapes ensue: 
%, = & + ce 
K, = K + Ce' (c, C, X, and K constants), 


where y=Aar—x. Now if y is negative, x, and K,; approach stationary 
values, and since a is assumed constant, this means a stationary 
amount of employment, which need not be full employment. After 
showing how the system might be modified and developed in a more 
realistic direction, Professor Frisch remarked that today, when there 
are already some 10 or 15 fully-developed mathematical systems of 
some plausibility, the task was not so much to develop new systems as 
to test different systems against the facts. 

At the same session Dr. J. Tinbergen (Rotterdam and Geneva) in- 
troduced a discussion of ‘‘Dynamic Equations Underlying Modern 
Trade Cycle Theories.” He offered a survey of the different attempts 
that have been made to describe the endogenous movements of an 
economic system by a complete system of equations, i.e., by a system 
showing as many equations as variables. To fix ideas he began with a 
description of his own attempt to describe American cycles after the 
war by means of a much simplified system of some 12 equations. 
The simplification is made possible notably by the facts that the Ameri- 
can balance of trade is very small in comparison with national income, 
and that the influence of interest rates on the volume of investment 
activity seems to have been very small in the period considered. By 
choosing suitable units and zero points for his variables, which were 
measured as deviations from a moving equilibrium. Dr. Tinbergen 
succeeded in obtaining a system of linear homogeneous equations. The 
aim of these equations was to indicate the “direct causal relationships” 
existing between the variables as long as no exterior forces are acting. 
One of the equations, for example, is b,=8Z,-1. Here b; is the devia- 
tion from its equilibrium level of investment activity in ‘period ¢ (the 
length of the unit period is four months); Z;: is the deviation from its 
equilibrium level of total nonlabour income in period {—1; and 6 is a 
constant. Another of the equations is H,;=«Z,, where EZ; is non-labour 
income distributed (as distinct from nonlabour income accruing, Z;) 
as a deviation from its equilibrium value, and ¢ is another constant. 
The constants used are ‘‘reaction coefficients,’’ whose values depend 
largely on institutional, technical, and natural factors, and as a rule 
change only slowly. As a solution of the system of equations shows, 
they determine the nature of the endogenous movements through 
which the system can go. In many cases their values can be determined 
by multiple or simple correlation analysis, so far as exterior forces can 
be considered as accidental. The question can then be put, what 
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changes in these coefficients are necessary in order to obtain a system 
that will not show heavy fluctuations: this is the problem of business- 
cycle policy. 

Comparing his system with others, Dr. Tinbergen restricted himself 
to the mathematical representations of Mr. Keynes’ and Prof. von 
Hayek’s theories given by Mr. Meade and Mr. Thompson. He saw 
much resemblance between Mr. Keynes’ system and his own, but Mr. 
Meade’s equations are static, not dynamic, and in consequence specu- 
lative gains do not enter into them; but in Dr. Tinbergen’s opinion 
such gains have played an important part in the last American cycle. 
Mr. Thompson’s representation of Prof. von Hayek’s theory was 
dynamic, but in a rather oversimplified way, only one lag being intro- 
duced; and a number of the hypotheses underlying this system seemed 
to Dr. Tinbergen rather arbitrary. 

In replying to discussion, Dr. Tinbergen put forward a number of 
considerations to justify the taking of a single system to fit the course 
of a sequence of cycles: (1) It was insufficiently realised that the 
mechanism which yields a cumulative process may also yield an ex- 
planation of the whole cycle: there is then no need to introduce special 
causes of turning points, for these are implicit in the single mechanism. 
(2) Though it is true that the system is disturbed by shocks, the shock 
is none the less transmitted through the system. When the commercial 
records show a shock of temporally well-defined impact, as in 1926 in 
England, the figures of that time can be omitted from the data used 
to determine empirically the relations postulated by theory. (3) It was 
suggested that a fuller account might be obtained if different sys- 
tems were fitted to different phases or cycles; but it was difficult to 
get sufficient data for the short period, and when he had tested the 
fit in different periods, he had not found any systematic difference 
according to the phase of the cycle. In general, it is better to include 
more variables than to resort to more complicated functions. 

In a subsequent colloquium, Prof. Frisch developed an ideal pro- 
gramme for macrodynamic studies: A. Theoretical inquiry. (1) Define 
your variables. (2) State the structural relations which you suppose 
to exist between the variables. (3) Derive a number of confluent rela- 
tions, which lead to confluent elasticities, showing the response of one 
variable in a certain sub-group to another when all the rest are held 
constant. (8a) Use these relations for reasoning about variations 
compatible with the subsystem. (3b) Consider the response of the 
system to exogenous shocks: a dynamic analysis leading to criteria of 
stability. (3c) Consider how the whole system will evolve in time. B. 
Statistical inquiry. (4) Obtain some final equations. A final equation is 
a confluent relation which is reduced to its smallest degree of freedom, 
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and in which the coefficients have a statistically uniquely determined 
meaning. Never try to fit to the data anything but a final equation. 
(5) One also may scrutinise the data, and derive empirical formulae 
by the statistical technique now known as “confluence analysis.’’ In 
particular a final equation may be tested in this way. (6) If the final 
equation contains only one variable, and is linear, construct the cor- 
responding characteristic equation and consider its roots. They will 
determine the time-shape of the evolution that would ensue if the 
system were left to itself. When we have found in this way how the 
system would proceed through time, we do not expect actual history 
to move like that, for this history is affected by a stream of erratic 
shocks. The actual time-shape will now be a weighted average extend- 
ing over the shocks, the weights of the average being those given by 
the system as it would proceed in isolation. (7) Fundamental inversion 
problems: (a) to determine the system of weights from a given time- 
shape; (b) to determine the shocks. (8) Attempt a forecast using the 
weights determined by the inversion, and assuming—in the absence of 
better information—the future shocks to be zero. 

On Sunday morning, the 27th, Mr. R. G. D. Allen (London School of 
Economics) spoke on ‘The Assumptions of Linear Regression.”’ Mr. 
Allen first pointed out that the linear regressions obtained by the 
method of least squares are not appropriate to the problem of deducing 
the “best’’ linear relation between observed variables; and he proposed 
the following procedure. Let us assume that the true relation is linear, 
but that in the observations this relation is obscured by displacements 
in both x and y. Further let us assume (1) that the sums of the dis- 
placements are zero, (2) that there is no correlation between the dis- 
placements of z and y and their true values. If &, n, are true values 
(measured from their means), then 


n = mé, 
(i) z=t+4, 
(ii) y=ntv. 


By (1), we can take u and v as measured from their means. By (2), 
we have Mean (&u)=Mean (nv)=O0=Mean (nu)=Mean (év). In 
Frisch’s notation, 


ou Oy 
dae, Nya. 
Oz Oy 


Then squaring (i) and (ii) and eliminating £, 7, we get 


Cp f= he 


(I) m=t+— 





Se 1- 2 
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Similarly, multiplying (i) and (ii), 


Oz 
m— (1 is ha?) + TuoNuhe 


Oy 


+ V(1 7a Au) (1 ane Av?) + TuahaNge 


Try 


(II) 


These results are independent of scale. As particular cases, we have 
from (I) and (II), 


Oy 








(1) dN. = 0, mM = Try — = ™, 
Oz 
L a 
(2) A = 0, m = —-— = Mm, 
Try C2 
= o 1 —\,? 
(3) td ee ss 
1 — ,? oz Tay Ox 
(4) Too Ee 


On putting 
v 
— = tan 8, 
u 


o, Cos B — Tro, Sin B oa, 
n =—_—_—_—_ 
TrySy COS B — oz SiNB oz 


Take r,,>0. Then m lies within the range (m1, me) in case (3) and also 
in case (4) if tan 8<0. But m lies outside (7m, me) in (4) if tan B>0. 
The elementary regression values, m and mz, are, in fact, not neces- 
sarily limits for m if there is correlation between the displacements. 
At the same session, Dr. Jerzy Neyman (University College, 
London), gave a “Survey of Recent Work on Correlation and Covaria- 
tion.’’ He considered three classes of problem: I. The classical mathe- 
matical problems of stochastic dependence, correlation, regression, 
testing statistical hypotheses, and estimation. Here the problem is to 
deduce the consequences of certain hypotheses which are not subject 
to questiun whenever they are not contradictory; and to test the 
hypotheses by comparing their consequences with the available observa- 
tions. II. Applicational problems, in which the task is to adjust a 
system of hypotheses, mathematically expressed, in such a way that 
their consequences will conform with the available observations. Here 
there are two paths of approach, the empirical, and the a priori The 
difference between them “‘may be emphasised by the comparison with 
two different phases in the history of astronomy. The first phase is 
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that of Ptolemy to Kepler. Ptolemy laid down the principle that 
mathematicians should endeavour to represent all the celestial phe- 
nomena by uniform and circular motions. This principle was followed 
roughly till Copernicus, and was removed by Kepler. But all the 
effort in this phase consisted in guessing the appropriate formula and 
in adjusting the numerical coefficients so that it might fit the observa- 
tions. That is what is being done in the empirical approach to social 
and economic phenomena, e.g., in the analysis of time series, which 
we try to split into trend, business cycles, seasonal variations, etc. In 
astronomy the new era began with Sir Isaac Newton, and with his 
set of hypotheses concerning not the functions representing the ob- 
servable facts, but the machinery which may have produced those 
facts. This is what may be termed an a priori construction.” III. 
Mathematical problems marking a new era: the theory of random 
differential and integral equations, and the corresponding problems of 
testing hypotheses and estimation. In I and II we assume the hypoth- 
eses, and apply them; but in III we test them. Here Dr. Neyman 
referred again to the analogy of astronomy. “The success of the work 
of Newton and others is due largely to the existence of the special 
branch of mathematics (calculus) suitable for dealing with the prob- 
lems treated. Similarly, the success of social and economic dynamics 
depends on the existence of the appropriate branch of mathematics. 
This branch does not exist in a ready form at present.’’ The phenomena 
we observe are affected by random fluctuations: if then “‘we want the 
formulae describing these phenomena, and want to deduce them from 
some hypothesis concerning their machinery, the ordinary calculus 
could not be sufficient—we must deal with differential and integral 
equations which are in a sense random or stochastic. As far as I know, 
the honour of noticing the necessity of such ‘stochastic calculus’ must 
be ascribed to Harold Hotelling, who was the first to consider stochastic 
differential equations, in his paper on ‘Differential Equations Subject 
to Error, and Population Estimates,’ J. Am. Stat. Ass. 1927. A syste- 
matic study of the problem was begun by Serge Bernstein, who read a 
paper on the subject before the International Mathematical Congress 
in Ziirich in 1932, and has since published a series of important papers 
in the Reports of the Leningrad Academy and in Vol. V of the Annals 
of Stekloff Phis. Math. Institute. I have the impression that these works 
mark the approaching new era in the study of problems which are now 
classified as those of correlation and covariation.”’ . 

In the course of his remarks under III, Dr. Neyman developed an 
account of what may be called “the Neyman-Pearson theory of testing 
hypotheses,”’ of which the following summary has been prepared by 


Professor Frisch: 
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Let © be a set of admissible hypotheses. The content of 2 is made up 
by selecting certain hypotheses out of a still larger conceivable range 
of hypotheses. Once a hypothesis is admitted into the admissible 
group Q, it is considered on a par with all the other hypotheses in ©. 
In other words, there does not exist any “a priori probability” by 
which it is possible to discriminate between the hypotheses contained in 
Q. 

An observation E is given. E consists of a measurement of each of 
n variates 1, - - -,%n. The space (x, - - - , 2n), is called the sample space. 
The problem is to draw conclusions as to which one of the hypotheses 
in Q is true, when the only information available consists of E (and 
the construction of Q). 

The Neyman-Pearson approach is essentially a ‘method of rejec- 
tion.” That is to say, for any given hypothesis ho of Q, one tries to 
answer the question: Shall this hypothesis be rejected, or shall it not 
be rejected? The latter alternative may be interpreted as ‘‘the hypoth- 
esis may be true.” By successively applying this procedure to several 
hypotheses a certain number of them may be rejected and so the 
range be limited. This process may be looked upon as one of using E 
to restrict the content of 2 from what it was originally. 

The starting point of the method is to associate with each hypothesis 
ho a certain region wo of the sample space and to make the convention 
that the hypothesis shall be rejected when and only when FE falls in 
wo. The latter event will for shortness be denoted E ¢ wo. The construc- 
tion of wo is thus a definition of a method of rejecting ho, using the 
information EZ. The region wp is called the critical region for ho. The 
essential point in the theory consists in providing definite rules for the 
construction of a region wo» associated with each ho. 

This construction is based on two kinds of probability, namely the 
probability of rejecting ho, if ho is true, and the probability of accepting 
ho, if some other hypothesis h is true. The first is called the probability 
of errors of the first kind P;, the latter is called the probability of errors 
of the second kind Py. 

It is assumed that to each hypothesis h there corresponds a certain 
probability law of E, that is to say, a theoretical distribution of the 
possible observations (21, - - - , Xn) insample space. If such a probability 
law is given for each hypothesis h and if w is any region in sample 
space, P{H¢ w/h} “the probability that E shall fall in w if A is true” 
is also given. In terms of this probability law the probabilities P; and 
Py may be expressed as follows:— 


(1) P, = P{Ecap/ho}, 
(2) Py = 1— P{Eca/h}. 
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It will be seen that P; depends only on ho, while Pr depends both on 
ho (because the critical region wo associated with ho occurs in for- 
mula (2)) and on Ah. 

The method of constructing the critical region can in short be said 
to consist of ‘making both probabilities P; and Pz; as small as pos- 
sible.”’ This statement needs of course to be made more precise. 

“To make P; small’ is postulated to mean that P; is to be made 
equal to some conventionally chosen number, for instance a=0.1. 
Some such conventional limit must of course be fixed, because, by re- 
ducing the content of wo, P; can always be made as small as we please. 

This first postulate may be satisfied in an infinity of ways. To 
achieve the determination of wo the further condition is added that Pr 
is to be made a minimum with given h. When «a» is selected in this way, 
the test obtained is said to be “the most powerful test of ho with re- 
spect to h.”’ Similarly the region w), which is defined in this way, is 
called “the best critical region of ho with respect to h.’’ 

Sometimes it happens that the region wo defined by the above 
principle is independent of h (while depending of course on ho). In this 
case it is said that a uniformly most powerful test of ho exists. It is, 
however, only in exceptional cases that such uniformly most powerful 
tests exist. For instance, if the various hypotheses h can be character- 
ised by different values of a continuous parameter @ (or by a number of 
such parameters 61, 02,--- ) and if certain derivatives exist, then uni- 
formly most powerful tests do not exist. 

Since uniformly most powerful tests do not as a rule exist, some other 
criterion must be found to replace them. 

Yonsider the probability 


(3) B(h, ho) = 1 — Py = P{Eew/h}. 


This is the probability of rejecting ho if h is true. This probability will 
of course vary with h. Let us consider this variation with h if ho is 
kept fixed. The desideratum is of course to have a function 6 which is 
the smallest possible for that particular value of h which is equal to 
ho. Indeed, this is the probability of rejecting ho if ho is true, in other 
words, it is the conventionally chosen figure a. But outside the par- 
ticular point h=h» we want the value of 8 to be as high as possible. 
The ideal would be a discontinuous function 8 which is equal to the 
small number a for h=ho and to unity for all other values of h. In 
general this cannot be arranged, but if the various hypotheses h may 
be characterised by a single parameter 0, one may try to arrange it 
so that 8, considered as a function of 6 (for a given ho), has its mini- 
mum minimorum for that particular value @= 60, which corresponds 
to the hypothesis ho, and further such that 8 increases as rapidly as 
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possible as @ moves towards the right or towards the left from the 
point 4. 

If the test is formulated in such a way that 8 does not have a mini- 
mum minimorum in the point 4, but reaches still lower values in 
some other points, the test is called biased. In this case ho will be re- 
jected more frequently (in a number of cases in each of which an ob- 
servation E is given) when it is true than when certain other hypotheses 
(namely those for which 8 is lower) are true. If the test is such that 8 
has a minimum minimorum for h= hg, the test is called unbiased. 

At the same session a paper by Dr. N. Georgescu (Bucarest), on 
“Seatter Analysis,” was read by title. 

On Sunday afternoon, 27th, Dr. A. P. Lerner (London School of 
Economics) gave a survey of recent work on International Trade and 
Transfer, saying in part: “Recent writers on International Trade have 
been troubled by the difficulty of fitting the theory of the subject into 
the general framework of economic doctrine, and this is reflected in 
the whole tenor of their work. The difficulty arises from the peculiar 
historical development of International Trade Theory. An initial 
precocity at the beginning of the nineteenth century, when the Law 
of Comparative Costs partly freed it from the labour theory of value, 
put it ahead of the other branches of economics, but, not unnaturally, 
was followed by a retardation of further development while the rest 
of economic theory achieved a more complete emancipation. To this 
situation some writers, like Ohlin and Iversen, react by rejecting the 
whole of the classical structure and building anew an Interdependence 
Theory of international trade on Walrasian lines. Others, like Haberler 
and Viner and (more intensively) Harrod, defend the classical real- 
cost analysis by a process of benevolent interpretation. Ohlin appears 
to be too much enamoured of the Walrasian scheme to be willing to 
admit that real (if incomplete) results can be obtained only by partial 
analysis. Instead of passing from a Walrasian preface to a body of 
particular analyses, he tries to deal with everything. The result is an 
exercise in one-thing-at-a-time analysis attempting to be everything- 
together analysis by jumping very quickly from one thing to another. 
Ohlin makes some concessions to the need for partial analysis by simpli- 
fying the whole scheme somewhat. In doing this he falls between two 
stools, achieving neither complete generality nor realistic particular 
results, and arrives at some false conclusions in the theory of the 
equalisation of factor prices by international commodity movements. 
The main merit of his method lies in its suggestiveness of intercon- 
nections that might be overlooked. 

“In the theory of Transfer, the use of the concept of the transfer of 
buying power developed by Ohlin (following Bastable and in a sense 
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Ricardo) and the deprecation of the discussion of elasticities of de- 
mand, is dangerous procedure. It is possible by a fairly simple diagram- 
matic scheme to show that the terms of trade will move in favour of or 
against the paying country according as the elasticities of supply of 
exports and imports are greater or less than the elasticities of demand, 
all measured in terms of domestic goods. Because of the possibility of 
the movement of factors of production between domestic and export 
goods but not between domestic and import goods, there is a presump- 
tion that the elasticities of supply are greater, so that the terms of 
trade are more likely to move against the paying country. Discussion 
on this topic has been confused by the entry of irrelevant problems 
and prejudices. 

“Harrod keeps to a real-cost analysis in order to be able to discuss 
the gain from international trade. It can be shown that all his results 
are obtainable without the objectionable and difficult real-cost an- 
alysis, and can be demonstrated much more simply by the use of the 
indifference-curve technique. 

“Another important case of a traditional bias is the belief that taxing 
the foreigner by import or export duties is a practical impossibility. 
Haberler makes great use of this. But the application of the theory 
of monopoly gain shows that there is an ideal tax on every import or 
export commodity of not less than the inverse of the elasticity of 
supply or demand from the point of view of the country. (More 
generally, 

€p/@e — 1 


: ? 

@ép>—1 
where e, is the elasticity from the point of view of the country and 
€, is the elasticity from the private point of view of importer or ex- 
porter. In perfect competition this reduces to 1/e,.) This becomes negli- 
gible only if all elasticities are of a very high order, an assumption for 
which there appears to be no basis.” 

At the same session, Dr. J. Wisniewski (Warsaw) spoke on the 
“Measurement of Real Income,” saying in part: ‘“There can be two 
approaches to the index numbers of prices, viz., (A) the functional 
approach, and (B) the pvehaviouristic (by Frisch termed atomistic) 
approach. (A) I. Homogeneous communities. Their members differ 
from each other (a) by incomes, (b) by individual tastes. The prices 
for which they buy goods are the same for all individuals in a given 
situation. Within a homogeneous community average Engel functions 
are considered as independent of income. Suppose functional index 
numbers are known. A certain individual enjoyed in situation 0 an 
income Zo, and in situation 1 an income 2. By means of functional 
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indexes we can state that an income 2p in situation 0 is equivalent to 
an income 2,’ in situation 1, and that an income 7,’ in situation 0 is 
equivalent to 2, in situation 1. We should thus be involved in a para- 
doxical situation: the ratio of real incomes enjoyed by our individual 
in situations 1 and 0 would be either 2':2 or 21:49’. A way out of 
this difficulty would be to measure price changes along an ‘historical 
path’ according to the money income the individual actually enjoyed 
in each moment. II. Nonhomogeneous communities. New difficulties 
are present here. If prices are not the same for individuals at different 
income levels, the proportionality of money and real incomes cannot 
be assumed. Moreover, if average Engel functions are not the same for 
the subgroups of the community the functional approach is likely to 
fail. (B) The behaviouristic approach may best be represented by 
Divisia’s method (Rev. d’Econ. Pol., 1925, p. 999 seq.). Conditions may 
be specified for the ‘true’ index computed by Divisia’s method, to be 
contained within the familiar formulae of Laspeyres and Paasche.” 

At the same session Mr. Colin Clark (Cambridge) made a survey 
of “Measurements and Comparisons of National Income.” He offered 
the following classification of available estimates of national income: 

(1) Prepared by the government itself from official sources: Ger- 
many, U.S.A., U.S.S.R. 

(2) Semi-official, compiled by persons who are members of govern- 
ment departments: Australia, Canada, France. 

(3) Made by academic institutes using mainly official material: Den- 
mark, Holland, Hungary, New Zealand, Sweden. 

(4) Compiled by banks: Greece, Switzerland. 

(5) Privately compiled from official sources: Great Britain, Irish 
Free State, Japan, South Africa. 

(6) Infrequent: Austria (Konjunkturinstitut, 1928), Belgium (Baud- 
huin), India, Italy, Poland. 

(7) None: Czecho-Slovakia, 8. America, Spain. 

Mr. Clark then displayed the results of some recent inquires into the 
general level of real income, and the relative importance of industry, 
agriculture, and other activities, as sources of income, in different coun- 
tries. 

On the morning of Monday the 28th, Mr. Trygve Haavelmo (Oslo) 
spoke on “Confluent Relations as a Means of Connecting a Macro- 
dynamic Subsystem with the Total System,” saying in part: “A 
partial macrodynamic system is a study of a certain group of economic 
factors in business cycles. We shall here be concerned with problems 
arising when we try to make such systems determinate. We begin by 
setting up certain structural equations. These are equations which 
say something about how and why certain factors influence certain 








374 ECONOMETRICA 


other factors: they express a theory. Suppose that we have n variates, 
and can find only n—™m structural equations. Three ways may be 
suggested for getting the m additional equations: (a) To ‘press more 
theory into the subsystem,’ viz., to add more theoretical structural 
equations. This is not satisfactory, because it would in all probability 
be too abstract and unrealistic. (b) To suppose known the analytic 
expression for the time-shape of one or more variates. This is begging 
the whole question: it is curve fitting, not an attempt at explanation. 
Furthermore, a plausible analytic expression for such a time-shape is 
hard to find. (c) To use some empirically determined confluent rela- 
tions. This means that we look at the observable result, namely the 
time-shape of the variates studied, and try to describe their time-shape 
confluency. By this means we get a realistic connection with the total 
system. It is realistic because the shape of the observed confluency is 
derived from the facts, and, if our theory is at all reasonable, this time- 
shape must be characteristic for the machinery; it must be the result 
of forces and actions in the total system which we are studying.” As 
an example, Mr. Haavelmo presented a system dealing with stock- 
and bond-market variates, in which the confluent relations used were 
simplified expressions for the facts underlying the Harvard A-B-C lags. 
A numerical study of this may appear in EcoNOMETRICA. 

In the discussion on Mr. Haavelmo’s paper Dr. Marschak raised the 
question of the distinction made between the structural and the con- 
fluent relations, suggesting that they differed only with respect to the 
source of the data, both being ultimately empirically determined. 
Professor Frisch replied that (a) there was a difference in principle 
between the two kinds of relation, in that any coefficient in a structural 
relation might be changed institutionally without necessarily entailing 
a change in the other structural relations. A similar property did not 
belong to the confluent relations, whose coefficients are just conse- 
quences of the coefficients in the various structural equations, and 
therefore change with these. Another difference was (b) that in the 
case of confluent relations (for instance, Harvard lags), one was asking: 
What is in fact the situation? While in the case of the structural rela- 
tions one was asking: What would be the situation with regard to one 
variate if certain other variates, rates of change, etc., had such and 
such values? 

At the same session Dr. A. Bijl (Amsterdam) spoke on ‘‘Wage 
Subsidies and Unemployment.” He first contended that though a 
general wage reduction would increase employment in the first in- 
stance, its ultimate effect is uncertain, as we do not know whether the 
increment of profits to which it gives rise on impact will be disbursed 
or hoarded. A wage subsidy, however, the funds for which were sup- 
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plied by a tax proportional to profits, would have the advantage of a 
wage reduction without the uncertainty: for since it could be adjusted 
so as to leave total profit unaltered, there would be no possibility of 
increased hoarding, while like the general wage reduction it would 
lower marginal costs. Dr. Bijl went on to consider Pigou’s reasons for 
distrusting wage subsidies, and to argue that if his scheme was so ar- 
ranged that total tax exceeded total subsidy in booms and fell short 
of it in depressions, there would be a dampening effect on the cycle. 
The third paper of the session was given by Dr. Johan Akerman 
(Lund), who spoke on ‘‘Premises of Trade-Cycle Theory.” He sug- 
gested that economic theory had moved through three stages: (1) in 
which it was concerned only with equilibrium, crises and changes being 
left out of account; (2) in which to a unified equilibrium theory was 
added a heterogeneous trade-cycle theory; (3) in which a unified theory 
of time changes is to be developed. Present theories of the cycle might 
be divided into four groups: (i) Theories of equilibrium (leading to a 
stabilization policy): Fisher, Cassel, Keynes 1930, Hayek 1931. (ii) 
Theories of anticipation (leading to policy of mitigation of monetary 
risk): Knight, Myrdal, Lindahl, Keynes 1936. (iii) Theories of cumula- 
tive change (leading to a cycle-smoothing policy): Wicksell, Schum- 
peter, D. H. Robertson. (iv) Hypothesis of activity periods (leading to 
policy of regulating interdependence of activity periods): cf. J. Aker- 
man, Om det ekonomiska livets rytmik, Stockholm, 1928, and Ekonomisk 
Kausalitet, Lund, 1936. In stage (3) of the development of theory, all 
monocausal theories of the cycle must be abandoned, and the task 
is to develop an account of the holistic movement containing the inter- 
play of all its elements. As examples of such elements, Dr. Akerman 
considered the different types of activity period, through which 
economic changes take their course. There is, for example, the com- 
mercial period, of say one year, in which the consumer and trader 
make their dispositions according to the theories of choice and of 
marginal profitability; the industrial period, of from one to ten years, 
in which enterprise sets itself to the task of capital construction; and 
the investment period of more than ten years, in which a developing 
country or region applies itself to long-period construction. Trade- 
cycle analysis must further take into account the institutional setting; 
the prevailing secular tendencies and seasonal variations, distinguish- 
ing the active from the passive; and the particular type of cycle and 
of faulty investment in the different activity periods. Because of the 
cumulative processes in the rising and declining phases of the cycle, 
the interference between activity periods of different span during the 
rising phase, and the impossibility of determining a capacity point, 
we can usefully analyse only the trough: ‘“‘trade-cycle analysis proper 











376 ECONOMETRICA 


is thus essentially an analysis of the conversion of the depression into 
revival.” 

On the afternoon of Monday, the 28th, Dr. Hans Staehle (I.L.0., 
Geneva) presented “A Method of Comparing the Cost of Living in 
Different Situations, with its Application to Poland (1927), Estonia 
(1925), and Finland (1921).” He first described his measure, D, 
of dissimilarity in consumption. Let qi’, q:’’, --- and qo’, qo’, --- be 
the quantities consumed of the articles entering into the expenditure 
budget of any consumption unit (a ‘‘man,” a family, or a nation), in 
two situations 1 and 0; and let p,’, p:’’, - - - etc., be the corresponding 
prices. For each commodity consider the absolute difference between 


q:/qoand the weighted average > ,q:P0/ > ,qoPo, and express this difference 
as a proportion of the average, viz., write 


qh -* oPo 
qo 2) QPo 


Taking these relatives without regard to sign, weight each by the pro- 
portion of total outlay spent in situation 0 on the commodity con- 
cerned; and form the weighted average D, 


~ 1, 


a q 2 g0Po _ op (ae Po qoPo 


a pe een Ses wine i gn eee ea BSS) a emer 
go 638 Po 2 GoPo x MP0 2; GoPo 


Now it is an empirical fact that when D is computed for a number of 
food articles bought by families of different income per “man” in 
one and the same country, it increases with the difference in income. 
When the comparison is made between different countries, or periods, 
one basic set of qo’s, say Go, being compared with the q:’s of families 
having successively higher money incomes per “man,” then generally 
D first diminishes, passes through a minimum which is>0, and then 
increases; and if now the basic set is taken from a family of income 
higher or lower than that belonging to the gp first taken, the new mini- 
mum in D is found for a family in 1 of income higher or lower than 
that which gave the minimum for go. Now assume (1) that all families 
in the same situation have the same tastes, prices, etc., so that with 
equal incomes they would show identical budgets; (2) that each D is 
due to two factors, whose effects are additive—(a) differences between 
the two situations in tastes, prices, etc., (b) differences in the psychic 
incomes per “man” of the families compared. Then provided (a) that 
the minimum values of D are equal for all choices of go, and (8) that 
if when we compare all the q:’s and go a minimum appears at g., then 
when we compare all the q’s with g: a minimum appears at go: we 
may conclude that (A) the minimum value of D expresses the irreduc- 
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ible dissimilarity due to differences in tastes, prices, etc.; (B) between 
two money incomes for which D is a minimum, the dissimilarity due 
to differences in psychic income is zero. The ratio of those two money 
incomes may then be taken as an index of the cost of living for a 
certain level of psychic income. 

These relations may be represented in a three-dimensional diagram. 
On the horizontal axes plot money incomes per ‘‘man”’ in situations 
0 and 1, on the vertical axis plot the values of D computed from the 
go and q; sets belonging to the money incomes. The data then satisfy 
conditions (a) and (8) above if the surface shows a level-bottomed 
valley running obliquely through the income-income field. Dr. Staehle 
displayed such diagrams constructed from the budgetary materials 
obtained in Poland, Estonia, and Finland. 

In discussion, Dr. Wisniewski expressed a doubt concerning the 
applicability of the D-test to comparisons of different countries or 
distant years. The minimum value of D is given for the most similar 
structure of expenditure, and such similarity is quite consistent with 
differences of real income. For example, if we have two groups facing 
the same price situation, it will probably be allowed that real (not 
psychic) income is proportional to money income; but if the one group 
were composed of clerks and the other of labourers, the proportion of 
income spent on food being higher among the latter, D would not 
necessarily show a minimum for equal money incomes. In reply, Dr. 
Staehle stated that he had worked on Swedish budgets of different 
class groups, and found by the D-test that equal money incomes were 
equivalent, and not the incomes out of which equal food expenditures 
were made. Mr. Allen suggested that Dr. Staehle’s condition (a) was 
already implicit in his assumption (1). 

At the same session Prof. Ragnar Frisch (Oslo) spoke on “‘Deter- 
minateness and Indeterminateness in the Measurement of Money 
Flexibility.” 

Using the same terminology as in his January, 1936, ECONOMETRICA 
Survey, he considered three questions: (1) Under what conditions on 
the indicator will there be expenditure proportionality? (2) When will 
the money flexibility @ be an indifference function? (3) Can @ be used 
to define equivalent expenditures even if it is not an indifference func- 
tion? 

Let W(q',---,q%) be an indicator, F;=p)qi+ --- +p:%q:% the 
expenditure in the ¢-situation, i.e., along the ¢-expansion path, p being 
prices, q quantities. Let W*=dW/dq". Consider (1) w,=dW/dE;, (in 
the following d always indicates a differential along the path). Then 
(2) W*=w.p:* (w; independent of h). The money flexibility is (3) 
6,=dlog w,/dlog E;. It is invariant for a linear transformation of W. 
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The passus coefficient €E= €(q!,---,q%) defined by (4) @W'!+--- 
+q’W*= GW, characterises the nature of W. For instance, W is homo- 
geneous of degree € if, and only if, €=constant. Along ¢ write ©. 
Then by inserting (2) into (4) we get the fundamental identity (5) 
w.H./€,=W (independent of t). Hence (6) €,=dlog W/dlog E; (the 
logarithmically marginal money utility) and (7) dlog E,/dlog Eo 
= €,/€,, 0 and ¢ being two paths. Logarithmic differentiation of (5) 
gives 


aJ 
(8) 1+ 6, = dlog J,/dlog E, = a J: = GW. 


Since expenditure proportionality is characterised by (9) dlog E,/dlog 
E)=1, (7) gives immediately the proposition: I. Necessary and suffi- 
cient for expenditure proportionality is that the passus coefficient € (or, 
which amounts to the same, J) is an indifference function. Further, the 
amount of disproportionality can be measured by (7). 

From (8) we get: II. If the passus coefficient € is an indifference func- 
tion, the flexibility 6 is also an indifference function. Hence: III. If there 
is expenditure proportionality, the flexibility 9 must be an indifference 
function. 

Now consider the case of independence, i.e., W is of the form (10) 
W=U-+V, U depending on some of the q’s and V on the others. In 
this case the left-hand member of (4) is of the form H+K, H depending 
only on the q’s from U and K only on those from V. If we also have 
expenditure proportionality the right-hand member of (4) is an indif- 
ference function, i.e., of the form J(W). Differentiating first with 
respect to a qin U and then with respect to one in V, we see that the 
second derivative of J is zero. Hence (11) J=A+BW, A and B 
constants, so that by (8) 6=B—1=constant. In other words: IV. 
If there is not only expenditure proportionality but also independence, 
the flexibility 6 must be not only an indifference function but even a 
constant. This may be called Burk’s proposition because it was first 
proved by Abram Burk of Harvard (by another and much more 
elaborate method). If € is an indifference function, the passus coeffi- 
cients of all the W* are the indifference function €—1+d€/dlog W; 
hence all the partial rates of substitution W*/W* have a passus coef- 
ficient of zero, i.e., they are homogeneous functions of degree zero. 

II only gives a sufficient condition for flexibility indifference. More 
generally @ is an indifference function if the right member of (4), 
namely EW =J, is of the form (12) J=4(W)+G where F(W) is an 
indifference function and G a function that is constant along any path, 
for instance a homogeneous function of degree zero in W',---, WY. If 
G is an indifference function, we get back to the case covered by II. 
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An important question is whether there exist functions of the form (12) 
where G is not an indifference function and where the corresponding W 
is of the independence form (10). So far he had not been able to con- 
struct such functions, but was inclined to-believe they exist. If so, 
and if the indicators we are likely to meet in reality can be assumed 
to have approximately this property, a method of making price com- 
parisons between structurally different markets, i.e., markets with dif- 
ferent commodities, for instance distant countries, would be available. 
Indeed, the flexibility would be statistically observable in each country 
(by the methods he has previously developed) and equal values of this 
parameter could plausibly be taken to define equivalence of expendi- 
ture, because if this method were applied to two situations in the same 
choice field it would yield the correct equivalence. 

If 6 is not an indifference function, equivalence between the ex- 
penditures #, and E> are defined by a second-order differential equa- 
tion (see EcoNoMETRICcA, January, 1936). This fact can also be ex- 
pressed by writing the indicator W explicitly in terms of the flexibility 
6. First integrate (8) over dlog E; from some value E,’. Then take the 
exponential, notice that (13) J=dW/dlog E and integrate over dlog 
E, from some value E,’’. This gives 


Et Et W Saad WwW,’ 
(14) f exp lf (1 + 4,)dlog B, |dlog E, = ————> 
E 


, 
2! E,’ J; 


J,’ and W,’’ denoting the values of J and W in the points EZ,’ and E,’’ 
respectively. In other words, along ¢ the double integral in (14) (which 
is statistically observable in the independence case) is a linear trans- 
formation of the indicator, the coefficients of the transformation being 
the special values of J and W indicated. Comparing two paths 0 and 
t one would, therefore, know the exact equivalence for all expendi- 
ture levels if one only knew one pair of points that are equivalent, i.e., 
have the same W, and one pair that have the same J. 

At the morning session of Tuesday the 29th, Mr. D. G. Champer- 
nowne (King’s College, Cambridge) spoke on “The Theory of Income 
Distribution.’’ He remarked that if instead of money incomes we take 
“income power,” viz., the logarithm of money income, the observed 
frequency distributions conform more closely to familiar types of 
curves. Even the distributions of income powers, however, do not con- 
form closely to the curve of normal error, the Pareto curve, or to any 
Pearson curve; and Gibrat’s modified normal-error curve gives good 
fits in certain cases only. The contrary impression about the Pareto 
curve was partly due to the fact that statistics were frequently avail- 
able for only the rich tail of the frequency curve, where curvature 
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should in any case be small. It must still be admitted that many 
observed income-power frequency curves had significantly straight 
tails when plotted on logarithmic (i.e., Pareto) scale. 

For statistics relating to small as well as large incomes the best fit 
seems to be given by a frequency curve of income power of the type: 


A 


7 Spade iB, 


where x measures income power, 
A is adjusted to give the correct total number of incomes, 
B corresponds to the slope of the tail of the Pareto curve, 
C is the average income power, 
D is adjusted to give the correct kurtosis (or concentration of 
incomes about the common wage level). 

Considering the explanation of different forms, Mr. Champernowne 
went on to develop the concept of an equilibrium distribution, which 
may be defined as that distribution for which, in a given social setting, 
the forces acting to increase inequality are exactly balanced by those 
tending to decrease it. 

In a given society consider all income powers of amount z at the 
beginning of the year, and let f(x, y)dy be the proportion of those in- 
comes which change during the year between y and y+dy. 

The cumulants (semi-invariants) Y:, Ye, Y3,--- are as usual de- 
fined by the identity 


co ah ik 
log. f e&*f(x)dx = YC + a YC? + 3! Y3C3 +--- 


—2o 


where Y,(x) is the mean and Y2() the square of the standard deviation 
of the frequency distribution z=f(z, y), x being given, and where 
Y3(x), Y4(x) will vanish if, x being given, z=f(z, y) is a normal distribu- 
tion in y. 

The condition for equilibrium is 


1 1 
sieawy” aaah ee a 
Hh ae 31 Y3a -+ 0, 


where a is the slope of the income-power frequency curve plotted on 
logarithmic scale (i.e., of the noncumulative Pareto curve). Y1, Yo, etc., 
will in general be different for different income-power levels x, so the 
slope of the curve can vary from point to point in equilibrium. 

In the case where change of income power from a given level z is 
the resultant of several independent small causes, Y3, Ya, - - - may be 
neglected and the condition for equilibrium becomes 
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a= 2Y;/Y2. 


In a country where there was no inheritance, all children had equal 
opportunities and the Y’s were the same for all income powers, the 
equilibrium distribution of income power would be normal. But if life 
went on forever, or if each son inherited the same proportion of his 
father’s earning power, there could be no equilibrium, and inequality 
would increase until some check altered the given conditions. 

The second paper of the session was given by M. R. Gibrat (Paris) 
who spoke on ‘‘Depreciation.”’ 

Mr. Gibrat said that in many practical cases Kurtz’s seven groups 
of industrial mortality curves (see his book Life Expectancy of Physical 
Property) could be replaced by simpler expressions giving a sufficiently 
close approximation to the process of depreciation. To derive his form- 
ulae Dr. Gibrat took as starting point the fact that a depreciation fund 
set aside by a corporation is as a rule not placed in stocks or bonds of 
other corporations but invested in the various assets of the corporation 
itself. Consequently the interest rate on this fund should be determined 
not as the market rate, but should be derived from the accounts of 
the corporation itself. 

Consider the physical investment activity (building and upkeep of 
machines, etec.). Part of it is an initial investment and part of it is rein- 
vestment caused by an initial investment some time in the past. 
Consider the year n. Let c, be the total value of all future reinvest- 
ments that are made necessary because of all the initial investments 
made up to the year n. This total value is taken as discounted down to 
some conventionally chosen point of time called “today,” the com- 
putation being made by using ‘“‘normal” values and a “normal” long- 
time interest rate 7 supposed given. Let r, be the initial investment 
and ¢, the reinvestment respectively made during the year n. We then 
have 


Crh = (Cn + ‘FG + j) ira tn. 


Now let F, be the depreciation fund as it exists at the end of the 
year n and let 7, be its (variable) interest rate, which is to be deter- 
mined. Further let J, be the rate of earnings during the year n. We 
then have 

I gs = F,a(l + 4a) + As imal tala; 


A, being determined by 
Frat An/j = Calo. 


By these formulae the computations of 7, and F, for successive years 


can be rapidly made using the data contained in the accounts of the 
corporation. 
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As a special case the formulae may be used on a number of identical 
capital goods born at a given instant. The distribution of their deaths 
may as a rule be represented by a normal curve; and so may the dis- 
tribution of the deaths in the next generation (only with a larger 
standard deviation), etc. In this case it can be proved that the correct 
result is obtained by disregarding the dispersion and figuring as if all 
the objects died (and were renewed) after exactly the same length of 
time. 

In the afternoon session on Tuesday the 29th, Mr. Horst Menders- 
hausen (University of Geneva) presented ‘‘An Example of Meaningful 
Curvilinear Regressions in Economic Time Series.’’ This paper appears 
in this issue of ECONOMETRICA. 

At the same session Dr. L. Hamburger (Scheveningen) spoke on 
“The Rise and Decline of Technical Economic Growth Power.” He 
displayed a number of charts in which evidence for the rate of tech- 
nical innovation, scientific discovery, and commercial expansion, was 
drawn from statistics of patents, scientific achievement, foreign trade, 
and population, in different lands and eras. In general he found that 
these series followed an S-shaped curve, whose maximum rate of 
growth was about 3 to 4 per cent per annum, and he pointed out that 
this agreed with the normal rate of long-period interest in nineteenth- 
century England. He called attention to the similarity of form which 
his curves displayed, despite the diverse political and social histories 
of different countries. Taking as his unit of time, ¢, the working life 
of an able-bodied man, and adding a factor of decay, he found that 
the following formula fits the best-kriown estimates of the growth of 
the population of the world, Y: 

4500 


Y = $00 + 
4500e—0.92¢+0.001 4. 71 


According to this formula, “world population would have practically 
attained the upper asymptote belonging to the present secular cycle 
at the end of the next century.” In conclusion, Dr. Hamburger called 
attention to the social difficulties, through pressure of population, anti- 
selection, and abuse of technical powers, which attend the saturation 
phase of the cycle. 

The third paper of the session, “‘Outlines of a Mathematical Theory 
of Exchange,” was given by Dr. Hans Bolza (Wirzburg), The purpose 
of this paper was to isolate the essentials of a theory of catallactics. 
Considering a case of barter between two group A and B, Dr. Bolza 
presented a diagram in which the cumulated value of the goods de- 
livered by each group to the other was represented as a function of 
time, so that the vertical difference between the curve of A’s deliveries 
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and that of B’s represented the debt which at a given time one group 
owed to the other, and the horizontal difference represented the 
“bartering-time,”’ or lag between the delivery made by one group and 
the compensating delivery by the other. In conclusion, Dr. Bolza 
considered the case in which the momentary indebtedness was rep- 
resented not by promises to deliver specified goods but by generalised 
means of payment, such as coin, notes, and book credits, in the pos- 
session of the creditor, and he examined the condition which must 
govern the supply of means of payment if the underlying process of 
barter is not to be distorted by changes in unit purchasing power. 

The last paper of the session, entitled ‘“The Measurement of the 
Sensitivity of Taxes to Fluctuations in Trade,” was given by Mr. 
R. F. Bretherton (Wadham College, Oxford), and has appeared in 
ECONOMETRICA.” 

E. H. Portes Brown 

New College 

Oxford, England 


2 Vol. 5, Apr., 1937, pp. 171-183. 








REPORT OF THE DENVER MEETING, 
JUNE 24-26, 1937 


THE AMERICAN summer meeting of the Econometric Society was held 
in Denver, Colorado on June 24, 25, and 26, 1937, in connection with 
the one-hundredth meeting of the American Association for the Ad- 
vancement of Science. Headquarters were at the Cosmopolitan Hotel. 

The meeting opened on Thursday morning, June 24, in the audi- 
torium of the Capitol Life Insurance Building, where Dr. Charles 
F. Roos of the Mercer-Allied Corporation, New York City, presided 
over a joint session with Section A (Mathematics) and Section K 
(Economics) of the American Association. The general topic was 
“Mathematical Economics.” 

The first paper was by Professor Harold T. Davis of Indiana Uni- 
versity and the Cowles Commission for Research in Economics on 
“The Application of Functionals in Economics.”’ Professor Davis in- 
dicated that the origin of this application is to be found in Pareto’s 
theory of closed and open cycles published in 1906, a study apparently 
suggested by Vito Volterra, the father of the modern theory of func- 
tionals. The speaker employed the definition: “If a law is given by 
means of which to every function x(é) defined within an interval 
(a<tSb), there can be made to correspond one and only one quantity 
z, then z is said to be a functional of x(t). This relationship is expressed 
by the symbol z=F'[z(¢)].” Since z depends upon a path of values, 
line integrals of the type that appear in the theories of utility and in- 
difference surfaces are functionals. Lag; correlations and regression lines 
determined by fitting open sets of orthogonal functions to data are 
other examples of functionals used in economics. The origin of the 
nonsense correlations observed by Yule and others is frequently to be 
traced to a failure to recognize this functional nature of regression 
lines. This difficulty may be avoided by employing functionals in which 
the kernel is determined froma priori considerations, as in Roos’s theory 
of demand functions of the form 


y(t) — k = ap(t) + f-.K(2, t)p(x)dz, 


rather than by using arbitrary orthogonal sets of functions which de- 
termine kernels, K(z, t), that have no economic significance. The paper 
concluded with a discussion of the functional nature of harmonic 
analysis. The speaker proved that if a(7) is the Fourier transform, 
corresponding to a trial period 7, of the lag correlation of a series of 
data, and if A(7) and B(T) are respectively the cosine and sine trans- 
forms of the original data, there exists between them the relationship 


a(T) = A(T) + BT). 
384 
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Dr. Gerhard Tintner of the Cowles Commission for Research in 
Economies gave a paper on “The Economic Meaning of Functionals.”’ 
He pointed out that much more attention to the use of functionals in 
economics by the American econometrists has been paid by mathe- 
maticians in this field than by professional economists. This can be 
explained only partly by the highly technical nature of the approach. 
The true reason is perhaps that they fail to state explicitly the eco- 
nomic assumptions and implications of their methods and results. 
Dynamic problems, like the ones dealt with by the econometrists, are 
concerned with anticipations and expectations. But the authors in 
question fail to analyze the mechanism of expectations, which is of 
primary interest for the economist. This can be exemplified by the 
dynamic theory of demand, one of the most thoroughly studied sub- 
jects. The quantity demanded does not in itself depend on past prices 
or other past factors. It can be envisaged, on the contrary, to depend 
on the expected prices and other economic circumstances expected for 
the future. And these expectations on the other hand will depend 
largely on past experiences. So, for instance, demand is essentially a 
functional of future expected prices. Every expected price is a func- 
tional of past prices. Since the functional of a functional is again a 
functional, demand is in the end a functional of past prices, just as the 
econometrists maintain. But they fail to realize or state explicitly the 
interconnections outlined here. A thorough study of these interrelation- 
ships would involve a consistent theory of choice over an interval of 
time, or the study of utility as a functional rather than a function. 

Mr. Ronald W. Shephard of the University of California spoke on 
“Incidence of Taxation in a Simplified General Equilibrium.” He 
summarized his paper as follows: “In particular a tax levy of the sales- 
tax type is introduced into an economic system involving the assump- 
tions of strict competition and a steady state with regard to money. 
There is implicit in the general categories of the system the further 
assumption of full employment of resources. a, b, c are distributive 
coefficients giving the proportion of consumption goods received by 
producers of capital goods, labor services, and consumption goods 
respectively. It is found that the changes 6a, 5b, dc occasioned by the 
application of the tax are such that da: 6b: dc=a:b:c.” 

The last paper of the session was by Professor Griffith C. Evans and 
Mr. Kenneth May of the University of California on ‘“‘The Theory of 
the Stability of the Regimes of Co-operation and Competition in Busi- 
ness,’ with reference to simple types of cost tables. With decreasing 
costs it turns out that a combination like a trust is usually not stable 
but tends to degenerate either into a quasi monopoly with one or more 
plants idle, or into some kind of competition. It may happen that 
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several forms of organization are stable at the same time, and even 
that the quasi monopoly, which gives the maximum profit to the pro- 
ducer, yields also the maximum benefit to the consumer with a lower 
price and larger consumption than that of the competitive situation. 
This is of course not all a universal phenomenon, but depends on par- 
ticular characters of the cost functions. The theory explains how it 
happens that businesses manufacturing the same commodity, some with 
decreasing and some with increasing costs, can compete successfully 
with each other, and interprets the competitive process by means of 
which equilibrium is reached, if the final position is stable, and which 
makes manifest the instability otherwise. 

The second session, on Thursday afternoon at the University of 
Denver School of Commerce, was a joint session with Sections A and K 
of the American Association and with the American Statistical Associa- 
tion. The subjects was ‘“Mathematical Statistics’ and the chair was 
taken by Professor Edward V. Huntington of Harvard University. 

The first paper was by Dr. Francis W. Dresch of the University of 
California on ‘‘Applications of Index Numbers to the Study of General 
Economic Equilibria,’ and was a continuation of a paper presented 
April 3 before the American Mathematical Society at Stanford Uni- 
versity. Continuous index numbers of the Divisia type were used to 
reduce the discussion of general economic equilibria involving a large 
number of commodities to the discussion of corresponding equilibria 
for simplified systems involving only a few commodities and a more 
convenient number of variables. For constant supplies of the primary 
factors of production, it was found that the index representing the total 
physical production of consumption goods takes on an extremal value 
at an equilibrium governed by strict competition. It was shown that 
for a rather general type of situation, conditions which are sufficient to 
make this index a maximum are satisfied. As in the earlier paper, the 
discussion was entirely from a static point of view, and a steady state 
with respect to the utilization of resources was assumed. 

Professor Edward L. Dodd of the University of Texas spoke on 
“A Certain Index Number as a Mean f(a, a2,-+: , 2n) with 
f(c, c,- ++, ¢) Defined Only When c=1.” Professor Dodd summarized 
his paper as follows: ‘Suppose that, in a population of males, the 
proportions in certain age groups which embrace the entire male popu- 
lation are a, b,---, k. Then a-+-b+ ---+k=1. Also, suppose that 
primed letters indicate the corresponding group proportions for fe- 
males. Then, likewise, a’+b’+ ----+k’=1. For the first age group, 
a’/a is the ratio of females to males; for the second age group, b’/b, 
etc. Let us now make an index number by using any weighted average 
of these ratios a’/a, b’/b, etc. These ratios are then the arguments or 
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variates for a mean f(a’/a, b’/b,---, k’/k). But the condition a’/a 


=b’/b= --- =k’'/k necessitates that each of these ratios should equal 
1 (unity). It turns out, indeed, that f(1, 1,---, 1) equals 1. Hence 
S (x1, Xe, +++, %n) is a mean of 2%, 2%, -- +, 2,—whatever these values 


are—since the only value which the z’s can all take on simultaneously 
is 1], andf(1,1,---,1)=1.” 

The closing paper of the session was by Professor Holbrook Working 
of the Food Research Institute, Stanford University, on ‘Relations 
Among Coefficients of Regression and of Correlation as a Basis for 
Statistical Inference.’’ Professor Working said that, given the need of 
measuring the relation between two variates, linearly related, the use 
of either a coefficient of correlation or a coefficient of regression may 
appear logically indicated, the choice between these coefficients de- 
pending on the aspect of relationship which is to be measured. When a 
statistical investigation requires analysis of systematic variation among 
a number of such coefficients derived from a corresponding number of 
different sets of observations obtained under different conditions, the 
usual measures of relationship may prove quite unsatisfactory: (1) 
Changes in the regression coefficients from one set of observations to 
another, ostensibly reflecting changes in the functional relation be- 
tween the variates, may actually reflect chiefly changes in the close- 
ness of relationship; or (2) Changes in the correlation coefficients from 
one set of observations to another, ostensibly reflecting changes in the 
closeness of relationship between the two variates, may actually re- 
flect in considerable degree changes in the functional relation. This 
paper presents a method for ascertaining for any particular body of 
data whether the usual correlation or regression coefficients are satis- 
factory or suffer from the defects indicated above; and affords a basis, 
in case the usual coefficients are found unsatisfactory, for selection of 
more suitable coefficients. Under appropriate conditions, the method 
affords a practical solution to the problem of measuring the “true” 
relation between two variates—the relation that would be observed 
if correlation were perfect and the regression lines coincidental. 

On Thursday evening was held a general session with Section K of 
the American Association, the American Statistical Association, the 
American Sociological Society, and the Sociological Research Associa- 
tion. Dr. Stuart A. Rice of the Central Statistical Board presided at this 
session in the Renaissance Room of the University of Denver Library. 

Mr. Carl Snyder, for many years with the Federal Reserve Bank of 
New York, gave an illustrated lecture on “New Foundations for an 
Economic Science.” Mr. Snyder said that it is evident to any one that 
economics like any other branch of knowledge cannot attain to the 
dignity of a science until it has a solid foundation in measurements and 
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correlations. Neither theoretical speculations nor mathematical for- 
mulae will supply this unescapable need. Until very recently eco- 
nomics has lacked these measurements and correlations and, as a re- 
sult, as is clear from the vast variety of opinions and conjectures on 
almost every economic question, it has simply become lost in the bogs 
of speculation. Witness some very recent works that vividly illustrate 
the situation: Hundreds of pages of theory or algebraic equations, 
with almost no support from measurements and significant facts. 
We have now, however, the widest variety of compilations and indexes, 
and the beginnings of some extremely interesting and valuable correla- 
tions. So we now know, e.g., that an index of commodity prices at 
wholesale is not an adequate measure of the general price level or aver- 
age of all kinds of prices included in payments. We have at least an ap- 
proach to such a general price level for both the United States and 
Great Britain. This, with new measures of production and trade, and of 
the velocity or rate of turnover of bank deposits, has made possible a 
rational or quantitative measure of the relation of money, credit, and 
prices, so vital for the present economic situation. And so with a wide 
variety of other measures, calculations, and comparisons. With the 
aid of all these, and their ranges wide, it is now possible to test almost 
every variety of economic theory or hypothesis and to establish on a 
solid quantitative basis their truth or falsity. In another generation it 
is probable that economists will wonder why such quantitative meas- 
ures should not have been undertaken long ago. As a matter of fact 
their beginnings date back to the work of Jevons in 1863. Progress has 
been slow but the accumulation is already large. 

The fourth session, on Friday morning, June 25 at the University of 
Denver School of Commerce, was a joint session with Section K of the 
American Association, the American Sociological Society, and the 
Sociological Research Association. The general topic was ‘Economic 
Balance and Impacts,” and the chair was taken by Professor Griffith 
C. Evans of the University of California. 

The first speaker was Dr. Charles F. Roos of the Mercer-Allied Cor- 
poration, who spoke on ‘‘Measuring Economic Impacts.” Dr. Roos dis- 
cussed the effects of selected economic impacts upon the number of 
housing units built, employment, production, and stock prices. By 
reference to various correlations which had held over considerable 
periods of time, he urged that it is pointless to argue what the effects 
of impacts were until the relative influences of fundamental factors 
were known. For instance, the effects of the Federal Housing Adminis- 
tration Act could be measured only after effects of changes in rent, 
occupancy cost, and normal credit conditions were first measured. Ef- 
fects of the NRA on employment and production could be measured 
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only in conjunction with measures of changes in monetary supply, 
monetary velocity, and federal spending. He then showed how this 
could be accomplished through selection of industries and by relation of 
their statistics to general factors. In discussing the effects of economic 
impacts on the stock market he said that very often when news is an- 
nounced, which according to economic theory should send stock prices 
higher, they actually went lower or vice versa. He explained this phe- 
nomenon by pointing out that the particular effect obtained depended 
upon the position of stock prices in their ranges as determined by earn- 
ings records and outlooks. Also of extreme importance in pricing stocks 
according to news items is the inertia or momentum of prices during 
the preceding few days or weeks. 

The second paper was by Mr. Carl Snyder on “High Profits and 
High Wages,” and was illustrated by lantern slides. Mr. Snyder gave 
a brief summary of an extended research into the mechanism by which 
high wages and general well-being in a progressive country are attained. 
It seems now conclusively demonstrated that high wages are derived 
solely from the increase of the product per worker and that this in- 
crease in wages is automatic and cannot be checked or promoted by 
employers, or labor unions, or legislation. In turn this increase in the 
product per worker is due, for all practical purposes, solely to the in- 
crease of the mechanical power employed and new inventions, devices, 
and processes. The so-called increase in “efficiency” of the workers is 
entirely a myth. In turn this increase in mechanical power requires 
a corresponding increase in the capital investment, and this in almost 
exact ratios; that is to say, for every increase of a million or a 
billion dollars in the value of manufactures per annum there has 
been required the investment of a million or billion dollars of new 
capital. It is, therefore, through this investment of capital, solely, that 
higher pay and shorter hours in industry have been possible. In turn 
it is now established that this capital is derived in a very large part 
either from the savings of the corporations and large enterprises, di- 
rectly, in the form of a surplus; or from the very small number of in- 
dividuals who own shares in these enterprises. The proof is that con- 
trol of domestic corporations doing 80 or 90 per cent of the nation’s 
business is in the hands of perhaps less than a hundred thousand 
people, and this, so far from being an evil, brings all the advantages 
of the highest efficiency and the greatest possible capital savings. 

The last paper of the morning was by Mr. Louis H. Bean of the 
Agricultural Adjustment Administration, U.S. Department of Agri- 
culture, on “The Balance Between Agriculture and Industry.” Mr. 
Bean summarized his paper as follows: ‘“‘While this subject can be dis- 
cussed from numerous angles, this paper deals chiefly with the changing 
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long-time relationships between agricultural and nonagricultural pro- 
duction, prices, and incomes. A knowledge of the basic factors in these 
relationships is necessary in appraising current agricultural policy as 
implied in the phrases “‘parity prices” and “‘parity income,” and in the 
“ever-normal granary” idea behind efforts for more regular agricul- 
tural output. The outstanding factors in both price and income relation- 
ships are the relative rates of production in agriculture and industry. 
The greater rise in industrial than in agricultural production per capita 
over the past century has given an increased purchasing power to 
agricultural prices. The recent changes in the relation of income per 
capita in agriculture to income per capita for the rest of the population 
can be explained statistically in terms of three factors, industrial out- 
put, agricultural output, and foreign demand, the relative importance 
of which appear to have been 5, 3, and 2 respectively. A return to pre- 
war parity prices and income, in view of increasing farm production 
and the improvement in foreign demand, hinges on a very substantial 
rise in industrial activity, this being the source of the real national 
income and the domestic demand for farm products.” 

The final session, on “Inflation,” was held on Saturday morning, 


June 26, at the University of Denver School of Commerce. Mr. Carl 
Snyder presided. 
The first paper was by Professor E. J. Working of the University of 


Illinois on ‘“The Course of Prices of Agricultural Commodities and 
their Outlook.”’ Professor Working stated that in analyzing factors 
which have been affecting the average level of agricultural prices it 
was highly important to consider ‘the agricultural situation as a 
whole, because substitutes for agricultural products as a whole are 
very limited. Hence the elasticity of demand for the whole is much 
larger than the average elasticity of demand for the various indi- 
vidual commodities. An analysis of changes during the past fifteen years 
in an index of prices of agricultural products indicated that during the 
period the effect of demand changes was twice as great as the effect 
of changes in supply. For the coming year, however, it is probable that 
changes in supply will be more important than changes in demand, be- 
cause carry-over into 1937 will be the smallest in eight years and pres- 
ent prospects are that production for 1937 will be the largest in five 
years. There is fairly strong evidence that we may expect an increase 
in supplies sufficient to reduce prices considerably, unless there should 
be a counterbalancing increase in demand. Changes in domestic de- 
mand are quite satisfactorily measured by changes in the nonagricul- 
tural income of the people of the United States. Changes in foreign 
demand are due to a variety of factors, and may be measured roughly 
by the value of our agricultural exports. There is considerable evidence 
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to indicate that price-level movements are ordinarily the result of 
changes in the value of “flexible price’ commodities like agricultural 
products. Hence prospects for an increased supply must be considered 
as an important possible cause of a minor decline in the average level 
of wholesale commodity prices during the next two years. 

The second paper was by Professor James Harvey Rogers of Yale 
University on “Some Quantitative Aspects of Inflation.’”’ Professor 
Rogers, for the purposes of this paper, defined inflation as an increase 
in the purchasing medium in the hands of purchasers without corre- 
sponding increase in goods to be purchased. He presented and de- 
scribed at length a balance sheet of the monetary system of the United 
States, which gave a quantitative statement of the monetary base and 
its utilization. Formulae were derived for maximum loan and deposit 
expansion of the American banking system under various hypotheses, 
and numerical computations of important inflation possibilities were 
presented. It was concluded that the most serious threat of inflation in 
the United States comes from big Treasury deficits, and that all 
purely monetary influences leading to inflation could be controlled, 
unless Treasury financing should continue very large. The following 
consequences of the recent great increase in the monetary gold stock 
of the world were pointed out: (1) In the long run either the general 
level of prices must rise considerably or else the price of gold must be 
lowered; the only other possibilities being the demonetization of gold 
or the reduction of our protective tariff. (2) Any substantial reduction 
in the dollar price of gold would probably be accompanied by a similar, 
though slightly smaller, reduction in its sterling price. Hence the im- 
pact on the prices of agricultural products and on those of other articles 
with markets chiefly in Great Britain or the Sterling Group would at 
least be mitigated. (3) The major effects of a lowering of the gold price 
—however unlikely its use—could be accomplished by merely reducing 
sufficiently the buying price of imported gold supplies, without changing 
the price of $35 an ounce for the purchase of domestic supplies and for 
all sales, foreign and domestic. In this way, further embarrassing gold 
imports could be avoided while foreigners could be prevented tem- 
porarily and perhaps permanently from taking a profit on their recent 
sales of gold to us or from withdrawing it too suddenly for our con- 
venience. Such a move, however, would mean a new departure from 
the gold standard and the dollar could be expected to rise in the ex- 
change markets of the world and to fluctuate within wide limits. 

The last paper was by Professor Jesse H. Bond of the University of 
Oregon on ‘‘A Consumptionstat: Its Necessity as an Inflation Con- 
trol.” Professor Bond said that machine technology, under present 
accounting and credit methods, creates deficits and surpluses of con- 
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sumer income. Deficits make inflationary policies inevitable. The 
consumptionstat is a proposed mechanism for applying the surpluses 
against the deficits and thus keeping the total money volume of con- 
sumptive demand reasonably in step with the total physical volume 
of production. The consumptionstat will use the commodity price level 
as a barometer of consumptive demand. An all-commodity wholesale 
price index, adjusted for decreasing costs due to technical progress, 
will be adapted to read 100 at a chosen normal price level. A sales-tax 
administrative set-up will do two things: first, capture price-raising 
surpluses of consumer money income by imposing a sales tax when the 
price-level index crosses 105, say, going up, and collecting it until the 
index again becomes 100; second, remove deficits in consumer pur- 
chasing power by starting to issue official federal trading stamps when 
the commodity price-level index crosses 95 going down, issuing and re- 
deeming them in cash until the index returns to normal. Government 
credit will be used as a necessary cushion, the public debt rising as 
trading stamps are issued, being retired as the sales tax is collected. 
Dickson H. LEAVENS 
Cowles Commission for 
Research in Economics 
Colorado Springs, Colorado 


ANNOUNCEMENT OF THE ATLANTIC CITY AND 
INDIANAPOLIS MEETINGS, 
DECEMBER 27-30, 1937 


Tue Econometric Society will ‘hold meetings in Atlantic City 
Monday and Tuesday, December 27 and 28, 1937 and in Indian- 
apolis Wednesday and Thursday, December 29 and 30. One session 
in Atlantic City will be a joint session with the American Statistical 
Association and one session in Indianapolis will be joint with the In- 
stitute of Mathematical Statistics and Section A (Mathematics) of the 
American Association for the Advancement of Science. Among those 
who have indicated willingness to speak at these meetings are: Harold 
T. Davis, Alvin H. Hansen, Harold Hotelling, P. Luzzato-Fegiz, 
Francis McIntyre, James Harvey Rogers, Charles F. Roos, Gerhard 
Tintner, Victor S. von Szeliski, and Roswell H. Whitman. Sessions will 
be devoted to monetary theory, national income, theory of employ- 
ment and wages, price analysis, welfare economics, statistical tech- 
niques, and miscellaneous papers. All members of the society who 
are working on research which they expect to complete by the time 
of the meetings are urged to write immediately to the chairman of 
the program committee, Dr. Charles F. Roos, 420 Lexington Avenue, 
New York City. 
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